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PUBLISHERS'   NOTE. 


Harpxb's  Advanced  Arithmetic,  by  John  H.  French,  LLD.,  is  the  last 
work  of  that  distinguished  mathematician  and  educator,  having  been  com- 
pleted by  him  only  a  few  days  before  his  death.  It  embodies  the  results  of 
life-long  study  and  observation  made  serviceable  by  habits  of  critical  analy- 
sis and  a  rare  mathematical  judgment  The  principles  and  methods  which 
it  expounds  have  been  evolved  and  perfected  through  an  experience  of  nearly 
half  a  century  in  the  practical  work  of  the  school-room  and  the  teachers'  in- 
stitute. It  is  at  once  scholarly  and  complete,  embracing  the  whole  science 
of  Arithmetic  The  order  of  arrangement  of  topics,  as  well  as  the  general 
plan  of  the  work,  may  be  understood  by  a  study  of  the  table  of  contents. 

In  view  of  the  distinguished  services  which  were  rendered'  by  Dr.  French 
to  the  cause  of  education  in  this  country,  it  is  deemed  fitting  to  preface  this 
volume  with  the  following  brief  sketch  of  his  life : 

John  H.  Fbxnch  was  born  in  Batavia,  Genesee  County,  New  York,  July  7, 
1824.  While  he  was  yet  a  child  his  father  died,  leaving  a  family  of  four 
children  entirely  dependent  upon  the  labor  and  good  management  of  their 
mother.  As  may  be  inferred,  his  early  opportunities  for  obtaining  an  ed- 
ucation were  extremely  limited.  Working  on  a  farm  in  the  summer,  and 
attending  a  district  school  for  a  few  months  each  winter,  he  nevertheless 
acquired  such  a  fund  of  information  that  at  the  age  of  seventeen  he  was  able 
to  teach  a  successful  term  of  school  in  the  town  of  Alabama,  Genesee  County. 
His  life  from  this  time,  it  may  be  said,  was  spent  in  the  school-room  or  in 
work  directly  connected  with  it  In  1845,  while  teaching  at  Seneca  Castle, 
i^  Ontario  County,  he  made  his  first  attempt  at  mathematical  authorship  by 
undertaking  the  revision  of  Adams's  Arithmetic,  at  that  time  the  standard 
work  on  that  subject.  Two  years  afterwards  he  went  to  Keene,  N.  H., 
where  he  wrote,  for  Adams's  Series  of  Mathematics,  a  Mental  Arithmetic, 
a  work  on  Mensuration,  and  one  on  Book-keeping.  In  1849  he  was  elected 
Principal  of  the  High  School  at  Clyde,  N.  Y.,  a  position  which  he  held 
for  three  years,  and  resigned  to  accept  the  principalship  of  the  Newtown 
(Conn.)  Academy.  Returning  to  his  native  State  in  1855,  he  engaged  in  the 
preparation  and  publication  of  town  and  city  maps  from  actual  surveys, 
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beginning  with  Waterloo,  N.  Y.,  and  continuing  with  Geneva,  Oswego,  Auburn, 
Niagara  Falls,  and  other  places.  In  the  following  year,  in  connection  with 
a  Philadelphia  publisher,  he  began  the  preparation  of  a  map  and  gazetteer 
of  the  State  of  New  York — a  work  which  required  four  years'  labor,  the 
aid  of  numerous  assistants,  and  an  outlay  of  funds  equal  to  the  entire 
receipts.  While  prosecuting  this  enterprise  Dr.  French  was  also  assisting 
in  the  revision  of  Robinson's  Series  of  Mathematics.  The  algebras  of  this 
series  were  chiefly  his  own  work.  At  about  the  same  time  he  began  the 
preparation  of  a  series  of  Arithmetics,  which  was  afterwards  (1866-69) 
published  by  Harper  <k  Brothers,  and  is  known  as  French's  Series.  In 
1860  the  degree  of  LL.D.  was  conferred  upon  him  by  Iowa  University,  in 
recognition  of  his  distinguished  services  as  an  educator.  In  1865  he  was 
appointed  superintendent  of  the  schools  at  Syracuse,  a  position  which  he 
soon  afterwards  resigned  in  order  to  become  Superintendent  of  the  Exper- 
imental Department  of  the  State  Normal  School  at  Albany.  In  1870  he 
was  appointed  Secretary  of  the  State  Board  of  Education  for  the  State  of 
Vermont,  a  position  which  he  held  five  years.  From  1878  to  1881  he  was 
Principal  of  the  State  Normal  School  at  Indiana,  Pennsylvania,  during  which 
time  he  prepared  the  first  two  books  of  Harper's  Graded  Series  of  Arith- 
metics. Retiring,  on  account  of  ill  health,  from  the  principalship  of  the 
normal  school,  he  was  soon  afterwards  appointed  Institute  Conductor  for  the 
State  of  New  York,  a  position  which  he  retained  during  the  remainder  of 
his  life.  Dr.  French  was  a  man  of  varied  attainments — a  mathematician  of 
national  reputation,  the  discoverer  of  **  French's  Binomial  Theorem,''  a  teacher 
and  organizer  of  recognized  ability,  an  accomplished  musician,  an  inventor 
of  many  articles  of  utility  for  schools,  and  withal  a  studious  investigator 
and  an  indefatigable  worker.  He  was  a  corresponding  member  of  the  New 
York  Historical  Society  and  of  the  Albany  Institute,  and  for  many  years 
a  member  of  the  American  Association  for  the  Advancement  of  Science. 
He  died  at  his  home  in  Rochester,  New  York,  December  23, 1888. 

HARPER  &  BROTHERS. 
Franklin  Square,  New  Tark,  1889. 
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ADVANCED  ARITHMETIC. 


INTRODUCTION. 

The  kmr  claBBes  of  nnmbera  used  In  azltlimetical  oompntationB  are  inte- 
gers, decimals,  fractions,  and  compound  numbers ;  and  the  fiinr  fdndamental 
pnx>esses  by  which  arithmetical  oompntations  are  made  are  addition,  sab- 
traction,  multiplication,  and  division. 

A  preliminary  knowledge  of  reductions  and  of  some  of  the  properties  of 
numbers^  is  essential  to  a  complete  knowledge  of  any  one  of  these  four  fun- 
damental processes,  in  its  application  to  the  four  classes  of  numbers. 

Students  of  advanced  arithmetic  are  familiar  with  the  principles  and  meth- 
ods found  in  the  elementary  text-books,  and  may  therefore  profitably  study 
each  of  these  subjects — as  here  scientifically  arranged — ^in  its  application  to 
the  four  classes  of  numbers. 


PRELIMINARY   DEFINITIONS. 

Art*  !•  Quantity  is  any  thing  that  has  size  or  value. 

2»  A  unit  is  a  single  thing^  a  one,  or  any  definite  qnantity  regarded 
as  a  one. 

One,  one  apple,  one  mile,  one  ten,  one  thousand,  one  thousandth,  one  third  are  UDits. 

3»  An  integral  unit  is  one,  or  a  whole  thing. 

4.  l>ecimal  jKiris  are  parts  obtained  by  dividing  an  integral  unit 
into  tenths,  hundredths,  thousandths,  and  so  on. 

S»  FratHonfU  parts  are  parts  obtained  by  dividing  an  integral  unit 
into  any  number  of  parts. 

6m  A  decimal  unit  is  one  of  the  decimal  parts  into  which  an  integral 
unit  is  divided. 
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7*  A  fractional  unit  is  one  of  the  equal  fractional  parts  into  which 
an  integral  unit  is  divided. 

Any  quantity  whatever  may  be  expressed  by  a  unit  or  units. 


Oive  examples 
1.  Of  decimal  parts. 


2,  Of  fractional  parts. 
S.  Of  an  integral  nnit 


4«  Of  a  decimal  nnit 
6,  Of  a  fractional  nnit 


&•  A  number  is  a  unit,  or  two  or  more  units. 

One,  twelve,  six  hundred  fifty-four  men,  four  tenths,  seven  ninths,  eight  miles 
are  numbers. 

9.  An  integer  is  a  number  that  consists  of  one  or  more  integral  units. 
10*  A  decimal  is  a  number  that  consists  of  one  or  more  decimal  units. 

11.  AfracHan  is  a  number  that  consists  of  one  or  more  fractional  units. 

(See  Art.  80,  a  and  &). 

12.  A  nUxed  number  is  a  number  that  consists  of  an  integer  and 
a  decimal,  or  an  integer  and  a  fraction. 


Give  examples 
6.  Of  an  integer. 


P.  Of  a  mixed  decimal  number. 
10,  Of  a  mixed  fractional  number. 


7.  Of  a  decimal 

8.  Of  a  fraction. 

13.  An  abstract  unit  is  a  unit  not  associated  with  a  thing  or  object 
Unity  is  the  abstract  unit  i. 

14.  A  concrete  unit  is  a  unit  associated  with  a  thing  or  object. 

15.  A  denominate  unit  is  a  concrete  unit  that  expresses  measure, 
weight,  or  money  value. 

Oive  examples 
11.  Of  an  abstract  unit  |  12,  Of  a  concrete  unit  |  IS.  Of  a  denominate  nnit 

16.  An  abetrcuit  number  is  a  number  whose  unit  is  abstract. 

17.  A  concrete  number  is  a  number  whose  unit  is  concrete. 

18.  A  denomintUe  number  is  a  concrete  number  whose  unit  is 

denominate. 

Denon^ination  is  the  name  of  the  unit  of  a  denominate  number;  e.  g, ,  75  gallons 
is  a  denominate  number,  the  denomination  is  gallons,  and  the  unit  is  1  gallon. 

Give  examples  of 
H.  An  abstract  nnmber,  |  15.  A  concrete  number.  |  16,  A  denominate  number. 
17.  State  the  difference  between  a  concrete  number  and  a  denominate  number. 
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19*  A  simple  number  is  a  number  that  oonskts  of  a  unit,  or  of  units 
of  the  same  kind. 

20»  A  cmnpeund  number  is  a  number  that  consists  of  units  of  two  or 
more  denominations  of  the  same  kind  of  measure,  weight,  or  money  value. 

a.  Compound  numbers  are  sometimes  csUed  denominaU  nufnJben;  but  a  de- 
nominate number  is  properly  a  number  of  but  one  denomination  of  measure, 
weight,  or  money  value. 

h.  A  simple  number  may  be  abstract,  concrete,  or  denominate. 

€•  A  compound  number  is  always  denominate. 

d»  A  denominate  number  may  be  an  integer,  as  7  bushels ;  a  decimal,  as  .75  of 
a  mile ;  a  mixed  number,  as  6.125  gallons  or  5J  gallons ;  or  a  compound  niun- 
ber,  as  4  days  9  hours  20  minutes. 

e.  An  abstract  number  is  also  called  a  pure  number^  and  a  concrete  number  an 
appUed  number. 

Give  examples 


18,  Of  a  simple  number. 

19,  Of  a  compound  number. 


^,  Of  a  pure  number. 
Bl.  Of  an  applied  number. 


21*  The  unit  of  a  number  is  one  or  a  single  thing,  of  the  kind 

of  which  the  number  consists. 

a.  The  unit  of  an  integer  is  cmtf  or  a  six^le  thing,  of  the  khid  of  which 
the  integer  consists. 

bm  The  unit  of  a  decinuU  is  <?im  or  a  single  thing,  of  the  kind  of  which  the 
decimal  conalBts. 

c.  The  unit  of  a  fraction  is  ^im  or  a  single  thing,  of  the  kind  of  which  the 
froction  consists. 

ci«  When  any  number  is  abstract,  its  unit  is  abstract ;  when  the  number  is  concrete, 
its  unit  is  concrete ;  and  when  the  number  is  denominate,  its  unit  is  denominate. 

What  is  the  unit 


^7.  Of  19VV  <io26n  egg&  ? 
^.  Of  54  thousand  bricks  f 
S9.  Of  72.41  meters  of  silk! 
SO.  Of  4,900  feet  of  timber) 
31,  Of  987.056  tons  of  iron  f 


22.  Of  25  ?    Of  875  f 

S3.  Of  862  pounds  of  beef  f 

2i.  Of  $2,050,019  ? 

25.  Of  f  of  a  week) 

26.  Of  .039  of  a  mile  f 

22*  Like  numbers  are  numbers  that  have  the  same  unit. 

23m  Unlike  numbers  are  numbers  that  have  different  units. 
Give  examples  of  like  numbers ;  of  unlike  numbers. 

24m  A  cardin€U  number  is  any  abstract  integer. 
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2S.  An  ordinal  number  is  a  cardinal  number  modified  to  express 

an  equal  part,  relative  order  or  value. 

u*  Five,  thirty-one,  sixteen;  87,  852,  95,  are  cardinal  numbers. 

&•  Fifth,  thirty-first,  sixteenth ;  87th,  852d,  95th,  are  ordinal  numbers. 

Give 

82.  Five  cardinal  numbers,  each  less  than  100. 

88,  Six  cardinal  numbers,  each  greater  than  100. 
34.  Two  ordinal  nambers,  expressing  relative  order. 

85,  Two  ordinal  numbers,  expressing  relative  values. 

86.  Three  ordinal  numbers,  in  the  plural,  each  expressing  equal  parts. 

26*  The  fimr  dosses  of  numbers  are  integers,  decimals,  fractions, 
and  compound  numbers. 

27 m  A.  scale  is  an  established  order  of  increase  or  decrease  of  the  suc- 
cessive orders  of  units  in  a  number. 

28*  A  unifom^  scale  is  a  scale  in  which  the  order  of  increase  or 
decrease  is  always  the  same. 

29m  A  varying  scale  is  a  scale  in  which  the  order  of  increase  or 
decrease  is  not  always  the  same. 

a*  A  decimal  settle  is  a  scale  in  which  the  values  of  the  successive  orders 
of  units  increase  by  the  constant  multiplier  10,  and  decrease  by  the  constant 
divisor  10. 

&•  The  scale  of  integers  is  a  decimal  scale. 

c*  The  scales  of  most  compound  numbers  are  varying  scales. 

Give  examples 

87.  Of  a  scale.    |    88.  Of  a  uniform  scale.    |    89.  Of  a  varying  scale. 

30*  A  problem,  is  a  statement  of  such  conditions  or  relations  exist- 
ing between  given  numbers,  requiring  a  result  that  can  be  obtained  only 
by  computation. 

31m  A  principle  is  a  general  truth  upon  which  a  method  of  com- 
putation is  based. 

32m  An  example  is  a  problem  used  to  illustrate  a  principle,  or  in 
explaining  a  method  of  computation. 

33m  An  explanation  is  a  statement  of  each  step  in  a  process  or 
computation. 
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34*  An  analysis  is  a  statement,  in  logical  order,  of  the  reasons  upon 
which  a  process  or  a  method  of  computation  is  based. 

3S»  A  deniwMtration  is  a  course  of  reasoning  by  which  a  truth  is 
established. 

36.  A  pr^oMion  is  a  statement  of  a  truth  to  be  demonstrated,  or 
of  a  problem  to  be  solved. 

37.  A  rule  is  a  brief  direction  for  performing  a  computation. 

38.  Arithmetical  symbois  2kTe  figures  and  letters,  used  to  express  num- 
bers ;  and  signs,  used  to  indicate  operations,  relations,  or  denominations. 


I.  Symbols  of  nunber. 


Values : 


naught 


or  zero    **"®    ^^^    ^^^®®    ^^^^    ^^®    *'*    Beyen    eight    nine 

1.  Figures:      0123456789 

2.  Letters:        I  V  X  L  C  D  M 

3.  The  decimal  point  ( . ),  followed  by  figures. 

II.  Synbols  of  operation. 


1.  Addition,                       + 

4. 

Subtraction,                          — 

2.  Multiplication,               x 

3.  Involution,                    7* 

5. 
6. 

Division,                               ^ 

Evolution;  j^^",""^^^^^     Y 
(  Cube  root,        ^ 

ni.  Symbols  of  relation. 

IV.  Symbols  of  aggregation. 

1.  Equality,                        — 

2.  Ratio,                             : 

1.     V  lUCUlUID, 

2.  Parenthesis,              (  ) 

3.  Proportion,           :   ::   : 

3.  Brackets,                  [  ] 

a.  When  numbers  are  connected  by  the  sign  of  multiplication  or  division,  the 
whole  expression  thus  formed  is  always  to  be  taken  as  one  number. 

Thus,  6x2x7  +  V-12-7-4  =  70  +  5~8  =  72 

&•  Any  numerical  expression  included  in  or  under  a  sign  of  aggregation  is  con- 
sidered  as  one  number. 

Thus,  (7  +  8  -  8)  X  2  =  12  X  2  =  24, 

and    7  +  8-8x2  =  7  +  8^  =  7  +  2  =  9 
Whereas,  7  +  (8-8)x2=7  +  5x2  =  17; 
and       7  +  8-8x2  =  15 -6  =  9 

■ 

The  several  signs  of  aggregation  here  given  are  used  interchangeably. 
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c.  Cknnpound  hrachets  are  one  sign  of  aggregation  within  another  in  the 
same  numerical  expression. 

Thus,  15 +  2x  [86 -(4 +  8x7)] -8x8 

Combining  the  expression  in  the  compound  brackets,  we  have 


15  +  2  X  86  -  25  -  8  X  8,  and 

15  +  2  X86-25  -8x8  =  15 +  22-24  =  18 
Whereas,  15  +  2x86-4  +  8x7-8x8  =  15  + 72 -4  + 21 -24  =  80 

(See  Supplenent,  page  865.) 

V.  Synboit  of  denonlnatlon. 

Su^nbols  of  denomination  are  abbreviations  or  cbaracters  used  to  indi- 
cate denominations.  They  are  given  in  the  tables  of  compound  numbers,  in 
the  Supplenent. 

39»  An  equation,  in  arithmetic,  is  an  expression  of  the  equality  ex- 
isting between  one  number  or  combination  of  numbers  and  another, 

a.  The  statement  the  sum  of  16  and  9  equals  the  product  of  4  and  6,  or  15  plus 
9  equals  4  times  6,  la  an  arithmetical  eqiiation,  and  is  written  thus : 

15  +  9  =  4  X  6 

&•  Every  written  equation  contains  the  sign  of  equality. 

c  The  tnenibers  of  an  equation  are  the  parts  separated  by  the  sign  of 
equality. 

d.  The  first  member  is  the  part  preceding  the  sign. 

6.  The  second  member  is  the  part  following  the  sign. 

/•  Either  member  may  consist  of  one  number  or  of  a  combination  of  numbers. 

Write  six  equations,  as  follows : 

J^O.  Two  with  the  "sign  +  or  the  sign  —  in  one  member  of  each. 
Jfl.  Two  with  the  sign  +  or  the  sign  —  in  both  members  of  each. 
42,  Two  with  the  signs  +,  — ,  x,  and  -f-  in  both  members  of  each. 

40,  Arithmetic  is  the  science  of  numbers,  and  the  art  of  using  them. 

As  a  sdence—OT  pure  arithmetic — it  investigates,  classifies,  and  arranges  the 
principles  and  rules  of  the  subject. 

As  an  ar^— or  applied  arithmetic— it  employs  the  principles  and  rules  for 
computation  in  the  practical  affairs  of  life. 
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CHAPTER  I. 

NOTATION   AND   NUMERATION. 


SECTION  J. 

INTEGERS  AND   DECIMALS. 

41»  Nambers  are  commonly  expressed  by  figures  or  letters.     They 
may  also  be  expressed  by  words. 

42*  NoUMon  is  the  writing  of  numbers ;  and 

NumeraHon  is  the  reading  of  numbers. 

The  two  methods  of  notation  are  the  Moman  and  the  AroMc* 

4Sm  The  B^oman  method  of  notation  is  the  method  of  expressing 
numbers  by  letters. 

The  principal  uses  of  the  Roman  notation  are  for  numbering  volumes;  the 
chapters,  sections,  and  other  principal  divisions  of  books ;  heads  of  written 
discourses,  and  of  general  outlines  or  tabular  views ;  physicians'  prescriptions, 
eta    (See  Sopplement,  page  865.) 

44.  The  AriMbie  method  of  notation  is  the  method  of  expressing 
numbers  by  figures. 

45*  The  Arabic  method  of  notation  and  numeration  embraces 

1.  Figures  and  the  values  they  express ; 

2.  Orders  of  units,  and  periods ;  and 

3.  Principles  and  laws  governing  orders  of  units,  periods,  and  values. 
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I.    FiGUBSS  AND   VALUES. 

46.  The  symbols  of  number  used  in  the  Arabic  method,  and  the 
values  they  express,  are  as  follows : 

Figures:       01234567  89 

Values:    naught      one        two      three       four       five       six       seven       eight       nine 

a.  The  naught  is  often  called  cipTier  or  tero, 

b.  The  other  figures  are  called  digiU, 

c.  Each  digit  expresses  the  number  of  (yM$  indicated  by  its  name. 

47*  To  express  an  integer  greater  than  nine,  two  or  more  figures  are 
used. 

Ten  ones  taken  together  are  a  ten^  ten  tens  a  hundredy  ten  hundreds 
a  thousand^  ten  thousands  a  ten-thoitaofidy  10  ten-thousands  a  hundred- 
thousand,  10  hundred-thousands  a  million^  and  so  on.    Hence, 

48.  A  figure  at  the  left  of  ones  expresses  tens;  at  the  left  of  tens, 
hundreds;  at  the  left  of  hundreds,  thousands;  at  the  left  of  thousands, 
ten-thousands;  at  the  left  of  ten-thousands,  hundred-thousands;  at  the 
left  of  hundred-thousands,  miUiotu;  and  so  on. 

4:9.  The  value  expressed  by  a  digit  in  a  number  is  determined  by  two 
elements, — a  simple  or  independent  element,  and  a  local  or  place  element. 

a.  The  timpU  dement  is  the  value  expressed  by  the  name  of  the  digit ;  and 

&•  The  local  element  is  the  value  of  a  unit  of  the  place  the  digit  occupies  in  the 
number.    Hence, 

50.  A  digit  expresses  units  of  the  place  it  occupies,  and  the  place 
determines  t/ie  value  of  tJiese  units, 

i.  The  place  being  constant^  the  v(Uu4  expressed  in  it  uvries  mth  the  figure;  and 
il.  The  figure  being  xonetant,  the  value  expressed  by  it  fMries  vfith  the  place, 

1.  Give  examples  illustrating  i.  |        2.  Give  examples  illustrating  iL 

II,  Obdbbs  of  units,  and  periods. 

51.  The  order  of  a  unit  in  an  integer  takes  its  name  from  the 

place  it  occupies. 

A  digit  written  in  the  first  or  right-hand  place  expresses  units  of  the  first  order 
(ones) ;  in  the  second  place  it  expresses  units  of  the  second  order  (tens) ;  in  the 
third  place,  units  of  the  third  order  (hundreds) ;  in  the  fourth  place,  units  of  the 
fourth  order  (thousands) ,  and  so  on,  to  higher  orders. 
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B2»  A  period  of  figures  in  an  integer  consists  of  three  places — 
ones,  tens,  and  hundreds? 

The  first  or  right -hand  period  consists  of  ones,  tens,  and  hundreds;  the  second 
of  ones,  tens,  and  hundreds  of  thousands ;  the  third  of  ones,  tens,  and  hundreds 
of  miilions ;  the  fourth  of  billions;  the  fifth  of  trillions;  the  sixth  of  quadriU- 
ions;  and  so  on,  as  shown  below : 


H 

us 


U     .1 


I 

"St 


'i 


.1 


1 


.1 

4 


11 


12  4,12  4,    12  4,    12  4,12  4,    12  4,    12  4,    1    2    4 

J  I    I  n    J  J  i    I  J  !    I  J  i    I  i  i    I  J  i    I  I  ! 

8th  7th  6th  5th  4th  8d  2d  Ist 

period,     period,     period,     period.     i)eriod.     period,     period,     period. 

S3*  Faots  oonoerning  orders  of  units  and  periods. 

1.  10  units  of  any  order  are  1  unit  of  the  next  higher  order. 

2.  lyOOO  units  of  any  period  are  1  unit  of  t/ie  next  higher  period. 

3.  The  Irft-hand  period  may  contain  one^  two,  or  three  figtares. 

4.  Periods  of  figures  are  sqf>arated  by  commas. 


S4*  Derivation  of  names  of  periods. 

Latin  numerals. 

Meaning. 

Names  of  periods. 

Numbers  of  periods. 

unita 

thonBanda 
milliona 
bilUona 

lat 
2d 
3d 
4tli 

M. 

twice 

troa 

tbrea 

trillions 

5th 

qnatnor 

four 

qnadrilliona 

6th 

qolnqne 

five 

qnintilliona 

7th 

■ex 

Biz 

aextilliona 

8th 

■eptem 

seven 

aeptilliona 

9th 

octo 

eie^t 

ootillionB 

10th 

BOWOk 

nine 

11th 

deoem 

ten 

deoilliona 

12th 

nndecim 

eleven 

nndeoilliona 

13th 

dnodeolin 

twelve 

duodecilliona 
B 

14th 
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From  examination  of  this  table,  it  will  be  seen 

Ut.  That  the  names  of  all  periods  higher  than  thousands  consist  of 
two  parts — a  principal  part  or  root,  derived  from  miUe  (the  Latin  word 
for  thousand),  and  a  Latin  numeral  prefix,  that  indicates  the  number 
of  times  thousand  has  been  used  as  a  factor. 

2cL  That  in  the  name  of  any  period,  the  number  expressed  by  the 
Latin  numeral  prefix,  plus  two,  is  the  number  of  the  period. 

What  is  the  name  of  the 


S.  Second  period  ? 
4.  Eighth  period  ? 


5.  Third  period  f 

6,  Seventh  period  ? 


7.  Fifth  period  ? 

8,  Eleventh  period  ? 


9.  Sixth  period  ? 
it>.  Ninth  period? 


Reading  from  the  left,  what  are  the  names  of  the  successive  periods  of 
a  number  expressed  by 


11.  Rve  figures  ? 

12.  Twelve  fisrures  ? 


13.  Ten  figures  ? 
H.  Seven  figures  ? 


15.  Six  figures  ? 

16.  Eleven  figures  ? 


17.  Fourteen  figures  ? 

18.  Nineteen  figures  ? 


What  is  the  highest  order  of  units  in  a  number  expressed  by 


19.  Six  figures ! 

20.  Nine  figures  ? 


21.  Eight  figures ! 

22.  Five  figures  ? 


23.  Eleven  figures  ? 
2^.  Sixteen  figures? 


26.  Ten  figures  ? 
26.  Twenty  figures  ? 


How  many  figures  are  required  to  express 


27.  Ten-millions? 

28.  Hundred-thousands? 


29.  Trillions? 

30.  Octillions? 


31.  Ten-billions? 

32.  Hundred-quintillions  ? 


SSm  Orders  of  decimal  units,  and  their  values. 

Since  a  thousand  is  ten  times  a  hundred,  a  hundred  is  ten  times  a  ten, 
and  a  ten  is  ten  times  a  one,  it  follows  that  one  tenth  of  a  thousand  is 
a  hundred,  one  tenth  of  a  hundred  is  a  ten,  and  one  tenth  of  a  ten  is  a 
one;  t. «., 

1.  The  value  of  a  unit  in  any  place  is  one  tenth  of  the  value  of  a  unit 
of  the  next  higher  place ;  and 

2.  One  tenth  of  the  value  of  a  unit  in  any  place  is  a  unit  of  the  next 
lower  place  (or  next  place  to  the  right).    Hence, 

S6»  L  The  first  place  to  the  right  of  ones  is  the  place  of  tenths  of 
ones,  or  tenths;  and  a  figure  written  in  this  place  expresses  tenths. 
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n.  The  RecoDcl  place  to  the  right  of  ones,  or  the  first  place  to  the 
right  of  tenths,  ia  the  place  of  tenths  of  tenths,  or  hundredths;  and  a 
figare  written  in  this  place  expresses  hundredths. 

Ur.  The  third  place  to  the  right  of  ones,  or  the  first  place  to  the  right 
of  hundredths,  is  the  place  of  tenths  of  hundredths,  or  thoutandtht;  and 
a  figure  written  in  this  place  expresses  thousandths. 

IV.  A  figure  at  the  right  of  thousandths  expreeses  Un-thtnaanckha; 
at  the  right  of  ten  -  thousandths,  hundred -thomandtha;  at  the  right  of 
hundred- thousandths,  mUliontfu;  and  so  on. 

S7'  Jnieritinff  a  decirrud,  the  decimal  point  {,)  must  always  be  placed 
before  tentftt. 

58.  The  names  of  the  first  eight  places  to  the  left  of  ones,  and  the 
names  of  the  corresponding  orders  of  decimal  units,  are  shown  in  the 
following 

DI1.0BAM   OF  DECIU&L  NOTATION. 


From  this  diagram  it  will  be  seen  that 

59.  Orders  of  wtits  at  equal  dittancet  to  the  l^t  and  right  of  ones 
ftaoe  correspoadity  names. 


.3  is  8  tentlu. 

.87  is  87  hundredths.     For  .87  is  3  tenths  and  7  huudredths ;  8  tenths  =  SO 

bundredths,  and  80  bnudredths  +  7  hundredths  =  87  bundredlbs. 
.878  is  378  tbousandths.     For  .878  is  87  hundredths  and  8  tliouBandlbs  j  87 

hundredths  ^  870  thousandths,  and  370  thousandths  +  8  tbousaudtlu  =  878 

thonaandtlis. 
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I.  Tenths  and  hundredths  are  read  together  as  hundredths ;  and  tenths, 
hundredths,  and  thousandths  are  read  together  as  thousandths. 

II.  When  the  right-hand  figure  of  a  decimal  is  ten-thousandths,  the 
whole  decimal  is  read  as  ten-thousandths;  when  the  right-hand  figure 
is  hundred  -  thousandths,  tho  decimal  is  read  as  hundred -thousandths; 
when  the  right-hand  figure  is  millionths,  the  decimal  is  read  as  mill- 
ionths.     And  in  general, 

61*  A  decimal  is  read  the  same  as  an  integer^  the  name  of  the  place 
occupied  by  its  right-hand  figure  being  given  to  the  wfiole  decimal. 


.5   is  read  5  tenths. 

.25  is  read  25  hundredths. 


.725     is  read  725  thousandths. 
.00015  is  read  15  hundred-thousandths. 


What  is  the  name  of  each  of  the  following  decimal  places : 


33.  The  second  ? 

34.  The  eleventh  ? 


35:  The  fifth  ? 
36.  The  tenth  ? 


37.  The  ninth  ? 

38.  The  twelfth  ? 


39.  The  fourth  ? 

40.  The  seventli  ? 


How  many  figures  are  required  to  expresa 


41.  Millionths? 
4^.  Trillionths? 


43.  Billionths? 

44-  Ten-thousandths? 


45.  Hundred-million ths  ? 

46.  Ten-billionths  f 


What  is  the  lowest  order  of  units  in  a  decimal  expressed 


47.  "By  five  figures  ? 
4s.  By  eight  figures  ? 


49.  By  three  figures  ? 

50.  By  ten  figures  ? 


How  is  a  decimal  read  that  is  expressed 


53.  By  four  figures  ? 

54.  By  nine  figures? 


55.  By  six  figures  ? 

56.  By  ten  figures? 


51.  By  thirteen  figures  ? 
5^.  By  six  figures  ? 


57.  By  seven  figures? 

58.  By  thirteen  figures  ? 


62m  Reading  nixed  decimal  nnmbers. 

186.25    is  read  186  and  25  hundredths. 
4,972.015  is  read  4,972  and  15  thousandths.    And  in  general 

The  integral  and  decimal  parts  of  a  mixed  decimal  number  are  read 
separately,  with  the  word  and  between  them.    Hence, 

In  reading  a  mixed  decimal  number,  read  and  in  place  of  the  da- 
rned point. 
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Yarioat  readings. 

.237  may  be  read  287  thousandths ;  or  2  tenths  8  hundredths  and  7  thousandths; 
or  3  tenths  and  87  thousandths ;  or  28  hundredths  and  7  thousandths. 

Again,  2.87  may  be  read  2  and  87  hundredths ;  or  2  ones  8  tenths  and  7  hun- 
dredths ;  or  287  hundredths ;  or  23  tenths  and  7  hundredths. 

But  for  uniformity  and  convenienoe,  mixed  decimal  numbers  are  read  as  stated 
in  the  bc^ning  of  this  Article. 

How  many  figures  are  required  to  express,  in  one  number, 

50,  Thousands  and  ten-millionths  ?     62.  Ten  millions  and  hundred-thousandths  f 

60,  Millions  and  hundredths  f  6S,  Hundreds  and  ten-trillionths  ? 

61,  Ten-thousands  and  millionths ?     6i,  Billions  and  ten-thousandths? 

Write  and  read  a  number  expressed  by 

66.  Eight  figures,  five  of  which  are  decimal. 

66.  Twelve  figures,  eight  \)f  which  are  decimal. 

67.  Seventeen  figures,  six  of  which  are  decimal. 

68.  Eleven  figures,  nine  of  which  are  decimal. 

69.  Nineteen  figures,  twelve  of  which  are  decimal. 

70.  Twenty-one  figures,  ten  of  which  are  decimaL 

S3.  In  extending  the  decimal  scale  below  ones,  it  will  be  seen  that 

1.  One  is  ten  tenths,  one  tenth  is  ten  hundredths,  one  hundredth  is  ten 
thousandths,  and  so  on ;  and  that 

2.  Ten  thousandths  are  one  hundredth,  ten  hundredths  are  one  tenth, 
and  ten  tenths  are  one.    Hence, 

Integers  and  decimals  form  one  general  class  of  numbers  in  the  deci- 
mal scale,  and  they  are  subject  to  the  same 

III.  Principles  akb  Laws. 

A.  Of  orders  of  nnita. 

64L*  I.  7%6  1/ntV  1  is  the  base  of  all  numbers.    It  is  called  a  one,  a  unit 
of  the  first  order,  the  fundamental  unit^  or  unity. 

n.  The  place  of  ones  and  all  places  to  the  left  of  ones  are  places  of  in- 
tegral units;  and  aU  places  to  the  right  of  ones  are  places  of  decimal  units. 

IIL  lin  ones  taken  together  form  a  larger  unit^  or  a  unit  of  the  second 
order,  called  a  ten;  ten  tens  taken  together  form  a  still  larger  unit,  or  a 
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unit  of  the  third  order^  called  a  hundred;  ten  hundreds  taken  together 
form  a  unit  of  the  fourth  order ^  called  a  thousand;  and  so  on. 

IV.  One  of  the  ten  equal  parts  of  the  ftmdamental  unit  is  a  smaller 
unity  or  a  unit  of  the  first  decimal  order ^  called  a  tenth;  one  of  the  ten 
equal  parts  of  a  tenth  is  a  unit  of  the  second  decimal  order^  or  a  hun- 
dredth;  one  of  the  ten  equal  parts  of  a  hundredth  is  a  unit  of  the  third 
decimal  order,  or  a  thousandth;  and  so  on. 

V.  Ten  units  of  any  order  are  one  U7iit  of  the  next  higher  order;  and 
one  unit  of  any  order  is  ten  units  of  the  next  lower  order.    Hence, 

6S*  Fundamental  law  of  decimal  notation. 

The  values  of  the  successive  orders  of  units  of  a  number  written  in  the 
decimal  scale  increase  by  the  constant  multiplier  10,  and  decrease  by  the 
constant  divisor  10. 

In  written  numbers,  decimal  orders  are  also  called  decimal  places. 

J3«  Of  periods. 

66*  L  In  €3q)ressing  integers  by  figures,  every  three  places,  counting 
from  the  right,  form  a  period;  and  the  places  in  each  period  consist  of 
ones,  tens,  and  hundreds. 

n.  The  name  of  each  period  to  the  left  of  the  period  of  thousands  is 
determined  by  the  number  of  the  period,  counting  from  the  right, 

III.  ITie  successive  orders  of  units  in  the  decimal  scale  increase  by  ten, 
and  the  successive  periods  by  one  thousand 

C  Of  the  ▼alnea  of  figures. 

67*  L  The  same  figure  always  esepresses  the  same  number  of  units; 
and  the  place  it  occupies  determines  its  order  or  local  value. 

IL  T/ie  value  expressed  by  any  figure  of  a  number  wriUen  in  the  deci- 
mal scale,  is  one  tenth  of  the  value  eay>ressed  by  the  same  figure  standing 
in  the  next  place  to  the  left;  and  ten  times  the  value  expressed  by  the  same 
figure  standing  in  t/ie  next  place  to  the  right. 

as*  On  these  principles  and  laws  are  based 
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1.  Rules  for  Arabic  notation. 

L  Intxqebs. — Begin  at  the  left  and  tffrite  the  figwrei  that  express  the 
hundreds,  tenSy  and  ones  of  each  period,  in  order,  separating  the  periods 
by  commas, 

II.  Decimals. — Write  the  decimal  point,  and  after  it  the  figures  that 
express  the  units  of  the  successive  orders. 

2.  Rules  for  Arabic  numeration. 

L  Integers. — Begin  at  t/ie  left  and  read  each  period,  omitting  the 
name  of  the  last  period,  and  the  names  of  all  places  filled  with  ciphers. 

n.  Decimals. — Bead  the  decimal  as  an  integer,  and  give  to  it  the 
name  of  its  lotoest  order. 

Exbbcises  in  notation  and  numebation  of  integebs  and  decimals. 

I.  Integers. 
Express  in  figures  and  read  the  following  numbers : 

1.  Three  units  of  the  fourth  order,  five  of  the  third,  four  of  the  first. 

2.  Six  units  of  the  seventh  order,  three  of  the  fifth,  one  of  the  third, 
one  of  the  second,  nine  of  the  first. 

3.  Three  units  of  the  tenth  order,  five  of  the  eighth,  two  of  the  sixth, 
one  of  the  fourth,  two  of  the  third,  three  of  the  first. 

4.  Seven  units  of  the  sixth  order,  two  of  the  fourth,  eight  of  the  second. 

5.  Nine  units  of  the  thirteenth  order,  seven  of  the  eleventh,  three  of 
the  seventh,  six  of  the  fifth,  five  of  the  third,  two  of  the  first. 

6.  Four  units  of  the  tens'  place  in  each  of  the  first  six  periods. 

Read 


7.  20,059.  . 
a  90,602. 
9.  701,809. 
10.  5,008,600. 


11.  42,000,000. 

12.  800,080,704. 

13.  5,236,481,279. 

14.  10,000,500,600. 


19.  3,000,000,000,000,000. 

20.  748,847,933,000,000,602., 

21.  900,8Q0,070,006,050,400,000. 


15.  240,325,000,070. 

16.  4,084,008,200,000. 

17.  73,800,000,000,003. 

18.  365,982,579,719,612. 

22.  13,017,005,000,000,106,800,475. 

23.  8,025,963,877,300,080,191,811,070. 

24.  909,090,909,090,909,090,909,090,909,000 
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Express  by  Arabic  notation 

25.  Forty-five  billion  one  hundred  fifteen  million  sixty-four  thousand 
eighty-nine. 

26.  Eight  trillion  three  hundred  billion  forty-five  thousand. 

27.  Sixty-five  quadrillion  four  hundred  trillion  fifteen  million. 

28.  Eighty-five  quintillion  three  billion. 

29.  Four  hundred  fifty-nine  septillion  ninety  quadrillion  four  trillion 
seven  hundred  billion  seventy-five  million. 

30.  Thirty-three  octillion  three  million  three. 

31.  72  septillion  308  thousand  40. 

32.  099  octillion  551  quintillion  17  trillion  6  million. 

33.  149  nonillion  284  sextillion  914  billion  84  thousand. 

34.  600  decillion  257  septillion  53  quadrillion. 

35.  8  undecillion  80  nonillion  800  octillion  8  quintillion  8  billion  80 
thousand  8  hundred. 

36.  1  duodecillion  11  undecillion  10  nonillion  110  octillion  111  sex- 
tillion 2  quintillion  20  trillion  202  million  22. 

Express  by  Boman  notation 

37.  The  number  of  days  in  this  calendar  year. 

38.  The  number  of  the  year  in  which  America  was  discovered. 

39.  The  number  of  the  year  in  which  the  independence  of  the  United 
States  was  declared. 

40.  The  number  of  the  last  page  of  this  book. 

2.  Decimals. 

The  name  of  the  right-hand  place  of  a  decimal  may  be  determined  ai  iifiit,  by 
prefixing  to  the  decimal  the  unit  1,  and  regarding  the  number  thus  formed  as 
an  integer.  For  example,  take  the  number  .087458,  omit  the  decimal  point  and 
prefix  the  unit  1,  and  we  have  the  number  1,087,458,  in  which  the  1  expresses 
1  million.  The  decimal  place  corresponding  to  millions  is  millionths ;  hence, 
the  decimal  expresses  millionths. 

Express  in  figures  and  read 

41.  Seven  units  of  the  first  decimal  order. 

42.  Four  units  of  the  1st  decimal  order,  nine  of  the  2d. 

43.  Eight  units  of  the  Ist  decimal  order,  three  of  the  2d,  six  of  the  3d. 
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44.  Five  units  of  the  2d  decimal  order,  one  of  the  4th. 

45.  Nine  units  of  the  3d  decimal  order,  five  of  the  4th,  two  of  the. 5th. 

46.  Three  units  of  the  Ist  decimal  order,  seven  of  the  4th,  four  of  the 
5th,  nine  of  the  6th. 


Bead 

47.  .41793 

48.  .000004 

49.  .8400 


50.  .0476398 

51.  .72000017 

52.  .405980172 


53.  .0060054 

54.  .200000002 

55.  .000000001 


56.  .0070876941 

57.  .755340010631 

58.  .000006001078502 


Express  by  figures 

59.  Nine  hundredths. 

60.  Ninety  hundredths. 

61.  Ninety-nine  hundredths. 


62.  Two  hundred  eleven  thousandths. 

63.  Thirty-two  thousandths. 

64.  Nine  hundred  twelve  ten-thousandths. 

65.  Six  hundred  seven  thousand  fifty-nine  niillionths. 

66.  One  hundred  seventy-two  hundred-millionths. 

67.  Seventeen  ten-billionths. 

68.  Nine  hundred  eight  thousand  seven  hundred  fifty-one  quadrillionths. 

69.  Four  million  twenty  thousand  ten-millionths. 

70.  Four  million  ten  thousand  ninety-seven  ten-millionths. 

71.  Forty-seven  ten-thousandths.        |         72.  243  hundred-millionths. 

73.  297  million  641  thousand  879  trillionths. 

74.  700  thousand  849  ten-billionths. 

75.  900  millionths;  9  hundred-millionths. 

3.  Mixed  nunberi. 

Write  and  read  the  number  expressed  by 

76.  Three  units  of  the  5th  order,  seven  of  the  3d,  four  of  the  2d,  and 
eight  of  the  1st  decimal  order,  two  of  the  4th,  five  of  the  7th. 

77.  Five  units  of  the  8th  order,  one  of  the  4th,  and  three  of  the  1st 
decimal  order,  eight  of  the  3d,  one  of  the  5th,  seven  of  the  9th. 

78.  Fifty-six  thousand  ninety  and  five  hundred  sixty-nine  thousandths. 

79.  Two  thousand  and  thirteen  thousandths. 

80.  Two  thousand  thirteen  ten-thousandths. 

81.  Two  hundred  and  two  thousandths ;  two  hundred  two  thousandths. 
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82.  One  million  and  two  hundred  fifty-one  milliontbs. 

83.  Three  hundred  seven  thousand  and  three  hundred  seven  thou- 
sandths. 

84.  Six  hundred  six  and  six  hundredths;  six  hundred  and  six  hun- 
dredths. 


Bead 

85.  317.108 

86.  51.051 


87.  5,080.06 

88.  72.9008 

93.  9,000,000.000009 

94.  506,001,014,300,000.4005006007 


89.  525,000.525 

90.  35.20604 


91.  6,180.00002 

92.  832,005.16000406 

95.  380,965.800000965 

96.  9,024,000,000.000024 


Write  and  read 

97.  506  billion  and  81  millionths. 

98.  50  thousand  *and  43  ten-thousandths. 

99.  7  hundred  thousand  and  7  hundred-thousandths. 

100.  9  thousand  4  hundred-thousandths. 

101.  9  thousand  and  4  hundred-thousandths. 

102.  9  thousand  and  4  hundred  thousandths. 

103.  3  million  3  hundred  and  33  thousand  ten-billionths. 

104.  6  million  and  175  thousand  203  millionths. 

105.  10  and  10  ten-billionths. 

106.  90  thousand  10  and  1  million  1  thousand  billionths. 

69,  The  French  metliod  of  natatifm — ^by  periods  of  three  figures 
each — is  the  one  in  general  use  in  the  United  States. 

The  JEnglish  methodr—hy  periods  of  six  figures  each,  as  shown  below— is 
the  one  used  in  Great  Britain  and  in  most  of  her  colonies. 


h      1 
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FRACTIONS. 
70.  Define 

1.  Fractional  parts  (5). 

2.  A  fractional  unit  (7). 


3.  A  fraction  (U). 

4.  The  unit  of  a  fraction  {21). 


71*  The  notation  and  numeration  of  fractions  embraces 


1.  The  terms  of  a  fraction ; 

2.  The  values  of  fractious; 


3.  The  kinds  of  fractions ; 

4.  The  analysis  of  fractions. 


I .  Terms  of  a  fraotloD. 

72.  The  terms  of  a  f  ruction  are  the  two  integers  used  to  express  it. 

73.  The  denominator  is  that  term  which  names  the  parts  expressed 
by  the  fraction. 

74*  The  numerator  is  that  term  which  numbers  the  parts  expressed 
by  the  fraction. 

In  expressing  a  fraction  by  figures,  the  numerator  is  alwitys  written  above,  and 
the  denominator  below  a  horizontal  line. 


7S»  The  denominator 

1.  Denominates  or  names  the  parts  ex- 
pressed by  the  fraction ; 

2.  Expresses  the  number  of  equal  paits 
in  a  1; 

3.  Determines  the  size  or  value  of  each 
party  and  of  tlic  fractional  unit ; 

4.  Is  written  below  the  horizontal  line. 


76*  The  numerator 

1.  Numerates  or  numbers  the   parts 
expressed  by  the  fraction ; 

2.  Expresses  the  number  of  equal  parts 
in  the  fraction ; 

3.  Determines  the  number  of  fractional 
units  expressed; 

4.  Is  written  above  the  horizontal  line. 


77*  In  reading  a  fraction,  the  numerator  is  read  as  a  cardinal  num- 
ber, and  the  denominator  as  an  ordinal  number. 
^9-y  |y  H»  W  ^^  ^^^  ^  eighths^  17  twenty-fifths^  63  seventy-firsts. 
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Write  in  figures 

1.  Four  ninths. 

2.  Eight  fifteenths. 

3.  Nineteen  sixteenths. 

4.  Twcntj-scven  hundredths. 

Read 


EXEBCISES. 


5.  231  seven  thousandths. 

6.  3  five  hundred  thirty-seconds. 

7.  41  fiftieths. 

8.  700  eight  hundred  firsts. 


9.  i 
10.  I 


13.  iW 

14.  iW 


15.  iflfc 

16.  ««HI 


17.  V 

la  ^^ 


2.  ValM8  of  fraetlons. 

78.  The  value  of  a  fttiction  is  the  amount  or  number  expressed  by  it. 

The  numerator  of  any  fraction  is  a  dividend,  the  denominator  is  a  divisor,  and 
the  value  expressed  by  the  fraction  is  the  quotient 

Since  the  denominator  of  a  fraction  expresses  the  number  of  equal 
parts  in  a  1,  and  the  numerator  expresses  the  number  of  equal  parts  in 
the  fraction,  it  follows  that 

The  value  of  a  fraction  depends  upon  the  relative  values  of  its  numer- 
ator and  denominator,    Hencei 

1.  The  value  of  a  fraction  is  1,  when  the  terms  are  equal. 

2.  The  value  of  a  fraction  is  less  than  1,  when  the  numerator  is  the 
less  term. 

3.  The  value  of  a  fraction  is  more  than  1,  when  the  numerator  is  the 
greater  term.    And  in  general, 

79m  The  greater  the  number  of  equal  parts  into  which  a  1  is  divided^ 
the  less  is  t/ie  value  of  each  part;  and  the  less  t/ie  number  of  equal  parts 
into  which  a  1  is  divided^  the  greater  is  the  value  of  eac/i  part.  Hence, 
in  comparing  the  values  of  fractions, 

1.  Of  two  fractions  which  have  the  same  denominator,  that  one  having 
the  greater  numerator  expresses  the  greater  value ; 

2.  Of  two  fractions  which  have  the  same  numerator^  that  one  having 
the  greater  denominator  expresses  the  less  value. 
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3.  Kinds  of  fractions. 
80*  Any  number  that  consists  of  one  or  more  of  the  equal  parts  of 
Hn  integral  unit  is  a  fraction  {7f  11). 

a.  The  term  fraction  is  now  generally  applied  to  the  expressions  of  fractional 
units  by  numerator  and  denominator ; 

b.  But  decimal  units  as  well  as  fractional  units  are  equal  parts  of  a  thing,  or  of 
an  integral  unit.    Hence, 

(1)  DeeimcU  parts  are  fractional  parts,  and  decimal  units  are  fractional  units. 

(2)  Decimals  are  also  called  decimal  fraction. 

Sl»  Fractions  are  classified,  in  respect  to  their  values,  as  proper  and 
improper/  and  in  respect  to  their  denominators,  as  similar  and  dissimilar. 

82 •  A  proper  fi'ociian  is  a  fraction  whose  value  is  less  than  1. 

83*  An  itnpraper  /racHon  is  a  fraction  whose  value  is  1  or  more 
than  1. 

The  numerator  of  a  proper  fraction  is  always  a  less  number  than  the  denomi- 
nator. The  numerator  of  an  improper  fraction  is  ncfoer  a  less  number  than 
the  denominator  (78;  1,  8). 

84.  Similar  fracHona  are  fractions  that  have  the  same  fractional  unit. 

8Sm  IHssimilar  fractions  are  fractions  that  have  different  fractional 
units. 

a.  Least  similar  fractions  are  fractions  that  have  the  greatest  common 
fractional  unit  possible. 

hm  A  common  denominator  is  the  denominator  of  each  of  two  or  more 
similar  fractions. 

Cm  A  least  common  denominator  is  the  denominator  of  least  similar 
fractions. 

86m  Fractions  are  also  classified  as  simple^  compound^  and  complex. 

a.  A  simple  fraction  has  only  one  numerator  and  one  denominator,  and 
each  is  an  integer. 

b.  A  compound  fraction  is  two  or  more  numbers  connected  by  the  word 
of,  the  first  at  least  of  the  numbers  being  a  fraction. 

Cm  A  complex  fraction  has  a  fraction  or  a  mixed  number  in  one  or  both  terms. 

Neither  a  compound  nor  a  complex  fraction  answers  to  the  definition  of  a  frac- 
tion (11) ;  neither  of  them  has  a  unit,  integral  or  fractional  (2,  7) ;  and  neither 
can  be  read  as  a  fraction  is  read  (77).  Therefore,  the  terms  compound  fraction 
and  eompleat  fraction  are  of  doubtful  propriety. 

87m  In  reading  a  mixed  number,  read  and  between  the  integer  and 
the  fraction. 
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EZSBCISSS. 

Of  the  numbers  in  the  margin 

19.  Which  are  proper  f ractionSy  and  why  ? 

20.  Which  are  improper  fractions,  and  why  ? 

21.  Which  are  similar  fractions,  and  why  ? 

22.  Which  are  dissimilar  fractions,  and  why  ? 

23.  Which  are  mixed  numbers,  and  why  ? 

24.  Which  have  common  denominators,  and  why  ? 

25.  Which  have  a  common  fractional  unit? 

26.  27.  Of  those  having  a  common  fractional  unit,  which  expresses 
the  greatest  value,  and  why  ?    Which  the  least  value,  and  why  ? 

28,  29.  Of  those  having  the  same  number  of  fractional  units,  which 
expresses  the  greatest  value,  and  why  ?   Which  the  least  value,  and  why  ? 
30.  Write  in  figures  and  read  five  proper  fractions. 


» 

W 

ih 

W 

54H 

m 

A 

306IH 

^ 

tt 

31.  Five  improper  fractions. 

32.  Five  mixed  fractional  numbers. 


33.  Four  similar  fractions. 

34.  Four  dissimilar  fractious. 


4.  Analysis  of  fractions. 

88»  To  analyze  a  fradian  is  to  name  and  describe  all  its  parts, 
its  units,  its  kind,  and  its  value. 

Ex.  Analyze  the  fraction  f  of  a  mile. 

Analysis.—}  of  a  mile  is  &  fraction,  because  it  expresses  fractional  imits.  8  and 
4  are  the  tertM,  because  they  are  the  two  numbers  used  to  express  the  fraction ;  4  is 
the  denomincUar,  because  it  shows  that  1  mile  is  divided  into  4  equal  parts ;  and  8  is 
the  numerator,  because  it  shows  that  8  of  the  4  equal  parts  are  taken.  1  mile  is  the 
unit  of  the  fraction,  because  iiiB  the  one  divided  to  form  the  fraction ;  and  1  fourth  of 
a  mile  is  the  fractional  unit,  because  it  is  one  of  the  four  equal  parts  into  which  the 
unit,  1  mUe,  is  divided.  The  fraction  is  a  proper  fraction,  because  the  numerator  is 
the  less  term ;  and  the  value  expressed  by  it  is  three  fourths  of  1  mile. 


EXEBCISSS. 

Write  and  analyze 

35.  Five  ninths  of  a  month. 

36.  Three  eighths  of  a  dollar. 

37.  Twenty  sevenths  of  a  week. 

38.  381  6,163ds  of  a  square  mile. 


39.  £leven  fifteenths. 

40.  Seven  twelfths. 

41.  Thirteen  fifths. 

42.  Twenty-five  thirty-seconds. 


[31]> 

SECTION  III. 

COMPOUND    NUMBERS. 

89*  Measure  is  that  by  which  extent,  dimension,  quantity  of  matter, 

or  money  value  is  determined. 

Measure  may  be  length,  breadth,  thickness,  area,  Tolume,  capacity,  number, 
amount,  or  value. 

90.  WeiglU  is  a  measure  of  the  quantity  of  matter  in  a  body. 

Weight  and  measure  are  determined  by  processes  called  weighing  and  measuring. 
These  processes  consist  in  comparing  the  thing  to  be  weighed  or  measured 
with  some  fixed  standard. 

91.  Money  value  is  the  equivalent,  in  money  units,  for  other  units 
of  measure. 

Jf.  A  denominate  unit  (15).     3,  A  denominate  number  {18), 

4,  A  compound  number  {20). 

93.  Like  cwnpmind  numbers  are  numbers  expressed  in  denomina- 
tions of  the  same  table. 

94.  The  notation  and  numeration  of  compound  numbers  embraces 
vnitSy  tableSy  scales,  and  symbols, 

95.  A  unit  of  measure  is  a  number  of  fixed  value,  used  as  a  stand- 
ard of  comparison  in  measuring  other  like  numbers,  to  determine  their 
amount  or  value. 

A  number  is  measured  by  finding  the  number  of  times  it  contains  the  unit  of 
measure. 

96.  A  standard  unit  is  that  unit  which  law  or  custom  has  estab- 
lished, as  the  one  from  which  the  other  units  in  the  same  scale  of  num- 
bers are  derived. 

97.  The  nine  classes  of  units  are  units  of 


t  ^.  Denomination  {18), 


1.  Abstract  numbers; 

2.  Concrete  numbers ; 

3.  Extension; 


4.  Capacity; 

5.  Weight; 

6.  Time; 


7.  Angular  measure ; 

8.  Enumeration,  count,  or  tale ; 

9.  Currency  or  money  value. 


Any  unit  whatever,  used  to  express  number,  belongs  to  some  one  of  these  nine 
chisses  of  units. 
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,rrr    •  EXEBCISES. 

Write 
1.  Three  abstract  numbers  of  four,  eight,  and  eleven  places,  respectively. 


2.  Three  unlike  concrete  n ambers. 

3.  Four  like  compound  numbers. 

4.  Four  unlike  denominate  numbers. 

5.  Three  abstract  numbers. 


6.  Three  concrete  numbers. 

7.  Three  numbers  expressing  distance. 

8.  Three  numbers  expressing  area. 

9.  Three  numbers  expressing  volume. 

10.  Write  two  numbers  expressing  solidity,  or  cubic  units. 

11,  12.  Write  two  numbers  expressing  amounts  of  liquids;  and  two 
numbers  expressing  amounts  of  grains,  fruit,  or  root  crops. 

13,  14,  15.  Write  two  numbers  each,  expressing  the  weight  of  gold, 
of  hay,  and  of  medical  prescriptions. 

16.  Write  two  numbers  expressing  time. 

17.  Write  three  numbers  expressing  angular  measure. 

18.  Write  numbers  expressing  three  kinds  of  articles  sold  by  count. 

19.  Write  three  numbers  expressing  money  value. 

98*  A  table,  in  compound  numbers,  is  a  regular  arrangement  of  the 
denominations  used  to  express  any  measure,  weight,  or  money  value; 
with  the  number  of  units  of  each  denomination  equal  in  value  to  a 
unit  of  the  next  higher  denomination. 

99*  Define  a  scale  {27).     Define  an  arithmetical  symbol  {38), 

100m  Magnitude  is  extent,  size,  or  quantity. 

101*  IHmenHana  are  length,  wid^h,  and  thickness. 

The  term  magnitude  Is  applied  to  objects  that  have  one  or  more  of  these  di- 
mensions. 

102*  A  paint  is  that  which  has  position,  but  has  not  magnitude. 

103*  A  iine  is  a  magnitude  that  has  one  dimension — ^length. 

a.  A  straiglU  line  is  the  shortest  distance  between  two  points. 
6«  A  curved  line  is  a  line  that  changes  its  direction  at  every  point. 
Cm  A  Straight  line  is  commonly  called  a  Une;  and  a  curved  line,  a  eurte, 
dm  Length  is  expressed  in  units  of  measure  for  lines. 

104m  Linear  measure  is  the  measure  of  lines. 

lOSm  A  surface  or  superficies  is  a  magnitude  that  has  two  dimen- 
sions— ^length  and  width. 
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106*  Area  is  the  extent  of  any  surface. 
Area  is  expressed  in  units  of  measure  for  surfaces. 

107 •  Square  measure  or  superficial  measure  is  the  measure  of 
surfaces. 

108»  A  solid  or  body  is  a  magnitude  that  has  three  dimensions — 
lengthy  width,  and  thickness. 

109*  Volume  is  any  limited  portion  of  space  that  is,  or  may  be, 
occupied  by  a  body. 

Volume  is  expressed  in  units  of  measure  for  cubic  contents. 

110*  Extension  is  either  length,  area,  or  volume. 

lllm  Cubic  contents  is  the  extent  of  any  solid,  or  of  any  limited 
portion  of  space. 

a.  Solidity  is  the  volume  of  any  solid  or  body. 

b.  Capacity  is  the  volume  of  any  limited  portion  of  space. 
e.  Contents  is  a  general  term  for  areas  and  volumes. 

112,  Solid  measure  or  cubic  measure  is  the  measure  of  volume. 

113*  A  plane  is  a  surface  any  two  points  in  which  being  taken,  the 
straight  line  that  joins  them  lies  wholly  in  that  surface. 

114.  An  angle  is  the  difference  of  direction  of  two  lines  that  ema- 
nate from  a  common  point  in  a  plane. 

llSm  An  angle  of  one  degree  is  one  of  the  360  equal  angles  that 
exactly  fill  the  space  about  a  common  point  in  a  plane. 

From  this  definition  it  is  evident  that  the  sum  of  all  the  angles  that  can  be 
formed  about  a  point  in  a  plane  is  860  degrees. 

116*  If  two  intersecting  lines  form  four  equal  angles  at  their  point 
of  intersection,  the  two  lines  are  perpendicular  to  each  other,  and  the 
four  angles  are  right  angles.    Hence, 

A  right  angle  is  an  angle  whose  sides  are  perpendicular  to  each 
other.    It  is  an  angle  of  90  degrees.    And 

Two  lines  are  perpendicular  to  etich  other  when  they  form  a  right 
angle  at  their  point  of  meeting. 

C 
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117 •  A  paraiMogram  is  a  figure  whose  four  sides  are  straight 
lines,  and  whose  opposite  sides  are  parallel. 
The  opposite  sides  of  a  parallelogram  are  equal. 

118m  A  rectangle  is  a  parallelogram  whose  angles  are  right  angles. 

119*  A  square  is  a  rectangle  that  has  four  equal  sides. 

120*  A  rectangular  solid  is  a  body  bounded  by  six  rectangles. 

121*  A  cube  is  a  rectangular  solid  whose  sides  are  equal  squares. 


Describe 
1,  A  square  inch. 


S.  A  cubic  inch. 

3,  A  square  foot. 

4.  A  cubic  foot 


5.  A  square  yard. 

6.  A  cubic  yard. 

7.  A  square  rod. 


8.  A  cubic  rod. 

9.  A  square  mile. 
10,  A  cubic  mile. 


Draw      11.  Two  lines  perpendicular  to  each  other. 


W.  A  right-angle. 
13.  A  parallelogram. 


16,  A  square. 

17.  A  cube. 


14^  A  rectangle. 

15,  A  rectangular  solid. 

122m  A  circle  is  a  surface  bounded  by  a  curyed  line,  every  part  of 
which  is  equally  distant  from  a  point  within,  called  the  centre. 

a.  The  circumference  of  a  circle  is  the  line  that  bounds  it. 

&•  An  arc  of  a  circle  is  any  part  of  its  circumference. 

c*  The  diameter  of  a  circle  is  the  distance  across  it,  through  its  centre. 

d»  The  radius  of  a  circle  is  the  distance  between  its  centre  and  circumference. 
The  radius  of  a  circle  equals  one  half  of  its  diameter. 

e.  A  sector  is  a  portion  of  a  circle  bounded  by  two  radii  and' the  included  ara 

/•  A  quadrant  is  a  sector  whose  arc  is  one  fourth  of  the  circumference  of 
a  circle. 

g»  A  sextant  is  a  sector  whose  arc  is  one  sixth  of  the  circumference  of  a  circle. 

123*  If  the  surface  about  a  point  in  a  plane  be  divided  into  360 
equal  parts  or  spaces,  by  lines  drawn  from  the  point,  860  equal  angles 
will  be  formed.  The  lines  that  form  the  sides  of  these  angles  may  be 
of  any  length;  and  if,  about  their  common  point  of  meeting  as  a  centre, 
a  circumference  be  dmwn  cutting  all  these  lines,  it  will  be  divided  into 
860  equal  parts,  and  one  of  these  parts  will  be  a  degree,  or  the  measure 
of  the  angle  at  the  centre  of  the  circle.    Hence, 

124*  A  degree  is  one  of  the  860  equal  parts  of  a  circumference. 
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12S.  The  m>ea9UTe  of  an  angle  at  the  centre  of  a  circle  is  that  part 
of  the  circnmference  inclnded  between  the  sides  of  the  angle. 

a.  Angles  are  at  a  centre,  and  degrees  (the  measures  of  angles)  axe  parts  of  a 
circumference.    Hence,  angles  are  not  degrees, 

bm  Since  circles  may  be  great  or  small,  the  degrees  in  their  circumferences  will 
be  correspondingly  great  or  small.  An  angle  of  1  degree  is  constant,  while 
the  measure  of  the  angle— ^.0.,  1  degree  in  a  circumference — ^varies  With  eyery 
change  in  the  circumference. 

c.  In  geography  and  astronomy  a  circumference  is  called  a  circle.    Hence, 
A  geographical  or  astronomical  circle  is  a  mathematical  circumference. 


Draw 


{18. 
(19. 


A  curve. 
A  circle. 


20,  An  arc         « 

21.  A  diameter. 


22.  A  radius. 

23.  A  sector. 


21^  A  quadrant 
26.  A  sextant 


i.  Xiinear. 

ii.  Cloth, 

iii.  Marinera*. 

It.  Square. 

Y.  Suryeyora'. 


▼1. 


^SoUdor 
\  onUo. 


▼IL  Diy. 


▼iii.  Idqiiid. 


126.  MBASURBS  OF  EXTBNBZON. 

Vgm. 
For  measuring  distances  and  dimensions. 

For  measuring  goods  sold  by  the  linear  yard. 

For  estimating  marine  lengths  and  distances. 

For  computing  areas. 

Linear.  For  measuring  roads  and  dlmenRlons 

of  land. 
Square.  For  computing  area  of  land. 

>  For  computing  solidity  or  volume. 

<  For  measuring  grains,  fruits,  vegetables,  seeds, 
i     lime,  coal,  and  other  dry  substances. 

Commercial.  For  measuring  liquids. 
PharmackU*.  For  compounding  medidnes  in 
liquid  f  onn. 

(See  Sopplenent,  page  868.) 


STA2ISABD  VXITS. 


\ 


Tard. 

Square  fbot, 
•qaara  yaid. 

Chain. 

Aore. 

Cnbio  foot, 
cnblo  jrard. 

BnaheL 


Gallon. 


Read 

20.  13  mi.  5  yd.  3  in. 

21.  84  rd.  7 J  ft 

22.  75  yd.  3  qr. 


EXSBCISBS. 

23.  32  mi.  71  ch.  29.3  1. 

24.  5  mi.  31  ch.  71 1. 

25.  235  bn.  3.75  qt 


26.  7  gal.  1.75  pt 

27.  3  pk.  1|  qt 

28.  352  cd.  76  en.  ft 
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29.  107  mi.  39  rd.  4  yd.  2  ft  11  in. 

30.  13  sq.  rd.  19  sq.  yd.  5  sq.  ft,  64,9  sq.  in. 

31.  1  Tp.  13  sq.  mi.  432  A.  7  sq.  ch.  21.15  sq.  ]. 

32.  29  en.  yd.  11  ca.  ft  802  cu.  in. 


33.  4,030  bu.  1  pk.  7  qt  1  pt 

34.  124  gal.  3  qt  1  pt  1  gi. 

35.  29  CQ.  yd.  1,028.625  cu.  in. 

36.  Cong.  V  O  vi  ff  xi  fs  iii  m  xiv 


Write  the  following  compound  numbers,  using  the  proper  abbreviations : 

37.  Ninety-five  acres  five  square  chains  one  hundred  one  square  links. 

38.  Four  hundred  and  four  hundredths  gallons. 

39.  One  thousand  miles  seventy-one  chains  fifty-three  and  eighty-one 
hundredths  links. 

40.  Seventy -five  miles  two  hundred  three  rods  one  yard  two  feet 
eleven  inches. 

41.  Twenty-three  cords  two  and  five  twelfths  cubic  feet 

42.  2,064  bushels  1  peck  6  quarts  1  and  8  tenths  pints. 

43.  Thirty-three  square  rods  fourteen  square  yards  seven  square  feet 
sixty  and  five  tenths  square  inches. 

44.  41  cubic  yards  19  cubic  feet  1,606  cubic  inches. 

45.  31  square  miles  950  square  rods  179f  square  feet. 

46.  Fifteen  gallons  three  pints  five  fluid  ounces  three  fluid  drachms 
nineteen  minims. 


ix.  Troy. 

X.  Apotheoaries*. 

xL  Aaoayen'. 

xii.  Lap^daiiea*. 

xiii.  AToirdapola. 


127.   MBASURBS  OF  WBZaHT. 

Uso. 

'For  weighing  the  precious  metals  and 
jewels,  and  in  philosophical  experi- 
ments. 

By  physicians  in  prescribing,  and  apoth- 
ecaries and  pharmacists  in  mixing 
medicines  that  are  dry. 

For  weighing  gold  and  silver. 
For  weighing  diamonds. 


SrASDiAaD  USITEL 


Troy  poand  of 
5;760  grains. 


{Diamond  grain 
=.8Troygndn. 

{^voirdnpoia 
pouid  of  7,000 
Troy  graina. 

(See  Snppleaieiitv  page  860.) 


Read 
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EzxBasES. 


50.  12  cwt.  3  oz. 

51.  91  T.  1,626.75  lb. 

52.  807  lb.  13.25  oz. 


47.  2  T.  13  cwt.  47  lb.  10  oz. 

48.  17  lb.  11  oz.  15  pwt.  24.375  gr. 

49.  lb  ii  5  viij  5  iv  9  i  gr.  xviij. 
Write,  using  proper  abbreviations, 

53.  Two  thousand  ten  pounds  three  and  three  fourths  ounces. 

54.  Eleven  tons  seventeen  hundred-weight. 

55.  Six  pounds  five  ounces  twenty-one  pennyweights  twenty  grains. 

56.  5  ounces  6  drains  1  scruple  15  grains. 

128.   ANQULAR  MBASURSS. 

Knroa.  Usaa.  Sta5daro  cxxtr 

**^*  /  xuKvii^^^         \  ^°  surveying,  civil  engineering,  and  navigation.  / 
zv.    AstroDomerB'.       In  astronomical  observations  and  cal^ilations.  ) 

(See  Supplenent,  page  870.) 

129.   MBAaXTBBS  OF  TIMB. 
The  day  and  the  year  are  the  natural  divisions  of  time ;  the  other  de- 
nominations, except  centuries,  are  parts  of  one  or  the  other  of  these  units. 

Units.     Day  and  Tear. 
(See  Snpplement,  page  871.) 

130.  MBA8X7BBS  OF  MOJXEY  VALUB. 

*    KmiM.  Wbbrs  UfflBD.  Staxdahd  usin. 

xvi.  U.  S.  money,  1  {  In  United  States.  > 

xviL  Canada  money,  >  Decimal;  <  In  Dominion  of  Canada.  S  ^®^^  fl-OO 

xviii.  French  money.  )  (In  France.  Fnmo^  f  .193 

xix.  BngHah  money.      Sterling;     In  Great  Britain.  Pound,  $4,866^ 

XX.  Oennan  money.      German;    In  German  Empire.         <  rJuJ^ty^flSn 

(See  Snppleneat,  page  878.) 

131.  ENUMXSRATION  OR  COUllTDBra. 

KmNi.  UiB. 

xxi   Counting.       In  marketing  certain  classes  of  articles, 
xxii.  Paper.  In  the  paper  trade. 

(See  Supplement,  page  874) 
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57.  2  wk.  5  da.  24  min.  7.4  sec. 

58.  11  gt  gro.  5  gro.  S^^  doz. 

59.  95  dol.  3s.  9  cts.     60.  17  fr. 
61.  £274  16s.  9d.  2  far. 


62.  10  yr.  1  roo.  27  da.  3  b.  14  min.  49  sec 

63.  103°  25'  49";  7  S.  24°  30.21". 

64.  $235.67;  $40,059;  $24»007.40^. 

65.  31  R  3  bun.  1  rm.  17  quires  18  sheets. 


66.  Jan.  15, 1756.    67.  July  4, 1776.    68.  Sept.  29, 1880.    69.  Dec.  21, 1897. 

Write,  using  the  proper  abbreviations, 

70.  Thirty-one  years  seven  months  twenty  days  nineteen  hours  forty- 
five  and  seventy-five  hundredths  minutes. 

71.  One  hundred  seventy -one  degrees  forty  and  twenty -five  hun- 
dredths seconds. 

72.  Ninety-seveu  degrees  fifty-five  and  two  hundred  thirty-one  thou- 
sandths geographic  miles. 

73.  Six  great  gross  eleven  gross  nine  and  four  twelfths  dozens. 

74.  Eighteen  dollars  and  one  half -cent. 

75.  Six  pounds  ten  shillings  five  pence  three  farthings. 

76.  Twenty-five  dollars  two  shillings  ten  pence. 

77.  Five  Napoleons  thirteen  francs  two  and  five  tenths  decimes. 

132.  METRIC  STSTEOff  OF  BmASURSS  AND  WEiaHTS. 

In  the  year  1866  Congress  passed  an  Act  authorizing  the  use  of  a 
decimal  system  of  measures  and  weights.  The  one  standard  unit  of 
this  system,  from  which  all  the  other  units  are  derived,  is  the  meter; 
hence,  the  system  is  known  as  the  meirie  system.. 

This  system  is  gradually  coming  into  use  among  chemists,  pharmacists,  scientists, 
and  artists.  It  is  also  used  at  the  United  States  Mints,  and  in  invoices  of  im- 
ported goods  from  most  foreign  countries.  It  is  n^  used  in  ordinary  com- 
mercial transactions. 

(See  Supplement,  page  878.) 


[39] 

SECTION  ir. 

REVIEW  OF  PRELIMINARY  DEFINITIONS  AND 

NOTATION. 

133.  TEST  QX7BSTIONS  IN  THIS  THBOR7  OF  NOTATION. 

fiaqslain  and  lUnstrete  the  two  nsea  of  the  cipher 

L  In  integere.  |  n.  In  deolmale. 

UL  Show  that  the  fraction  ^^  is  alao  a  decimal. 

IV.  Show  1.  That  all  denominate  nmnbers  are  concrete;  and 

2*  That  some  concrete  numbers  are  not  denominate. 

V.  What  denominate  munbers  are  simple,  and  what  are  oomponnd  ? 

How  is  a  niunber  in  a  decimal  or  a  varying  scale  affected  by  transferring 
a  nnit 

VI.  Ttom  a  higher  order  or  denomination  to  the  next  lower  ?    Why  ? 

Vn.  Ttom.  a  lower  order  or  denomination  to  the  next  higher  ?    Why  ? 

VJLU.  What  order  or  place  of  a  decimal  gives  name  to  the  whole  decimal  ? 

IX.  fiUiow  that  one  of  the  nine  eqnal  parts  of  the  denominator  of  the 
fraction  $  equals  one  of  the  four  equal  parts  of  the  numerator. 

2C.  In  uniting  compound  numbers,  w^hat  abbreviations  or  signs  of  denomi- 
nations are  placed  before  the  numbers  ? 


Show  the  three  o£Bces 
XL  Of  the  denominator  of  a  fraction.  |  Zn.  Of  the  numerator  of  a  fraction. 

XnL  Show  the  difference  between  like  fractions  and  similar  fractions. 

ZIV.  In  notation  of  integers,  what  periods  must  be  ftiU,  and  what  periods 
may  be  partial,  and  why  ? 

XV.  What  determines  the  value  of  the  unit  of  any  figure  in  a  written 
number? 

XVI.  What  determines  the  value  of  a  fraction  ? 
XVn.  What  determines  the  value  of  a  decimal  ? 

XVm.  Show  that,  in  expressing  a  given  value  by  a  fraction 

(1)  If  the  parts  are  large,  the  number  of  parts  is  small ;  and 

(2)  If  the  parts  are  small,  the  number  of  parts  is  large. 

XIX.  What  two  things  detexmine  the  value  expressed  by  any  figure  in  a 
decimal  niunber? 

What  tables  in  compound  numbers  have  uniform  scales  ? 
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BLACKBOARD  OUTLINES. 

134»  To  the  Teacher. — ^Require  the  pupils  to  copy  the  outline  of 
each  subject,  and  to  complete  it  by  filling  each  blank  with  the  appro- 
priate term,  phrase,  or  symbol. 

The  completed  outline  (either  on  the  blackboard  or  in  the  hands  of 
the  pupils)  will  enable  you  to  conduct  a  review  thoroughly  and  rapidly. 

13S.  ouTLiNxia  or  frelibainart  dufinitions. 

1.  Pabtb.    1 3. 


r  A.  ELEMENTS 
OF. 


n 


II.  Uotts.  " 


a. 
"  1.  As  wholes  or  parts,  •{  b. 

c. 

a. 
^  2.  As  pure  or  applied,  •{  *. 


B.  CLAgSIFI- 
CATION  OF. 


.IIL   SCALE&      1. 

I.  Fboh  scales. 


2. 


1. 


II.  FkOH  BQUAIi  PABTB.        1. 
III.  As  rUBB  AND  APPLIED.    1. 


2. 

2. 
2. 


IV.  FbOM  tJNIT  VALUES. 


ri.  a. 

12.  a. 


b. 
b. 


.    y.  FbOH  use  as  NUMEBAL&     1 

f  I.  Op  NT7HBEB.     1. 2. 


C.  SYMBOLS. 


2.. 


8. 


II.  Op  opebation. 


ri. 

2. 
8. 


4. 
6. 
6. 


IIL  Op 

L  BELATION. 


UNCLAS- 
SIFIED  -! 
TERMS. 


ri. 

2. 
8. 
4. 


rv.  Op  ao- 

GBBOATION. 

9 

10 
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136.  OUTLZNES  or  NOTATION.     (See  Art.  134.) 


CO 

< 

a 

Q 
Q 

<J 

OQ 

5Z5 


L  Terms. 


fl. 

2. 
8. 


{: 


ri8t.. 
lad.. 


14. 


a. 

J. 

'  1.  €f  i^rden  of  uniU.  \  e. 

d. 


IIL  Pbihci- 

PLE8. 


2.  Of  periods, 


ra. 
iods,  <  b. 


8.  Of  values.  |^' 

lY.  FmVDAMENTAL  LAW. 


V.  Imfobtakt 

FACTS  CONCERN-  •> 
L     mo  PERIODS. 


r  i. 


a., 
c. . 


OQ 

o 

H 
O 


I.  Tebics.  * 


s. 

5. 

5. 

7. 

8. 

9. 
10, 
11. 
12. 
IS. 


(1. 


IL  Clabsdigatzqn.  ^ 


L«. 


yLRuLE& 


(i: 


a. 


16. 


15. 
16. 
17. 


II.  Sth- 

BOLS. 


ri. 

2. 
8. 


:}ft 


rist. 

2d. 
8d. 
4th. 
1st 
2d. 
8d. 
4th. 


IS. 
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I.  Tebms.  - 


2.. 
S.. 
4. 

6.. 

7.. 

8.. 

9,. 
10,. 
It. 
12,. 
VIS.. 


b. 
e. 
d. 
e. 

/ 

m 

t. 


11.  Measubes, 
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CHAPTER   II. 

PROPERTIES    OF   NUMBERS. 

137»  Properties  of  numbers  are  those  elements  or  facts  that  are 
inseparable  from  them. 

138.  Properties  of  numbers  depend  upon  these  two  primary  facts : 

1.  All  integers  are  even  or  odd.      |      2.  All  integers  are  composite  or  prime. 

139»  Properties  of  numbers  embrace 


I.  Definitions  and  axioms. 
II.  Properties  of  even  and  odd  numbers. 
UL  Properties  of  coroposito  numbers. 


IV.  Prime  numbers. 
V.  Divisors. 
YL  Multiples. 


YIL  Cancellation. 


SECTION  I. 
DEFINITIONS  AND  AXIOMS. 

140»  The  factors  of  a  number  are  those  numbers  of  which  the 
given  number  is  the  product. 

141.  A  power  is  the  product  of  equal  factors. 

142.  A  root  is  one  of  the  equal  factors  that  produce  a  power. 

a*  The  ordinal  name  of  a  power  or  root  is  determined  from  the  number  of 
factors  used  to  produce  the  power. 

e.  g.  The  product  of  five  equal  factors  is  the  Jffth  power,  and  one  of  these 
factors  is  the  fifth  root  of  that  power. 

b»  The  9quaTe  of  a  number  is  its  second  power,  and  the  cube  is  its  third  power. 

c.  The  $quare  root  of  a  number  is  its  second  root,  and  the  ^ube  root  is  its  third  root. 

143.  Division  is  ex€tot,  when  the  quotient  is  an  integer. 

Division  is  complete  when  all  the  dividend  is  divided. 
e,g.  In  82  -7-  5  =  0|  the  division  is  complete  but  not  exact. 

144.  An  ex<ict  divisor  of  an  integer  is  any  integral  factor  of  that 
integer. 

145.  A  comtnon  divisor  of  two  or  more  integers  is  any  exact  di« 
liaor  common  to  those  integers. 
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146*  The  greatest  camtnan  divisor  of  two  or  more  integers  is  the 
greatest  exact  divisor  common  to  those  integers^ 

Idt*  ComtnensuroMe  numbers  are  numbers  that  have  a  common 
divisor. 

Id8»  A  niuUipie  is  any  number  of  which  a  given  number  is  an 
exact  divisor. 

1490  A  cotntnan  muUipie  of  two  or  more  numbers  is  any  number 
of  which  each  of  the  given  numbers  is  an  exact  divbor. 

ISO*  The  le€Mf  common  multiple  of  two  or  more  numbers  is  the 
least  number  of  which  each  of  the  given  numbers  is  an  exact  divisor. 

a.  In  the  subsequent  discussion  of  properties  of  numbers,  the  terms  divisor^ 
division,  and  divided  signify  eociut  divisor,  ex€ict  division,  and 
exacUy  divided. 

b.  Mectsure  and  sub^muUiple  are  other  names  for  exact  divisor. 

EXESCISBS. 

1.  What  are  the  integral  factors  of  16 ?    Why? 

2.  What  are  the  ten  integral  factors  of  84  ? 

3.  What  six  integers  are  factors  of  12  ?    Why  ? 

4.  Name  three  exact  divisors  of  64. 

5.  What  integer  is  a  common  divisor  of  18,  45,  and  30?    Why? 

6.  What  is  the  greatest  common  divisor  of  24,  72,  40,  and  16  ? 

7.  Name  five  multiples  of  the  number  *J. 

8.  Give  an  example  of  a  common  multiple  of  three  numbers. 

9.  What  is  the  least  common  multiple  of  4,  6,  15,  and  20?    Why? 

151»  An  even  number  is  a  number  that  is  exactly  divisible  by  2. 
1S2»  An  odd  number  is  a  number  that  is  not  exactly  divisible  by  2. 

153.  A  composite  number  is  a  number  that  can  be  separated  into 
integral  factoi*s  each  greater  than  1. 

154.  A  prime  number  is  a  number  that  can  not  be  separated  into 

integral  factors  each  greater  than  1. 

A  multiple  must  be  a  composite  number ;  but  a  divisor  may  be  either  composite 
or  prime.. 

155.  A  composite  f€Ktor  is  a  factor  that  is  itself  a  composite  number. 
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8 

22 

89 

13 

29 

96 

15 

48 

104 

20 

54 

209 

1S6*  A  prime  fa^tur  is  a  factor  that  is  a  prime  number. 

157*  ReiaHveiy  prime  numbers  are  numbers  that  have  no  common 
integral  factor. 

Two  composite  numbers  may  be  relatively  prime ;  as  15  and  16. 

Exercises. 
Of  the  twelve  numbers  in  the  margin, 

10.  Which  are  even  numbers  ?    Why  ? 

11.  Which  are  odd  numbers  ?    Why  ? 

12.  Which  are  composite  numbers  9    Why  ? 

Write 

13.  Four  even  numbers.  16.  The  composite  factors  of  72. 

14.  Five  composite  numbers.  17.  All  the  odd  numbers  less  than  20. 

15.  The  prime  factors  of  45.  18.  All  the  prime  numbers  from  50  to  100. 

19.  Which  of  the  ten  factors  of  84  are  prime  factors  ?  Which  are 
composite  factors? 

20.  Are  18  and  35  relatiyely  prime?    Why? 

21.  Are  60  and  144  relatively  prime?    Why? 

22.  Give  six  examples  of  numbers  that  are  relatively  prime. 

Axioms. 

1S8»  An  iixionh  is  a  truth  so  obvious  that  no  demonstration  can 
make  it  plainer. 

As  bases  of  arithmetical  demonstrations,  use  is  often  made  of  the  f ol« 
lowing  axioms : 

Axiom  1. — A  whole  equals  the  sum  of  all  its  parts. 

Axiom  2.— A  whole  is  gre€Uer  th<m  any  of  its  parts. 

Axiom  3. — If  the  same  number  or  equal  numbers  be  added  to  each  of 
two  numbers^  the  difference  between  the  sums  wiU  be  the  same  as  the  differ- 
ence  between  the  numbers. 

Axiom  4. — J^  the  same  number  or  equal  numbers  be  subtracted  from 
each  of  two  numbers^  the  difference  between  the  remainders  will  be  the  same 
as  the  difference  between  the  numbers. 

Axiom  5. — If  equal  numbers  be  multiplied  by  the  same  number^  the 
products  will  be  equal. 
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Axiom  6. — If  equal  numbers  be  divided  by  the  same  number^  the  quo- 
tients  will  be  equal. 

Axiom  7. — If  each  of  two  numbers  is  equal  to  a  third  numbeVy  the  two 
numbers  are  equal  to  each  other. 


SECTION  II. 

PROPERTIES  OP  EVEN  AND   ODD   NUMBERS. 

1S9.  Demonstrate  the  truth  of  each  property  here  given : 

PsoFESTT  1. — AH  even  numbers  except  2  are  composite. 

Property  2. — AU  prime  numbers  except  2  are  odd,  but  an  odd  number 
is  not  necessarily  prime. 

Property  3. — TTie  sum  of  any  number  of  even  numbers  is  even. 

Property  4. — The  sum  of  an  even  number  and  an  odd  number  is  odd 

Property  6. — ITie  sum  of  an  even  number  of  odd  numbers  is  even. 

Property  6. — The  sum  of  an  odd  number  of  odd  numbers  is  odd. 

Property  7. — 77ie  difference  between  any  two  even  numbers,  or  between 
any  two  odd  numbers^  is  even. 

Property  8. — The  difference  between  an  even  number  and  an  odd 
number  is  odd. 

Property  9. — Any  odd  number  except  1  is  either  1  greater  or  1  less 
than  some  multiple  of  4* 

Property  10. — The  product  of  any  number  of  even  numbers  is  even. 

Property  11. — The  product  of  any  number  of  odd  numbers  is  odd. 

Property  12. — The  product  of  any  number  of  factors  is  even,  if  one 
of  t/ie  factors  is  even. 

Property  13. — If  an  exact  divisor  is  odd  and  the  dividend  is  even, 
the  quotient  is  even. 

Property  14. — If  both  exact  divisor  and  dividend  are  odd,  the  quo- 
tient  is  odd. 

Property  1 5. — An  even  number  is  not  an  exact  divisor  of  an  odd  number. 

Property  16. — Any  even  number  except  2  has  at  least  one  even  factor. 

Property  17. — AU  the  factors  of  an  odd  number  are  odd. 
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SECTION  III. 

TEN   PROPERTIES  OP  COMPOSITE  NUMBERS. 

160»  Pbopbbty  1. — A  number  is  divisible  by  2^  if  the  rigkt-liand  fig- 
ure of  t/ie  number  is  (?,  2,  -J,  6,  or  8. 

DsMONfimuLTiOH.— The  right-hand  figure  of  any  written  even  nomber  is  0, 2, 4>  6, 
or  8 ;  and  in  dividing  any  even  number  by  2,  the  ones  of  the  last  partial  dividend  are 
0,  2,  4,  6,  or  8.    Hence,  the  Property. 

Pbopkbtt  2. — A  number  is  divisible  by  5,  if  the  right-hand  figure  of 
the  number  is  0  or  S. 

Demgnstbation.— The  right-hand  figure  of  the  product  of  an  even  number  of 
times  5  is  0 ;  thus,  4x6  =  20,  8x5  =  40,  10  x6  =  80.  The  right-hand  figure  of  any 
odd  number  of  times  6  is  5;  thus,  8  x  5=15, 6  x  6=25, 17  x  6=85.   Hence,  the  Property. 

Pbopebtt  3. — A  number  is  divisible  by  S  or  9^  if  the  sum  of  its  digits 
is  divisible  by  S  or  9. 

DsacoKaTBATiON.— The  number  67,854,  and  the  sum  of  the  numbers  6,  7,  8,  6,  4 
(the  digits  of  67,854),  are  divisible  by  8.  The  niunber  21,848,  and  the  sum  of  the 
numbers  2, 1, 8, 4, 8  are  divisible  by  8  and  also  by  9.    Hence,  ^e  Property. 

Pbopkbtt  4. — Any  f<ictor  of  a  number  is  also  a  factor  of  any  tnul-' 

tiple  of  that  number, 

Deiconbtbation.— 2  and  8,  the  factors  of  6,  are  factors  of  12  (2x6),  of  18  (8x6), 
of  80  (5  X  6),  of  54,  of  96,  or  of  any  number  of  times  6.    Hence,  the  Property. 

Pbopebtt  6. — A  number  is  divisible  by  the  product  of  two  or  more  of 
its  factors^  if  it  is  divisible  by  those  factors  successively. 

Demohbtbation.— 84-T-8  =  28,  and28-5-7=4;  also  84 -=-21  (or  8x7) =4.  Agahi, 
756-f-4  =  189, 189-i-8  =  68,  and  68-^7  =  9 ;  also  756-^84  (or  4x8x7)  =  9.  Hence, 
the  Property. 

A  number  may  be  divisible  by  two  or  more  of  its  factors,  and  not  be  divisible  by 
their  product.   Thus,  48  is  divisible  by  8  and  by  12,  but  not  by  their  product,  96. 

Pbopebtt  6. — A  composite  number  is  divisible  by  the  product  of  any 

two  or  more  of  its  prime  factors. 

Demokstbatiok.— If  any  composite  number  be  divided  by  one  of  its  prime  fac- 
tors, the  result  be  divided  by  another  prime  factor,  and  so  on,  until  the  quotient  is  1, 
all  the  prime  factors  of  the  number  will  be  used  for  divisors.  Thus,  84  -h  2  =  42 ; 
42-T-2  =  21;  21-^8  =  7;  74-7  =  1.  The  factors  used  as  divisors  are  2,  2,  8,  and  7; 
and  their  product  84  is  divisible  by  the  product  of  any  number  of  these  factors. 
Hence,  the  Property. 
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In  a  similar  manner^  demonstrate 

Pbopebtt  7. — A  composite  number  is  divisible  by  the  product  of  any 
two  or  more  of  its  relatively  prime  factors. 

Pbopebtt  8. — Any  even  number  divisible  by  an  odd  number^  is  also 

divisible  by  2  times  that  odd  number, 

Dbmonbtbation.— Any  even  number  is  divisible  by  2  (Property  1);  and  if  the 
quotient  of  an  even  number  divided  by  2  is  also  divisible  by  an  odd  number,  the 
number  is  divisible  by  the  factors  2  and  the  odd  number  successively ;  and  it  is  also 
divisible  by  2  times  the  odd  number  (Property  5).    Hence,  the  Property. 

Pbopkety  9. — Any  factor  common  to  two  numbers  is  also  a  factor 
of  t/ieir  sum,  and  of  their  difference, 

Deuonbtbation.— Since  45  is  5  times  0,  and  27  is  8  times  9,  45  +  27  ( =r  72)  is  6 
times9  +  d  times  9  (  =  8  times  9);  and  45-27  (  =  18)  is  5  times  9-3  times  9  (  =  2 
times  9).    Hence,  the  Property. 

Pbopebtt  10. — A  number  is  divisible  by  any  power  of  2  or  S,  if  t/ie 

number  caressed  by  as  many  of  its  right-hand  figures  as  equal  the  index 

of  the  power  is  divisible  by  the  same  power  of  2  or  6, 

Demokstbation. — Any  number  expressed  by  more  than  one  figure  may  be  sep- 
arated into  two  parts,  one  of  which  is  a  multiple  of  some  power  of  10,  and  the  other 
is  ones.  Any  factor  common  to  two  numbers  is  a  factor  of  their  sum  (Property  9). 
The  truth  of  that  part  of  this  Property  relating  to  any  power  of  2  is  evident  from 
examples  1,  2,  8,  below : 

Ex.  1.  56  =  6  X  10^  +  6 ;  l2L^  =  25,  and  A  =  8. 

2*  2* 

Ex.  2.  256  =  2x10' +  56;  ?-^^  =  50,  and  ^  =  14. 

2  2 

Ex.  a  8,256  =  8  X  10*  +  256;  l2L^  =  875,  and  ?^  =  82. 

2»  2* 

And  the  truth  of  that  part  of  the  Property  relating  to  any  power  of  5,  is  readily  seen 
from  examples  4,  5,  6,  which  follow : 

Ex.4.  75  =  7xl0'  +  5i  "^  ^  .^^' =  14,  and  ^  =  1. 

5*  5* 

Ex.5.  875  =  8  xl0'  +  75;  ?A^  =  82,  and  ^  =  8. 

5*  5* 

Ex.6.  8,875  =  8x10*  + 875;  ^^V^  =24,  and— ^  =  7; 

5*  *   /      6* 

and  similarly  of  other  numbers.    Hence,  the  Property. 
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Tests  of  Divisibility  op  Numbbbs. 

161%  Since  it  is  frequently  necessary  in  arithmetical  computations 
to  determine  whether  a  number  is  composite  or  prime,  a  few  of  the 
more  common  tests  of  divisibility,  deduced  from  the  preceding  proper- 
ties of  composite  numbers,  are  here  given. 

2  is  an  exact  divisor  of  any  even  number  (Property  1). 

3  and  0  are  exact  divisors  of  a  number,  if  they  are  divisors  of  the  sum  of  the 
digits  of  that  number  (Property  8). 

5  is  an  exact  divisor  of  any  number  the  right-hand  figure  of  which  is  0  or  5 
(Property  2). 

4  is  an  exact  divisor  of  a  number,  if  it  is  a  divisor  of  the  number  expressed  by 
the  two  right-hand  figures  of  that  number  (Property  10). 

6  is  an  exact  divisor  of  any  even  number  that  is  divisible  by  8  (Property  8). 

8  is  an  exact  divisor  of  a  number,  if  it  is  a  divisor  of  the  number  expressed  by 
the  three  right-hand  figures  of  that  number  (Property  10). 

14  is  an  exact  divisor  of  any  even  number  that  is  divisible  by  7  (Property  8). 

16  is  an  exact  divisor  of  a  number,  if  it  is  a  divisor  of  the  number  expressed 
by  the  four  right-hand  figures  of  that  number  (Property  10). 

18  is  an  exact  divisor  of  any  even  number  that  is  divisible  by  9  (Property  8). 

25  is  an  exact  divisor  of  a  number  the  two  right-hand  figures  of  which  express 
25,  50,  75,  or  00  (Property  10). 

For  tests  of  divisibility  by  7^  ll,  and  13,  see  Supplement,  pages  884,  885. 


PROBLEMS. 

Which  of  the  numbers 

in  (he 

margin  are 

divisible, 

and  why 

> 

J.  By  2? 

7.  By  9  ? 

54 

96 

219 

576 

1,728 

1,944 

2.  By  3  ? 

8.  By  14? 

72 

100 

486 

381 

5,219 

2,016 

3.  By  4  ? 

9.  By  16? 

65 

244 

745 

759 

9,008 

18,225 

<.  By  5  ? 

10.  By  18? 

90 

560 

360 

972 

6,072 

174,960 

5.  By  6  ? 

11.  By  26  ? 

88 

168 

827 

999 

3,808 

725,760 

6.  By  8? 

12.  By  72  ? 

69 

825 
D 

784 

1,200 

7,254 

2,707,200 
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SECTION  IV. 
FIVE   PROPERTIES   OF  PRIME   NUMBERS. 

162.  Peoperty  1. — The  right-hand  figure  of  a  prime  number  is  1,  5, 

7,  or  9. 

DE3fON8TRATiON. — All  even  numbers  except  2,  and  all  odd  numbers  ending  in  5, 
except  5,  are  composite.    Hence,  the  Property. 

Propeuty  2. — JSTumhers  relatively  prime  have  no  common  divisor. 

Demon8TR-\tion. — A  common  divisor  of  two  or  more  numbers  is  any  factor  com- 
mon to  those  numbers  (1^5) \  and  numbers  that  are  relatively  prime  have  no  com- 
mon integral  factor  (157)-    Hence,  the  Property. 

Property  3. — Any  integer  is  either  a  prime  number,  or  is  t/ie  product 

of  prime  numbers. 

Demonstration.— Any  integer  that  is  not  a  prime  number  is  a  composite  num- 
ber ;  and  a  composite  number  can  be  separated  into  integral  factors.  If  any  of  these 
factors  are  composite  numbers,  they  can  be  separated  into  other  factors ;  and  so  on 
until  factors  are  obtained,  all  of  which  are  prime  numbers  (160,  Property  6).  Hence, 
the  Property. 

Property  4. — When  any  prime  number  is  divided  by  4f  ^^^  remainder 

is  1  or  3, 

Demonstration.— All  the  remainders  that  can  be  obtained  by  di^ding  numbers 
by  4,  are  1,  2,  and  8;  and  when  the  remainder  is  2,  the  number  divided  is  even,  and 
is  therefore  composite  (160,  Property  1).    Hence,  the  Property. 

Property  5. — Wheti  any  prime  number  is  divided  by  6^  the  remainder 

is  1  or  5, 

Demonstration.— All  the  remainders  resulting  from  dividing  integers  by  6  are 
1,  2,  8,  4,  and  5. 

Since  2  is  a  factor  of  4  and  of  6,  it  is  a  factor  of  2  +  6,  and  of  4  +  6  (160,  Prop- 
erty 10),  and  of  2  or  4  +  any  number  of  times  6  (160,  Property  4);  and  since  8  is  a 
factor  of  6,  it  is  a  factor  of  8  +  6  (160,  Property  10),  and  of  8  +  any  number  of 
times  6  (160,  Property  4) ;  ».  e.,  if  the  remainder  is  2,  8,  or  4,  the  number  divided  is 
composite.    Hence,  the  Property. 

Properties  4  and  5  are  true  of  all  prime  numbers,  but  they  are  not  tests  for  de- 
termining whether  a  number  is  prime  or  composite,  e,  g.,  21-r-4  =  5,  +  l 
remainder ;  and  15  -=-  4  =  8,  +  8  remainder.  49  -r-  6  =  8,  +  1  remainder ;  and 
85  -T-  6  =  5,  +  5  remainder. 

For  Table  of  Prime  Factors,  see  Supplement,  pages  886,  887. 
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163*  To  find  all  the  prime  numbers  less  than  a  given  number. 

Bulb. 

I.  WritCy  in  their  order,  the  number  2  and  all  the  odd  numbers  between 
2  and  the  given  number. 

II.  beginning  with  the  prime  number  3,  cancel  every  third  nuniberfrom 
that  place. 

IIL  2%€n,  aucceesivdy,  caned  every  fifth  number  above  the  prime  num- 
ber Sy  every  seventh  number  above  the  prime  number  7,  every  eleventh 
number  above  the  prime  number  11,  and  so  on. 

The  numbers  not  cancelled  are  the  required  prime  numbers. 

Demonbtbation.— Since  all  tho  even  numbers  are  omitted,  every  third  niunber 
above  8  is  divisible  by  8,  every  fifth  number  above  5  is  divisible  by  5,  every  seventh 
number  above  7  is  divisible  by  7,  every  eleventh  number  above  11  is  divisible  by  11, 
and  so  on. 

In  cancelling  every  third  number  above  8  and  9,  all  the  composite  numbers  above 
9,  of  which  numbers  8  is  a  factor,  are  cancelled.  So,  also,  in  cancelling  every  fifth 
number  above  5,  every  seventh  number  above  7,  and  every  eleventh  number  above  11, 
every  composite  number  of  which  5, 7,  and  11  are  respectively  factors,  is  cancelled. 

In  the  process  every  composite  number,  of  the  odd  numbers  given,  is  cancelled. 
Hence,  the  remaining  numbers  must  be  prime  numbers. 

This  method  of  finding  prime  numbers  is  called  "  Eratosthenes's  Sieve,"  from  its 
discoverer. 

Ex.  Find  all  the  prime  numbers  less  than  60. 

Process. 
2,  3,  6,  7,  9,  11,  13,  1$,  17,  19,  $J,  23,  $$,  $t,  29,  31,  f0,  ffi,  37, 

90,  J^l,  43,  49,  47,  4$y9ty  53,  99,  9t,  69. 

Prime  numbers;  \  ^'  ^>  ^'  ^'  ' '^  ''^  ''^  ''^  ^^'  ^^'  ' '^  ''^  ^^>  ^^' 

M      47,63,  69. 

Pboblehs. 

1.  Find  all  the  prime  numbers  between  60  and  100. 

2.  Find  all  the  prime  numbers  from  100  to  200. 

S»  Use  Eratosthenes's  Sieve,  and  construct  a  table  of  prime  numbers 
to  500. 


■I 
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SECTION  V. 

DIVISORS. 
Case  I.  Factoring. 

164:*  Favoring  is  the  process  of  finding  the  integral  factors  of  a  num- 
ber.   It  consists  in  resolving  or  separating  the  number  into  its^  factors. 

16S*  The  process  of  factoring  is  based  on  the  following 

Pbinciplks  op  Divisobs. 

Pbinciple  I. — Any  composite  number  is  divisible  by  any  of  Us  fac- 
tors {144). 

Pbinciple  II. — Any  composite  number  is  divisible  by  the  product  of 
any  two  or  more  of  its  prime  factors  {160,  Property  6). 

Pbinciplb  III. — A  composite  number  that  is  divisible  by  two  or  more 
of  its  factors  successively^  is  divisible  by  their  product  {160,  Property  6). 

Peinciple  IV. — A  composite  number  is  equal  to  the  product  of  aU  its 
prim^  factors  {160,  Property  6). 

Peinciple  V. — 2%^  only  divisors  of  a  composite  number  are  its  prime 
factors^  and  the  factors  that  are  themselves  composite  numbers. 

166.  Rules  fob  Factobino  Composite  Numbebs. 

I.  For  prime  factors : 

1 .  Divide  the  number  by  any  prime  factor. 

2.  Divide  the  quotient  in  the  same  manner;  and  so  on^  till  a  quotient 
is  obtained  that  is  a  prime  number. 

The  divisors  and  the  last  quotient  will  be  the  prime  factors  required. 

II.  For  composite  factors : 

Multiply  together  any  number  of  the  prime  factors  less  than  the  whok 
number  of  piHme  factors  in  the  given  number. 

The  product  will  be  a  composite  factor  of  the  given  number. 

a*  Proceed  iimHarlyfar  other  composite  factors. 

b.  The  possible  number  of  composite  factors  of  any  number  equals  the  number 
of  different  combinations  of  its  prime  factors  by  multiplication,  taken  in  sets  of 
at  least  one  factor  less  than  the  number  of  prime  factors  in  the  given  number. 
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Pbocess. 


Ex.  1.  What  arc  the  prime  factors  of  630? 

Explanation.— Since  the  right-hand  figure  of 
680  is  0, 1  divide  by  the  prime  number  6  (161),      q^q  I  126  \  6S  I  21  I   7 

Since  the  righ^hand  figure  of  the  first  quotient      —p. r — ' — 

(126)  is  6, 1  next  divide  by  the  prime  number  3         '^  2  S         3        7 

(161),    Since  the  sum  of  the  digits  of  the  second 

quotient  (68)  is  divisible  by  8, 1  divide  this  quotient  by  8  il61) ;  and  for  the  same 
reason,  I  .divide  the  third  quotient  (21)  by  8.  The  last  quotient  (7)  is  a  prime  num- 
ber. The  product  of  the  divisors  5,  2,  8,  8,  and  the  last  quotient  7,  is  680 ;  hence,  the 
numbers  5,  2,  8,  8,  7  are  all  the  prime  factors  of  that  number  (165 f  Principle  IV). 

Ex.  2.  What  are  all  tho  exact  divisors  of  36  ? 

Explanation.— All  the  prime  factors  of  86  are  2,  2,  8, 
and  8.  4  or  2  times  2,  6  or  2  times  8,  9  or  8  times  8,  12 
or  2  times  2  times  8,  and  18  or  2  times  8  times  8,  are  com- 
posite factors  of  86  (165,  Y).  Hence,  all  the  factors  or 
exact  divisors  of  86  are  2,  2,  8,  8,  4,  6,  9,  12,  18. 

A  number  that  has  but  two  prime  factors  has  no  com- 
posite factors. 

Pboblems. 

Find 

1.  The  twelve  prime  factors  of  25,600. 

Find  the  six  prime  factors 


Process. 

36 

=2x2x3 

X3 

2x2  = 

4 

2x3  = 

6 

3x3- 

9 

2 

X2x3  = 

12 

2 

X3  x3  = 

18 

4.  Of  1,836. 

5.  Of  2,500. 


6.  Of  40,250. 

7.  Of  3,327,835. 


Find  the  five  prime  factors 


2.  Eight  prime  factors  of  189,072. 

3.  Seven  prime  factors  of  6,840. 
Find  all  the  prime  factors 


8.  Of  1,650. 

9.  Of  945. 


10.  Of  3,990. 

11.  Of  33,915. 

Find  the  four  prime  factors 


12.  Of  8,595. 

13.  Of  59,890. 

14.  Of  39,736. 


15.  Of  315. 

16.  Of  798. 

17.  Of  350. 


Find  the  three  prime  factors 


18.  Of  741. 

19.  Of  245. 

20.  Of  51,127. 


21.  Of  6,629,053. 

22.  Of  26,059. 

23.  Of  116,405. 


24.  Of  882,882. 

25.  Of  540. 

26.  Of  252. 

27.  Of  34,550. 


28.  Of  5,005. 

29.  Of  91,001. 

30.  Of  317. 

31.  Of  509. 


Find  all  the  factors 

32.  Of  87. 

33.  Of  210. 

34.  Of  525. 

35.  Of  37. 

36.  Of  1,341. 

37.  Of  75. 

38.  Of  120. 

39.  Of  144. 


40.  Of  1,000. 

41.  Of  1,755. 

42.  Of  90,447. 

43.  Of  101,101. 

44.  Of  17,727. 

45.  Of  666,666, 

46.  Of  164. 

47.  Of  2,500. 


NoTC^In  solving  many  of  the  problems  in  this  chapter,  tho  process  may  be  shortened 
by  Qsiog  the  Table  of  Prime  Factors  (Suppleneilt,  P^ges  886^  887). 
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Case  IL  Common  divisors  of  integr^i^* 

167»  Define  a  common  divisor  {14K). 

m 

The  common  factors—prime  and  composite— of  two  or  more  numbers  are  com- 
mon divisors  of  those  numbers. 

168»  The  methods  of  finding  a  common  divisor  in  this  Case  may 
readily  be  deduced  from  the  foUoMring 

Pbinciplbs  op  Common  Divisobs. 

Pbinciplb  I. — All  the  prime  factors  of  a  common  divisor  of  two  or 
more  numbers  are  also  prime  favors  of  the  numbers. 

The  truth  of  this  Principle  is  apparent  from  the  definitions  of  com- 
mon divisor  and  prime  factors  {145, 156). 

Pbinciple  II. — ITie  product  of  ant/  two  or  more  of  the  prime  factors 
common  to  any  given  numbers  is  a  common  divisor  of  those  numbers. 

The  reason  for  the  truth  of  this  Principle  is  readily  inferred  from 
160,  Property  6. 

Principlb  m. — A  common  divisor  of  two  numbers  is  their  difference^ 

or  some  factor  of  that  difference. 

Demonstbation. — The  less  of  two  numbers  plus  their  difference  equals  the  greater. 
Hence,  if  the  difference  between  two  numbers  is  a  factor  of  the  less  number,  it  is  also 
a  factor  of  the  less  number  plus  the  difference,  i.  e.,  of  the  greater  number.  And  any 
factor  of  the  difference  that  is  also  a  factor  of  the  less  number,  is  a  factor  of  the  less 
number  plus  the  difference,  t.  e.,  of  the  greater  number.    Hence,  the  Principle. 

Peinciplk  rV. — If  the  less  of  two  numbers  is  not  their  common  divisor, 

then,  aU  their  common  divisors  are  common  divisors  of  the  less  number  and 

the  remainder  obtained  by  dividing  the  greater  number  by  the  less. 

Demonstbatiok.— The  dividend  is  always  equal  to  the  remainder  plus  the  divisor, 
or  to  the  remainder  plus  some  number  of  times  the  divisor ;  consequently,  the  re- 
mainder is  either  the  difference  between  the  two  numbers,  or  between  the  greater 
number  and  some  number  of  times  the  less  number. 

A  number  that  is  a  factor  of  the  remainder  plus  the  divisor,  is  also  a  factor  of  the 
remainder  plus  any  number  of  times  the  divisor, ».  e.,  it  is  a  factor  of  the  dividend. 

Hence,  the  Principle. 

If  the  difference  between  two  numbers  is  a  prime  number,  this  difference  is  the 
common  divisor  of  the  two  numbers,  or  the  two  numbers  are  relatively  prime. 


DIVI80B8. 


55 


Process. 


84 

U2 

n 

2 

126 

63 

21 

3 

168 

S4 

28 

4 

2 


3 


2x3=     6 

2x  7  =  14 

3  X  7  =  21 

2  x3  X  7  =  42 


Ex.  Find  all  the  common  divisors  of  84,  126,  and  168. 

Explanation. — The  common  di- 
Tisors  of  two  or  more  numbers  are  the 
common  prime  factors  of  those  num- 
bers (Principle  I),  and  the  product  of 
any  two  or  more  of  these  prime  fac- 
tors (Principle  II). 

To  find  the  common  prime  factors, 
I  write  the  numbers  in  columns,  as  for 

addition,  and  divide  successively  by  the  common  prime  factors  2,  8,  and  7,  writing 
the  quotients  in  columns,  at  the  right  of  the  numbers  divided. 

Since  the  last  quotients  2, 8,  and  4  have  no  common  factor,  the  factors  2, 8,  and  7  are 
all  the  prime  numbers  that  are  common  divisors  of  the  given  numbers  (Principle  I). 

To  find  the  common  composite  factors,  I  multiply  together  the  prime  factors  2  and 
3,  2  and  7,  8  and  7,  and  2,  8,  and  7 ;  and  since  no  other  combination  of  these  factors 
can  be  made  by  multiplication,  the  products  6,  14,  21,  and  42  are  all  the  composite 
numbers  that  are  common  divisors  of  the  given  numbers  (Principle  II).  Hence,  2,  8, 
7, 6, 14,  21,  and  42  are  all  the  common  divisors  of  84,  126,  and  168. 

Problems. 

480  Find  a  common  divisor  of  21  and  36. 

49.  Find  the  common  prime  factors  of  20,  32,  56,  and  18. 

Find  all  the  common  divisors 


50.  Of  36,  42,  and  90. 

61.  Of  64,  112,  48,  and  144. 

52.  Of  72,  96,  and  216. 


53.  Of  240,  320,  and  480. 

54.  Of  18,900,   11,970,   6,090,  and  21,630. 

55.  Of  1,618,    858,    5,874,  and  8,382. 


Casb  III.  Greatest  common  divisor  of  integers. 

169»  Define  the  greatest  common  divisor  {140). 

170%  The  methods  of  finding  a  greatest  common  divisor  in  this  Case 
are  based  on  the  following 

Principles  of  Gbeatest  Common  Divisors. 

Pbinciple  I. — The  greatest  common  divisor  of  two  or  more  numbers  is 

the  product  of  all  their  common  prime  factors, 

Demokbtration.— The  greatest  exbct  divisor  common  to  two  or  more  integers  is 
their  greatest  common  divisor  (140);  this  greatest  common  divisor  is  the  product 
of  all  its  prime  factors  (105,  Principle  IV) ;  and  these  prime  factors  are  all  the 
prime  factors  common  to  the  given  niunbers.    Hence,  the  Principle. 
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Pbinciple  II. — Tfie  greatest  common  divisor  of  the  less  of  two  num- 
bers and  the  remainder  obtained  by  dividing  the  greater  number  by  the 
lesSy  is  the  greatest  common  divisor  of  the  two  numbers. 

Demonstration. — A  common  divisor  of  the  less  of  two  numbers  and  the  remain- 
der obtained  by  dividing  the  greater  number  by  the  less,  is  a  common  divisor  of  the 
two  numbers  (108,  Principle  IV) ;  and 

Since  no  number  greater  than  the  remainder  can  be  a  common  factor  of  the  two 
numbers,  their  greatest  common  divisor  must  be  the  remainder,  or  some  factor  of  that 
remainder ;  consequently,  it  must  be  the  greatest  common  divisor  of  the  remainder 
and  the  less  number.    Hence,  the  Principle. 

Principle  III. — The  greatest  common  divisor  of  two  numbers  is  the  less 

number ^or  the  difference  between  the  numbers^or  some  factor  of  that  diffo^ence. 

Demonstration.— i</.  Since  the  greatest  common  divisor  of  two  numbers  can  not 
1)6  greater  than  the  less  number,  when  the  less  number  is  an  exact  divisor  of  the 
greater,  it  is  the  greatest  common  divisor. 

Sd.  Since  the  greatest  common  divisor  of  two  numbers  can  not  be  greater  than 
their  difference,  when  the  difference  is  a  common  divisor  of  the  two  numbers,  it  is 
their  greatest  common  divisor 

Sd.  And  when  neither  the  less  of  two  numbers,  nor  their  difference,  is  a  common 
divisor  of  the  two  numbers,  their  greatest  common  divisor  must  be  some  exact  divisor 
of  that  difference.    Hence,  the  Principle. 

171.  First  Method. 

Ex.  Find  the  greatest  common  divisor  of  336,  420,  and  504. 

Explanation.  —  I  first  find  the  common 
prime  factors  of  the  given  numbers,  as  in 
Case  II.  Then,  since  the  product  of  all  these 
common  prime  factors  (2,  8, 7,  2)  is  the  great- 
est common  divisor  of  the  given  numbers 
(Principle  I),  I  multiply  these  common  prime 
factors  together,  and  obtain  84,  which  is  the 
greatest  common  divisor  of  the  given  numbers. 

172.  Second  Method. 

Ex.  Find  the  greatest  common  divisor  of  63  and  231. 

Explanation.— I  divide  281  by  68  (the  greater  number  by 
the  less),  and  obtain  a  remainder  of  42 ;  hence,  68  is  not  a  di- 
visor of  the  two  numbers. 

The  greatest  number  that  is  a  common  divisor  of  68  and  42  is 
the  greatest  common  divisor  of  68  and  231  (Principle  11) ;  and 
since  this  divisor  can  not  be  greater  than  42, 1  divide  68  by  42,  and 
obtain  a  remainder  of  21 ;  hence,  42  is  not  a  common  divisor  of  the  two  given  numbers. 


Process. 


4 

5 

6 
2x8x7x2  =  84. 


336 

168 

56 

8 

420 

210 

70 

10 

504 

252 

84 

12 

Process. 


G3 

231 
189 

4^ 
21 

42 
42 

3 
1 

2 
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Again,  the  greatest  number  that  is  a  common  divisor  of  42  and  21  is  also  the  greatest 
common  divisor  of  42  and  08  (63  =  42  +  21),  and  of  63  and  231  (281  =  42  +  8  x  68). 
21  is  the  greatest  common  divisor  of  42  and  21 ;  and  hence,  it  is  the  greatest  common 
divisor  of  the  given  numbers. 

In  the  written  work  by  this  method,  observe 

i.  That  the  various  terms  are  so  placed  that  they  may  readily  be  used  as  either 
dividend  or  divisor ; 

S,  That  the  division  is  first  from  left  to  right,  then  from  right  to  left ; 

J.  That  the  divisar  is  always  one  line  lower  than  the  dividend;  and 

4.  That  the  quotient  figure  is  always  on  the  line  with,  and  at  the  right  of  divisor 
and  product. 

173.  On  the  Principles  of  Divisors^  given  in  this  case,  are  based  the 
Rules  fob  Finding  a  Gbeatest  Common  Divisor. 

I.  For  First  Method : 

1.  Divide  the  given  numbers  by  any  common  prime  factor ;  divide  the 
remits  in  the  same  manner;  and  so  continue^  till  results  are  obtained  that 
Iiave  no  common  prime  factor. 

2.  Multiply  together  all  the  iiumbers  used  as  divisors. 
The  product  will  be  the  greatest  common  divisor. 

II.  For  Second  Method : 

Divide  the  greater  number  by  the  lesSy  the  first  divisor  by  the  first  re- 
mainder,  the  second  divisor  by  the  second  remaindeVy  and  so  on^  until  an 
exact  divisor  is  obtained. 

This  divisor  will  be  the  greatest  common  divisor. 

a*  By  the  Second  Method,  if  more  than  two  numbers  are  given,  first  find  the  greatest 
common  divisor  of  two  of  the  numbers,  then  of  their  greatest  common  divisor  and 
another  of  the  numbers;  and  so  on,  tiU  aU  the  given  numbers  have  been  used. 

The  last  common  divisor  obtained  will  be  the  greatest  common  divisor  of  all  the 
given  numbers. 

&•  The  First  Method  is  also  called  the  method  byfa^ctqring;  and 
The  Second  Method,  the  method  by  division,  \ 

17 4»  Propositions. 
I. — Prove  that  the  only  numbers  that  can  have  a  common  divisor  are 
abstract  numbers^  or  like  concrete  numbers  of  the  same  denomination. 

IL — Prove  that  the  common  divisor  of  two  or  more  concrete  numbers 
may  be  either  an  abstract  number  or  a  concrete  number. 
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Pboblehs. 


Find  the  greatest  common  divisor 

56.  Of  112  and  168. 

57.  Of  72,   120,   196. 

58.  Of  225,   350,   175. 

59.  Of  2,040;   4,080;    1,628. 

00.  Of  1,232  and  1,628. 

01.  Of  3,975  and  4,611. 

02.  Of  1,088 ;    1,632 ;    3,808. 

63.  Of  121,  87,  112,  72. 

64.  Of  10,800  and  11,400. 


65.  Of  2,014  and  2,124. 

66.  Of  3,535  and  8,989. 

67.  Of  3,895;    82,164;    41,041. 

68.  Of  793;    1,950;    2,171. 
«9.  Of  3,013;    2,231;    2,047. 

70.  Of  153  and  494. 

71.  Of  5,776;    8,547;  and  10,325. 

72.  Of  4,328;    6,492;  and  11,361. 

73.  Of  5,946;    9,910;  and  18,829. 

74.  Of  1,649;    5,423;    1,981;    323;  and  2,198. 

75.  Of  47,648 ;    1,843,420 ;   and  2,254,764. 

76.  What  is  the  length  of  the  longest  line  that  will  exactly  measure 
the  sides  of  two  fields,  one  192  rods  and  the  other  152  rods  long? 

77.  The  dimensions  of  my  orchard  are  504  ft.,  1,120  ft.,  540  ft.,  and 
756  ft.  What  is  the  length  of  the  longest  boards  that  I  can  use  in 
fencing  it,  without  cutting  any  of  them  ? 

78.  How  many  fruit-trees  can  be  set  on  a  piece  of  ground  264  ft.  long, 
and  231  ft.  wide,  placing  them  at  the  greatest  equal  distance  from  one 
another,  both  ways  in  rows,  and  allowing  1  rod  on  every  side  for  the 
fence  ? 

79.  Three  regiments  of  soldiers  of  819,  910,  and  1,092  men,  are  formed 
into  companies, — the  largest  that  will  admit  the  same  number  of  men 
in  each  without  uniting  soldiers  of  different  regiments.  What  is  the 
number  of  soldiers  in  each  company  ? 

80.  A  merchant  buys  three  lots  of  muslins  measuring,  respectively, 
280  yd.,  440  yd.,  and  520  yd.,  in  pieces  of  the  greatest  equal  length  pos- 
sible in  yards.     What  is  the  length  of  each  piece  ? 

81.  What  is  the  greatest  price  that  I  can  pay  per  head  for  cattle,  and 
expend  either  $972,  $2,400,  $1,404,  or  $3,636  ? 
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SECTION  ri. 

MULTIPLES. 

•  Case  I.  Common  Multiples. 

17S*  The  method  of  findiDg  a  common  multiple  is  based  on  the  two 
following  principles : 

Pbinciple  I. — Any  multiple  of  a  number  is  a  multiple  of  any  factor 

of  that  number. 

Demonstration. — A  multiple  is  a  composite  number  (1^8) ;  and  any  composite 
number  is  divisible  by  any  of  its  factors  (165 9 1).    Hence,  the  Principle. 

The  product  of  two  or  more  numbers,  or  any  multiple  of  their  product,  is  a 
common  multiple  of  the  numbers. 

Pbinciple  IL — A  common  multiple  of  two  or  mo^'e  numbers  is  a  mul- 
tiple of  all  the  factors  of  each  of  those  numbers. 

Demonstration.  ~  A  common  multiple  of  two  or  more  numbers  is  exactly  di- 
visible by  each  of  the  numbers  (149) ;  and  any  number  that  is  divisible  by  two  or 
more  numbers,  is  divisible  by  any  factor  of  those  numbers  (160,  Property  4).  Hence, 
the  Principle. 

Either  tl^e  greatest  of  two  or  more  numbers,  or  some  multiple  of  tliis  greatest 
number,  is  a  common  multiple  of  the  numbers. 

Ex.  Find  a  common  multiple  of  12  and  21. 

Explanation.  ~ A  multiple  of  12  contains  any  factor  of  12, 
and  a  multiple  of  21  contains  any  factor  of  21  (Principle  I).  Process. 

A  common  multiple  of  12  and  21  contains  all  the  factors  of  ^  o  1  ^  o no 
both  12  and  21  (Principle  II) ;  and  the  product  of  two  num-  i^X^i— ^o^ 
hers  contains  all  the  factors  of  those  numbers. 

I  therefore  multiply  12  and  21  together,  and  obtain  252,  which  is  a  common  multi- 
ple of  the  given  numbers. 

Pboposition. — ShoMD  that  2  times  252y  6  thnes  252^  8  times  252^  or  any 
other  number  of  times  252  is  also  a  common  multiple  of  tJie  given  num- 
bers (Principle  I,  Remark). 


Pboblems. 
Find  a  com-   (  !•  Of  5,  7,  15,  and  16. 


\2. 


men  multiple  ( 2.  Of  9,  48,  and  525. 


3.  Of  2,  15,  and  85. 

4.  Of  89  and  761. 


5.  Find  three  common  multiples  of  36,  24,  and  12. 
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Case  IL  Least  Common  Multiple. 

17 S*  Pbinciplks. 
Pbinciplb  I. — The  least  common  midtiple  of  two  or  more  numbers  is  a 
multiple  of  all  the  prime  factors  of  each  of  those  numherSy  and  of  no  other 
prime  factors, 

Dehonstratton. — Any  multiple  of  a  number  contains  all  the  prime  factors  of  that 
number  {17S,  Principle  I) ;  it  may  contain  other  prime  factors. 

A  common  multiple  of  two  or  more  numbers  contains  all  the  prime  factors  of 
those  numbers  (17&f  Principle  II) ;  it  may  contain  other  prime  factors. 

The  least  common  multiple  of  two  or  more  numbers,  being  exactly  divisible  by 
each  of  them,  contains  all  their  prime  factors ;  and  being  the  least  number  that  is 
exactly  divisible  by  each  of  them,  it  contains  no  other  prime  factors;  i.  e,,  it  contains 
only  the  prime  factors  necessary  to  form  each  of  the  given  numbers  taken  separately. 
Hence,  the  Principle. 

The  product  of  two  or  more  relatively  prime  numbers  is  their  least  conmion 
multiple. 

Principle  II. — The  least  common  multiple  of  two  or  more  numbers 

contains  every  prime  factor  of  each  of  the  numbers  the  greatest  number  of 

times  it  occurs  in  any  of  the  numbers. 

Demonstration. — Since  the  least  common  multiple  of  two  or  more  numbers  con- 
tains the  prime  factors  necessary  to  form  each  of  the  given  numbers,  taken  separately, 
it  must  contain  any  prime  factor  of  each  of  the  numbers  as  many  times  afi  the  greatest 
number  of  times  that  factor  is  a  factor  in  any  of  the  given  numbers.  -Hence,  the 
Principle. 

Principle  III. — The  least  common  multiple  of  two  or  more  nimibers  is 
either  the  greatest  of  the  numbers^  or  the  product  of  this  greatest  number 
and  those  prime  factors  of  the  other  numbers  that  are  not  factors  of  this 
greatest  number. 

Demonstration.— If  each  of  the  less  numbers  is  a  factor  of  the  greatest  number, 
then  the  greatest  number  is  evidently  the  least  common  multiple  of  all  the  numbers 
{150), 

The  least  common  multiple  must  be  a  conmion  multiple  of  all  the  prime  factors  of 
all  the  numbers  (Principle  I).  Since  the  greatest  number  is  a  multiple  of  all  its  fac- 
tors, it  is  also  a  multiple  of  any  of  the  same  factors  of  any  of  the  other  numbers.  If 
the  other  numbers  contain  other  factors  than  those  of  the  greatest  number,  then  the 
least  common  multiple  must  be  a  multiple  of  those  factors  also ;  t.  e.,  of  all  the  factors 
of  the  greatest  number,  and  of  all  the  factors  of  all  the  other  numbers  not  factors  of 
this  greatest  number.    Hence,  the  Principle. 

177 •  On  the  Principles  of  Multiples  given  in  175, 176,  arc  based  the 
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Rules  fob  Finding  Multiples. 

L  For  a  common  multiple: 

Multiply  the  numbers  together. 

The  product,  or  any  number  of  times  the  product,  will  be  a  common 
multiple. 

11.  For  the  least  common  multiple: 
I^irst  Method. 

1.  Separate  the  numbers  into  their  prime  factors. 

2.  Multiplj/  together  the  largest  given  number  and  those  prime  factors  of 
the  other  given  numbers  not  found  among  the  factors  of  this  largest  number. 

The  product  will  be  the  least  common  multiple. 

Second  Method. 

1.  Cancel  all  the  numbers  that  are  factors  of  any  of  the  greater  given 
numbers^  and  write  the  numbers  not  cancelled  in  a  column^^in  order ^  from 
least  to  greatest. 

2.  IHvide  the  remaining  numbers  by  any  composite  number  that  is  a 
factor  of  aU  of  them,  or  by  any  prime  number  that  is  a  factor  of  two  or 
more  of  them,  and  write  the  quotients  and  undivided  numbers  in  a  column 
at  the  right. 

3.  Divide  these  numbers  in  the  same  manner;  and  continue  to  divide, 
until  results  are  obtained  that  are  relatively  prime  numbers. 

4.  Multiply  together  the  divisors  and  t/ie  numbers  in  the  right- hand 
column. 

The  product  will  be  the  least  common  multiple. 

The  only  numbers  that  can  have  a  common  multiple  are  abstract  numbers  or 
like  concrete  numbers  of  the  game  denomination. 

178*  Ex.  Find  the  least  common  multi- 
ple of  12,  16,  and  20.  Process  bt  First  Method. 

Demonstration. — The  least  common  multiple  12  z=:2  x  ^  X  S 
required  is  20  or  some  multiple  of  20  (176,  Princi-  //?  —  «>vSv5v« 
pie  ni).    Smce  20  is  not  a  multiple  of  12  and  16,  the  -«  o  —  -v  x  ;??  x  ^  x  » 
factors  of  the  required  least  conmion  multiple  are  20  xO  =z  2  X  2  X  o 
and  those  prime  factors  of  12  and  16  that  are  not  fac- 
tors of  20  (176,  Prindple  III).  20x3  x2  x2  = 
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Comparing  separately  the  prime  factors  of  12  and  16  with  the  prime  factors  of  20, 
I  find  tliat  I  have  all  the  prime  factors  of  12  but  8,  and  all  the  prime  factors  of  16 
but  2  and  2 ;  and  I  write  these  numbers  and  the  20  in  a  line,  as  factors  of  the  re- 
quired least  common  multiple  {17^9  Principle  I). 

Multiplying  these  factors  together,  I  obtain  the  least  common  multiple  of  the  given 
numbers. 


179*  Ex.  Find  the  least  common  multiple  of  15,  18,  54^  00,  105, 

and  315. 

Process  bt  Secokd  Method. 

/^,    /#,    54,    90,    X0f,    316 


Demonstration.  —  I  write 
the  numbers  in  a  line,  in  order, 
from  least  to  greatest ;  and  since 
00  is  a  multiple  of  15  and  18, 
and  815  is  a  multiple  of  105, 1 
cancel  15, 18,  and  105,  and  write 
the  remaining  numbers  in  a 
column. 


5Jt 

90 

815 


27 

9 

S 

Jt5 

16 

6 

SIS 

116 

36 

3 


2    X   3    X   3    x6  X      3  X  7  =  1,890 


Or,  1  cancel  15  and  18  (which 
are  factors  of  90),  and  105  (which  is  a  factor  of  815),  and  write  the  remaining  num- 
bers in  a  column. 

Since  2  is  a  prime  factor  of  one  or  more  of  the  remaining  numbers,  it  is  a  factor 
of  the  least  common  multiple  (170,  Principle  1).  I  therefore  divide  by  2,  and  write 
the  quotients  and  undivided  numbers  in  a  column  at  the  right. 

For  a  like  reason,  I  divide  successively  by  the  prime  numbers  8,  8,  and  5,  and  write 
the  results  as  before.  The  numbers  8  and  7  in  the  last  column  being  prime  numbers, 
further  exact  division  is  impossible. 

The  divisors  2,  8,  8,  and  5,  and  the  numbers  8  and  7  in  the  last  column,  are  all 
of  the  prime  factors  of  the  given  numbers ;  each  is  taken  as  many  times  as  it  is  used 
as  a  factor  in  any  of  the  given  numbers  (Principle  II) ;  and  hence,  these  numbers 
are  all  of  the  prime  factors  of  the  least  common  multiple  of  all  the  given  numbers 
(170,  Principle  I). 

Multiplying  these  factors  together,  I  obtain  1,890,  the  required  least  common 
multiple.  (See  Supplement,  pages  888,  889.) 

Problems. 
O.  Find  the  least  common  multiple  of  9,  15,  and  18. 


7.  Of  $14  and  $18. 

8.  Of  2,  3,  4,  6,  6,  7,  8,  and  9. 

9.  Of  4,  16,  20,  48,  60  and  72. 

10.  Of  125,  200,  and  375. 

11.  Of  45,  9,  100,  and  15. 


12.  Of  324  and  240. 

13.  Of  4,230  and  3,807. 

14.  Of  487;  1,461;  6,357. 

15.  Of  126,  154,  280,  and  560. 
10.  Of  315,  626,  1,565,  and  937. 


17.  Of  9,  60,  45,  72,  15,  35,  18,  and  12. 
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18.  What  is  the  smallest  sum  of  money  with  which  a  fruit-vender  can 
buy  apples  at  \^y  peaches  at  2^,  oranges  at  3^,  and  melons  at  ^^  each? 

19.  What  is  the  shortest  distance  that  can  be  exactly  measured  by 
lines  either  18  ft.,  12  ft.,  24  ft.,  15  ft.,  or  21  ft.  long? 

20.  A  certain  mowing-machine  can  cut  9  acres  of  grass  in  a  day,  an- 
other 10  acres,  and  another  12  acres.  Required  the  least  number  of  acres 
that  will  furnish  an  integral  number  of  days'  work  for  any  of  the  machines. 

21.  What  is  the  smallest  sum  of  money  that  may  be  in  either  2-cent, 
3-cent,  5-cent,  10-cent,  or  25-cent  pieces? 

22.  What  is  the  smallest  quantity  of  flour  that  will  exactly  fill  bags 
holding  4  lb.,  5  lb.,  6  lb.,  12  lb.,  and  25  lb.  ?  How  many  bags  will  there 
be  of  each  kind? 

23.  A  can  build  14  rd.  of  fence  in  a  day,  B  25  rd.,  C  8  rd.,  and  D  20 
rd.  What  is  the  least  number  of  rods  that  will  furnish  a  namber  of. 
whole  days'  work  to  any  one  of  the  four  men  ? 

24.  What  is  the  smallest  sum  of  money  with  which  I  can  buy  chickens 
at  $  .40  each,  ducks  at  %  .85  each,  or  turkeys  at  $1.50  each  ?  How  many 
of  each  kind  can  I  buy  for  this  sum  ? 

25.  What  is  the  smallest  sum  of  money  with  whicl  I  can  buy  pears 
at  4  cents,  lemons  at  0  cents,  oranges  at  8  cents,  or  bananas  at  10  cents 
each,  and  have  no  money  left  ? 

26.  What  is  the  smallest  sum  of  money  with  which  I  can  buy  either 
sheep  at  $3.50  per  head,  calves  at  $10.50,  cows  at  $35,  oxen  at  $70,  or 
horses  at  $105  ? 

27*  What  is  the  least  distance  that  can  be  accurately  measured  with 
a  foot  rule,  a  yard-stick,  or  a  rod  pole  ? 

28.  Allowing  222  5-penny  nails  for  a  pound,  104  8-penny  nails  or  8'8, 
68  lOX  54  12's,  or  34  20's,  what  is  the  least  number  of  nails  of  any  of 
the  five  sizes  that  will  make  an  exact  number  of  pounds  ? 

29.  What  is  the  least  number  of  spikes  that  will  make  an  exact  num- 
ber of  pounds  of  either  4 -inch  spikes,  at  16  to  the  pound;  4^- inch,  12 
to  the  pound;  5-inch,  10  to  the  pound;  6-inch,  7  to  the  pound ;  or  7-inch, 
5  to  the  pound  ? 
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CANCELLATION. 


180»  Cancellation  is  the  process  of  omitting  or  striking  out  equal 
factors  from  the  dividend  and  divisor. 

181*  The  process  is  based  upon  the  following 

Pbinciples. 

Pbinciple  L  —  CanceUing  a  factor  from  a  number  divides  the  number 

by  that  factor. 

Demokstbation. — Since  any  composite  number  equals  the  product  of  its  factors 
(105 f  Principle  lY),  if  one  of  the  factors  be  cancelled  or  omitted,  the  product  of  the 
remaining  factors  will  equal  the  quotient  of  the  composite  number  divided  by  the 
factor  cancelled.    Hence,  the  Principle. 

Pbinciple  II. —  Cancelling  a  common  factor  from  dividend  and  divisor 

does  not  change  the  value  of  the  quotient, 

DEMON8TBATIOI7. — Any  part  of  a  divisor— as  one  half,  one  third,  or  one  fourth  of 
it — is  contained  in  an  equal  part  of  the  dividend  as  many  times  as  the  entire  divisor 
is  contained  in  the  entire  dividend;  t.  e.,  both  dividend  and  divisor  may  be  divided  by 
the  same  factor  wifliout  affecting  the  value  of  the  quotient.    Hence,  the  Principle. 

Ex.  Divide  12  x  40  x  3  x  18.9  by  6.3  x  72  X  4. 


Explanation.— I  write  the  factors  of 
the  dividend  above,  and  those  of  the  di- 
visor below  a  horizontal  line.  I  then 
cancel  all  the  factors  common  to  the 
numbers  on  opposite  sides  of  the  divid- 
ing line,  and  have  no  factor  remaining 
for  a  divisor,  and  the  factors  5  and  8  for 
a  dividend.  Hence,  15  (=  5  x  8)  is  the 
required  result. 

The  factors  of  the  dividend  may  be 
written  on  the  right,  and  those  of 
the  divisor  on  the  left  of  a  vertical 
line,  as  in  the  Second  Process. 

a.  The  quotient  of  a  number  di- 
vided by  itself  is  1 ;  hence,  when 
either  dividend  or  divisor  is  can- 
celled, a  1  belongs  in  its  place. 


FiBST  Pbocess. 
S 

X$  X  40  x3  X  X$,9 


0Jxt$xi 


=  6  x3z=15 


$ 


Secoio)  Pbocess. 


$    0 


* 

x$ 

40    X0    5 

x$.$  s 

5xS  =  15 
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If  1  is  the  oaly  remaining  factor  of  the  dividend,  it  should  be  written  in  the 
quotient    la  all  other  cases  it  may  be  omitted. 

b.  Any  factor  in  either  term— dividend  or  divisor — cancels  only  one  factor  of 
equal  value  in  the  other  term. 

c.  When  a  number  is  cancelled,  an  oblique  line  should  be  drawn  across  it. 

Pboblems. 
1.  Divide  975  by  7  times  25. 

2»  The  factors  of  the  dividend  are  12, 18, 15, 10,  and  21 ;  and  the  fac- 
tOTB  of  the  divisor  are  30,  45,  8,  9,  and  7.    What  is  the  quotient  ? 

-       12  X  5  X  153  X  35  X  18  X  2  ,    ^  ,       ^ 

3.  =  what  number  ? 

3x14x9x5x17x20x6 

4.  Find  the  quotient  of  30  x  85  x  462  x  27,720  x  242  x  1,155,  di- 
vided by  72  X  126  X  455  X  198  x  2,057  X  630. 

5»  How  many  tons  of  iron  at  $45  a  ton  must  be  given  in  exchange 
for  160  tons  of  coal  at  $5  a  ton  ? 

6.  In  how  many  days  can  486  men  do  as  much  work  as  63  men  can 
do  in  270  days? 

7*  If  a  machinist  can  earn  $110  in  35  days,  how  much  can  he  earn 
in  the  working  days  of  7  weeks  ? 

8.  I  rent  a  hall  16  months  for  $1,800.     What  is  the  rent  per 
year? 

9.  If  480  acres  of  land  produce  10,800  bushels  of  wheat,  how  much 
wheat  will  176  acres  produce  at  the  same  rate? 

10*  A  garrison  of  98  men  has  provisions  enough  to  last  it  84  days. 
If  the  garrison  be  increased  to  126  men,  how  long  will  the  same  pro- 
visions last  ? 

11.  In  erecting  a  building,  11  bricklayers  laid  515,880  bricks  in  50  days. 
At  the  same  rate,  how  many  bricks  can  15  bricklayers  lay  in  55  days  ? 

12.  If  a  stenographer  can  report  11,880  words  in  198  minutes,  how 
many  words  can  he  report  in  24  minutes  ? 

E 
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SECTIOK   VIII. 

REVIEW. 

182.   TEST  QUS8TZON8  IN  PROPBRTD98  OF  NUBffBBRS. 

I.  Prove  that  the  greatest  common  divlflor  of  two  or  more  mimbeni  con- 
Caina  only  the  prime  faotors  common  to  those  nnmbera. 

ZZ.  Prove  that  the  least  common  multiple  of  two  or  more  numbers  con- 
tains no  other  prime  fiEU>tors  than  the  prime  fasiltoim  of  those  numbers. 

nz.  Pxx>ve  that  2  and  5  are  the  only  pzime  llEu^tors  of  an  integral  unit  of 
any  order. 

ZV.  Zn  finding  a  least  common  mnltiplei  when  fnay  a  composite  number 
be  used  for  a  divisor ;  and  when  must  a  prime  number  be  used  ? 

V.  On  what  principle  is  the  process  of  canceUatton  based  ? 

Of  yrhaX  practical  use 


VZZZ.  Are  tests  of  divisfbUity  ? 
IX.  Zs  cancellation? 


VZ.  Zs  least  common  multiple  ? 
VZZ.  Zs  greatest  common  divisor? 
Z.  Show  that  the  greatest  common  divisor  of  two  numbers  is  their  dif- 
taenoe  or  some  finctor  of  their  difference. 


183.  blackboaud  oxmiZiiBS. 


A.  GENERAL 

DEFINITIONS 

AND 

AXIOMS. 


I.  Tbbmb. 


1. 
2. 
8.. 


4. 


5. 
6. 


B.  PROPERTIES 
OP 

EVEN  AND 
ODD  NUMBERS. 


II.  Prdcart  Pactb.  I  ^ 
III.  The  Seven  Axioms. 

I.  COMFOSITB  AND  PbIME.  |  q 

(1 : 

II.  Sums.  \  ^-^ 


7.. 

8.. 

9.. 

10.. 


11.. 


III.  DiFFEBBNCBS 

rv.  Products 


1.^2. 

Is. 


I.  \  2. 

is. 


fl.- 

V.   QUOTIENTB.  -<  2.  - 

,  VI.  Pactom.  I  g  — 


REVIEW. 


67 


C.  PROPERTIES 

OP 

COMPOSITE  NUMBERS. 


1.. 
2.. 
8.. 
4. 
6.- 
6.. 
7.. 

a. 

9.. 
10.. 


D.  THE  11  lor  14)  TESTS  OP  DIVISIBILITY. 

I.  Tebmb.  j  2 ' 


E.  PRIME 
NUMBERa 


n.  Pbofebtdes. 


^m.  Rule. 


fi:: 

^  8.. 


4.. 
6.. 


rL  Tebxs. 


{,.. 


8.. 

4.. 


n.  Princiflbb.  * 


1.  CfI>M»ori.^ 


a., 
ft., 
c. 
d,. 
e.. 
a., 
ft.. 


2.  Of  Comfium.  ^. 
IHvUon,    I  6. 

^8.  €f  Greatest  (a,. 
Common  <  ft.. 
Divisors,     [  c. 


OQ 


ft 

Eh 


in.  RuLEa 

I.  TKBMfl.  I  ^* 


'  1.  .Pbr  Factoring,  |  ^• 


2.  jFbr  Greatest     (  a.. 
Gbmm^it  Divisor,  (  ft.. 


n.  Pbihciflb&^ 


Pr^j  ft. : 


8.. 


2.  Of  Least  Com- 
mon Multiple, 


im.  Rules 


18.  <  2. 


H.  CANCEL- 
LATION. 


For  the  Least  Com-- 
mon  Multiple, 
I.  Term. 


e, 
d, 
a, 
ft. 


II.  PBmCIPLES 


■\t 


IIL  Important  Pactb.  j  g 
rv.  Rule. 


5. 
6.. 


[68] 


CHAPTER    III. 

REDUCTIONS. 

In  aiithmetioal  oompntationa  it  !■  often  neoesMiy  to  oliange  namben  and 
their  unit  valuea,  without  changing  the  valuea  ezpieaaed  by  the  numbexa. 

184.  Reduction  is  the  process  of  changing  numbers  from  given  to 
required  units,  without  changing  their  values. 

Reduction  is  of  two  kinds — descending  and  ascending. 

185.  Reduction  descending  is  the  process  of  changing  a  number 
to  another  of  less  unit  value. 

18G.  Reduction  ascending  is  the  process  of  changing  a  number  to 
another  of  greater  unit  value. 

Which  kind  of  reduction  is  used  in  changing 

1,  Ones  to  hundredths,  thousandths,  millionths,  and  so  on  ? 


2,  Tenths  to  millionths  ? 
S,  Cents  to  dollars  ? 
^  Halves  to  eighths  ? 

5,  Twelfths  to  ones? 

6,  Pints  to  bushels? 


7,  Gallons  to  gills  ? 

8,  Billionths  to  tenths  ? 

9,  Dollars  to  cents  and  mills  ? 

10.  An  integer  to  a  decimal  ? 

11.  A  decimal  to  an  integer? 


SECTIOy  I. 

REDUCTIONS  OF  NUMBERS  IN  THE  DECIMAL  SCALE. 

187*  Sin^iiar  decimals  are  decimals  that  have  the  same  number  of 
decimal  places. 

188.  JHssimUar  decimals  are  decimals  that  have  different  num- 
bers of  decimal  places. 

189.  Principle  of  Decimal  Reductionb. 

Annexing  decimal  ciphers  to  a  number^  or  removing  decimal  ciphers 
from  the  right  of  a  numbery  does  not  change  its  value. 


NUMBERS  IN  THE  DECIMAL  SCALE. 
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Dbmonstbation.— 

.5  is  5  tenths ; 

.60  is  5  tenths  and  0  hundredths,  or  50  hundredths ; 

.500  is  5  tenths,  0  hundredths,  and  0  thousandths,  or  500  thousandths;  i.e., 

.6,  .50,  and  .500  all  express  the  same  value,  namely,  5  tenths. 

This  illustration  shows  that 

Ciphers  on  the  right  of  a  decimal  do  not  change  the  places  of  the  other  figures. 
Hence,  the  Principle. 

100»  On  the  principle  above  given  arc  based  the 

RULBS  FOR  THE  REDUCTIONS   OF  DECIMAL  NuMBEBS. 

L  To  lower  deciinal  units : — Annex  decimal  ciphers^  till  the  number  has 
the  required  number  of  decimal  places. 

n.  DiMlmflar  to  oiniilar  daoimala : — Annex  decimal  ciphers  to  the  several 
given  numbers^  till  all  have  the  same  number  of  decimal  places, 

ni.  To  higher  deoliiial  unite : — Remove  decimal  figures  from  the  right 
of  the  given  number,  till  the  lowest  order  of  units  expressed  by  it  is  of  the 
order  required. 

1.  How  are  dollars  reduced  to  cents  ?    Why  ?    To  mills  ?    Why  ? 

2.  How  are  mills  reduced  to  cents  ?    Why  ?    To  dollars  ?    Why  ? 
S.  How  are  cents  reduced  to  dollars  ?    Why  ? 

Which  of  the  three  Rules  will  be  used  to  reduce 


4.  An  integer  to  thousandths! 

5.  Hundredths  to  ten-millionths  ? 

6.  Millionths  to  tenths  f 
10.  Tenths,  ten-thousandths,  and  hundred-millionths  to  similar  decimals? 

Reduce     *  Psoblems. 


7.  Gents  to  dollars! 

8.  Dollars  to  mills? 

9.  Ten-thousandths  to  an  integer  ? 


1.  ;5  to  hundredths. 

2.  .8  to  thousandths. 

3.  .3  to  hundredth-thousandths. 

4.  .06  to  ten-millionths. 
6.  .31  to  billionths. 

6.  .057  to  hundred-billionths. 
^•  .090  to  hundred-millionths. 
.^.  .1  to  ten-trillionths. 


9.  629  to  tcn-billionths. 

10.  25.402  to  millionths. 

11.  10.08  to  ten-thousandths. 

12.  .0103  to  quadrillionths. 

13.  .014  to  trillionths. 

14.  810  to  hundredths. 

15.  8.1  to  hundredths. 
IQ.  1.004  to  mUlionths. 


Change  <  20.  .350000  to  ten-tbousandtlis. 
(  21.  .7900000  to  thousandths. 


YO  REDUCTIONS, 

11.  .0001,  .1000,  75.01,  102,  1,000.030,  and  5,010  to  ten-qaadrilliontha 
IS.  001,  .001,  3,  and  .3  to  trillionths. 

{  19.  .200  to  tenths.  22.  26.000  to  tenths. 

23.  869.00000  to  hnndredtha 

24.  105.000  to  ones. 

25.  10.000  to  millionths;  to  hundredths;  to  ones. 

26.  .79,  1,001,  99.011,  1.480000  and  .0001000  to  ten-thousandths. 

27.  10,010.25,  .01007,  .00060000,  .0655000000,  91,  50.05,  and  1,000,000 
to  similar  decimals  having  one  millionth  for  their  common  decimal  unit. 

28.  Reduce  thirty -one  thousand  millionths,  two  hundred  sixty -five 
tenths,  and  three  thousand  fifty  hundredths  to  thousandths. 

29.  Change  seven  hundred  twenty  hundredths  to  a  decimal  having 
one  tenth  for  a  decimal  unit. 

30.  Reduce  .75  of  an  acre  to  millionths  of  an  acre. 

31.  49  miles  are  how  many  ten-millionths  of  a  mile  ? 

32.  Change  1,300,  19.1,  100.010,  and  64  to  similar  decimals. 

33.  Reduce  77,  .2,  15,  .1001,  3,  125,  and  3.35  to  similar  decimals. 
What  is  the  greatest  common  decimal  unit 

34.  Of  80.057,  98,  9.8,   1,000.1,  .9000,  .076000,  and  1.00330000? 

35.  Of  60,000,  .006,  .22,  and  41.300508  ? 

36.  Of  4.4,  .2408,  .18009,  752,  and  6,604.000031? 

37»  Reduce  nine  hundred  nine  hundred  -  thousandths,  nine  hundred 
and  nine  thousandths,  and  nine  hundred  and  nine  hundred-thousandths 
to  decimals  having  a  common  decimal  unit. 

38.  Reduce  two  hundred  thousand,  two  hundred-thousandths,  and  two 
hundred  two  thousandths  to  similar  decimals. 


Reduce  -« 


39.  36  dollars  to  mills. 

40.  $12.15  to  cents. 

41.  75  cents  9  mills  to  mills. 
,  42.  10,495  mills  to  cents. 

47.  Change  125  dollars  62  cents  5  mills  to  mills. 

48.  Change  68,475  mills  to  cents;  to  dollars. 

49.  Change  3,005,805  mills  to  dollars,  cents,  and  mills. 


43.  5,000  dollars  18  cents  to  cents. 

44.  958,427  cents  to  dollars. 

45.  485,260  mills  to  dollars. 

46.  93  dollars  ^  cent  to  mills. 


[71] 

SECTION  II. 

REDUCTIONS  OF  FRACTIONS. 

Rednotioiis  of  fraotioilB  are  used  for  preparing  nambera  for  addition,  aub- 
traotion,  multipUcation,  and  diviaion ;  and  in  reducing  final  reaolta  to  tlieir 
atmpleat  fonna.  The  proceaaea  in  the  aix  Caaea  given  in  thia  Section  depend 
upon  the  following 

191»  Principles. 

L  The  value  of  a  fraction  is  twt  changed  by  dividitig  its  terms  by  any 
common  factor. 

For  demonstiation  of  this  Principle,  see  Cancdlation,  page  64,  Prin.  II. 

n.  The  value  of  a  fraction  is  not  changed  by  multiplying  its  terms  by 
any  number. 

Dkmonstbatiok. — The  terms  of  a  fraction  correspond  to  dividend  and  divisor 
in  division. 

The  quotient  obtained  by  dividing  one  of  two  numbers  by  the  other  is  the  same  as 
the  quotient  obtained  by  dividing  any  number  of  times  the  one  numl)er  by  the  same 
number  of  times  the  other ;  consequently,  the  value  of  any  given  fraction  is  the  same 
as  that  of  another  fraction  obtained  by  multiplying  the  terms  of  the  given  fraction 
by  the  same  number.     Hence,  the  Principle. 

Case  I.  A  l^raction  to  lowest  terms. 

192.  A  fraction  is  in  its  lowest  terms  when  its  terms  have   no 

common  factor. 

Ex.  Reduce  the  fraction  {^i  to  its  lowest  terms.  Fibst  Pbocbss. 

ExPLAiTATiON.  —I  divide  108  and  162,  the  terms  of  the  given  f  ^|  =  ff  ==  f 
fraction,  by  the  conmion  factor  9  (Principle  I)  and  obtain  {i ; 

1  divide  13  and  18,  the  terms  of  this  result,  by  the  common  fac-  Sbgond  Pbooess. 
tor  6,  and  obtain  |,  as  shown  in  the  First  Process. 

Since  the  terms  2  and  8  have  no  common  factor,  they  are  the  « »  «^  ^  ' 

lowest  terms  of  the  fraction  {{I ;  and  f  is  the  result  required. 

Or,  I  divide  the  terms  108  and  162  by  tbeir  greatest  conunon  divisor  54,  and  obtain 
f ,  the  result  required,  as  shown  in  the  Second  Process. 

Problems. 
Reduce  to  tbeir  lowest  terms 


1'  ^»  Hy  and  T^. 

2.  iW,  AV,  and  ^Sftftr. 
S.  ihy  ifh.  and  m^. 


4^  tWWt,  tAWV,  and  WWWW. 
^-  iftftWr,  mm^  and  ff*. 
«.  m  tWt,  and  V\ftV. 
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Case  II.  An  integer,  a  firaction,  or  a  mixed  number  to  a  frac- 
tion liavingr  a  given  denominator. 

Procebs. 
193.  Ex.  1.  Reduce  the  fraction  44  to  175th8. 

Explanation.— I  first  divide  175  the  required  denominator,  '         ~~ 

by  ^  the  given  denominator,  and  obtain  7,  the  number  by  which  I J  x  7  » -f/j 

the  terms  of  the  fraction  ^  must  be  multiplied  to  reduce  it  to 
175th8  (I9I9  Principle  II).    I  then  multiply  the  terms  13  and  25  by  7,  and  obtain 
^,  the  required  result.  (Sec  Sopplenent,  page  390.) 

Ex.  2.  Change  29  to  8tbs,  and  9^  to  75th8. 

Pbocesses. 


Bedace 

7.  879  to  fonrteenths. 

8.  59  to  ninths. 

9.  764  to  fifty-ninths. 
10,  907  to  125th8. 


PROBLEMS. 


11.  \  to  tenths;  to  twenty-fifths;  to  140ths. 

12.  -^  to  169ths;  to  299thB;  to  442ds. 

13.  93^  to  594ths,  and  51^  to  7,92Ist8.     ' 

14.  m  is  how  many  95,375th8? 

16.  Change  -^  and  ^  to  fractions  whose  denominators  are  105. 

16.  -^  qt.  is  how  many  5,000ths  of  a  quart  f 

17.  2,222f  sq.  yd.  are  how  many  819ths  of  a  square  yard? 


Pbocbss. 


Case  III.  Dissimilar  i¥aetious  to  similar  fractions. 

194.  Ex.  Reduce  f ,  4>  ^^^  t  ^o  similar  fractions. 

Explanation. — Since  the  product  of  the  denominators  5, 7,  and 

6  is  210.  the  given  fractions  may  be  reduced  to  210ths.    I  do  this  f  x  7  x  J  »  /^ 
by  multiplying  the  terms  of  {  by  7  and  6,  the  terms  of  ^  by  5  and 

6,  and  the  terms  of  f  by  5  and  7 ;  t.  e.,  I  multiply  the  terms  of  ^  x  5  x  S  »  ifi 

each  fraction  by  the  denominators  of  the  other  fractions.  «  x  5  x 

The  results  -f^,  |f},  \^  are  similar  fractions.  f  x  5  x  7  «  iH 

From  this  example  and  explanation  it  will  be  seen  that 

1.  A  common  denominator  of  the  similar  fractions  equivalent  to  two 
or  more  given  dissimilar  fractions  is  a  common  multiple  of  the  denomi* 
nators  of  all  the  given  fractions;  and 

2,  The  denominator  of  each  of  the  dissimilar  fractions  is  a  factor  of 
the  common  denominator  of  the  equivalent  similar  fractions.    Hence, 


REDUCTIONS  OF  FRACTIONS, 
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A /radian  can  be  changed  to  an  equivalent  fraction  having  a  different 

denominator^  if  the  denominator  of  the  required  fraction  ia  a  multiple 

of  the  denomincUor  of  the  given  fraction^  and  not  ot/ienoise. 

Clianging  dissimilar  to  similar  fractions  is  sometimes  called  reducing  fractions  to 
equivalent  fractions  having  a  common  denominator. 


Reduce  to  similar  fractions 


PSOBLEMS. 


W.  f ,  I,  I,  and  VV. 
-'^-  A>  h  -^y  and  f 


^O.  -jV*  tV>  -hy  iV>  and  ^. 
^^'  A>  A>  and  ^. 


«^-  A>  iV>  «>  and  a. 
^S.  9tV,  ♦,  A,  and  IH. 


Reduce  to  fractions  having  a  common  denominator 


^^-  h  A»  tt»  and  A- 
«^-  «,  «,  A.  and  6|. 
Find  a  common  {  28.  Of  f,  A,  and  44* 


{ 


denominator     (  29,  Of  A,  11^,  and  |. 


^«*  H»  H  and  ^. 
27.  A  h.,  ^  h.,  3^  h. 

30.  Of  Vt,  J,  t,  and  -f^. 

31.  Of  ^  yd.,  \  yd.,  and  f  yd. 


Case  IV.  Dissimilar  firactions  to  least  similar  firactions. 

19S»  The  denominator  of  the  least  similar  fractions  equivalent  to 
two  or  more  given  dissimilar  fractions  is  the  least  common  multiple  of 
the  denominators  of  all  the  given  fractions. 

Ex.  Reduce  ^,  -f^,  and  ^  to  least  similar  fractions. 

Process. 


3 

105^    Sz^SS 

3^83-^  405 

16 

6 

105^15z^    7 

Hil=^T 

21 

7 

105^21-    6 

^f53  =  7%- 

Sx6x  7-106 

Hence,  i,  ^y  H  =  My  7%^  M- 

Explanation.— I  first  find  the  least  common  multiple  of  all  the  given  denomi- 
nators 8, 15,  and  21,  to  he  105.  Hence,  the  several  fractious  can  he  reduced  to  105ths. 
I  next  divide  105,  Uie  least  common  denominator  of  the  equivalent  similar  fractions, 
by  the  given  denominators  8, 15,  and  21,  and  obtain  85, 7,  and  5,  the  several  numbers 
by  which  the  terms  of  the  respective  given  fractions  must  be  multiplied  to  reduce 
them  to  lOSths  (191,  Principle  II).  I  then  multiply  the  terms  of  ^  by  86,  the  terms 
of  \l  by  7,  and  the  terms  of  if  by  6 ;  t.  e.,  1  multiply  the  terms  of  each  fraction  by 
the  quotient  obtained  by  dividing  the  least  common  multiple  of  all  the  given  denomi- 
nators by  the  denominator  of  the  fraction. 

The  results  ^,  ^,  and  ^,  are  the  least  similar  fractions  required. 
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RBDUOnONa. 


Pboblehs. 
Reduce  to  least  similar  fractions 

S«.  f  A.  and  A- 

33.  T^  yd.,  ^  yd.,  and  t«^  yd. 

«*•  H.  A.  A.  and  t|. 


««•  4.  ii.  H.  a»d  A- 

30.  £4^,  £7V\r,  and  £|f . 

ay.  A.  H.  H,  A.  and  if. 


Reduce  to  fractions  having  their  least  common  denominator 


««•  ♦.  i.  A.  and  *• 
3».  H,  «,  iV»,  and  tVt- 


^-  tt.  Tfr.  A.  and  ^. 

41.  1*  A.,  li  A.,  H  A.,  and  fj  A. 


What  is  the  greatest  common  fractional  unit 


42.  Of  3ds,  24ths,  60ths,  and  ISths? 

43.  OfH,i.*,  it,  andi? 


44.  Of,^,  VT,A.andT^? 
^.  Of  Htt,  JHt.  and  tW? 


Case  V.  An  improper  fkraction  to  an  integer  or  a  mixed  number. 

19G»  Ex.  Reduce  ^  and  ^y^  to  iutegers  or  mixed  numbers. 


Explanation. — The  numerator  of  a  fraction  is  a  dividend, 
and  the  denominator  is  a  divisor  (78),  I  therefore  perform 
the  indicated  divisions,  and  obtain  9  and  266{,  the  required 
results. 

Problems. 

Reduce  to  integers  or  mixed  numbers 


Process. 


^«-  W,  H^.  and  W. 
47.  JU^,  A^,  and  ^^^b^. 

^«-  W,  W,  and  A^4|^. 


4P.  ^^  yd.,  £^4M^  and  W  doz. 
SO.  $ii^,  A||A  wk.,  and  ^^  en.  ft. 
5J.  laoYgggff  ft.,  jy^  da.,  and  ^u^  bu. 


Case  VI.  An  integer  or  a  mixed  number  to  an  improper  frac- 


tion. 

197*  Ex.  Reduce  83^  to  an  im- 
proper fraction. 

Explanation. —I  multiply  7,  the  num- 
ber of  sevenths  in  1,  by  88,  and  obtain  685, 
the  number  of  sevenths  in  88.  To  this 
result  I  add  the  4  sevenths  of  the  given 
number,  and  obtain  ^,  the  improper  frac- 
tion required. 


Second  Process. 

7 


First  Process. 

7  sevenths 
S3 

681  sevenths 
4  sevenths 

685  sevefUhs 

Hence,  83j^  =^ 


681  +  4^586 


The  work  is  commonly  written  as  shown  in  the  Second  Process. 
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P&OBLBMS. 

Reduce  to  improper  fractions 


54.  1,001,001^,  700,007|,  and  99^^^. 
65.  365i  da.,  3,719^  yd.,  574f^  lb. 


52.  19i,  14^,  and  12^. 

53.  3,225|f,  1,201^^,  and  8,550. 

50.  825^  pk.,  493 Wk  ^^-j  ^^  ^^'^^^^  'I'- 
^7.  683^  ch.,  47^  mi.,  and  $l,003f 

58.  Express  85,649,  and  7,421  in  fractional  form. 

59.  Express  $231,  3^,156  ft.,  and  17,295  lb.  in  fractional  form. 

198»  Rules  fos  Reductions  of  Fbactions. 

I.  A  fraction  to  lowest  teimfl: — 

Cancel  all  the  factors  commofi  to  the  terms  of  the  fraction;  or,  cancel 
their  greatest  common  factor. 

II.  A  fraction  to  another  fraction  having  a  given  denominator:— 

Divide  th^  given  denominator  by  the  denominator  of  the  fraction^  and 
muUiplg  both  terms  of  the  fraction  by  the  quotient, 

IIL  Dlsaimilar  fractions  to  oimllar  fractions  :— 

Multiply  the  terms  of  each  fraction  by  the  denominators  ofaUthe  other 
fractions. 

rV.  Dissimilar  fractions  to  least  similar  fractions  :— 

1.  For  the  least  common  denominator; — Mnd  the  least  common  mul- 
tiple of  all  the  denominators. 

2.  For  each  new  numerator ; — Divide  the  least  common  multiple  by  the 
denominator  of  each  fraction,  and  multiply  the  numerator  by  the  quotient. 

V.  An  improper  fraction  to  an  integer  or  a  mixed  number: — 
Divide  the  numerator  by  the  denominator. 

YI.  An  integer  or  a  mixed  number  to  an  improper  fraction:— 

1«  Multiply  the  integer  by  the  denominator,  and  if  there  be  a  numerator, 
add  it  to  the  product. 

2.  Write  this  restdt  for  the  numerator,  and  the  given  denominator  for 
the  denominator  of  the  required  fraction* 
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REDUCTIONS. 


Reduce  to  lowest  terms 
^O.  .WWir.  7%»  and  ««! • 
«^.  \m.  ^NWiu.  and  HI 
«^.  «*H.  iWr,  and  •^^. 
03.  Wt,  tHHt,  and  AVaViV^ 


Reduce  to  im- 
proper fractions 


Pboblbms. 

Reduce  to  integers  or  mixed  numbers 
04.  ^LiLfl^i,  ^^it,  and  ^WA^. 

65.  u^^^A  T.,  and  m^  mi. 

66.  i^,  ^fljil^g,  and  "»»»^ 

67.  4^  A.,  ^Wa"  bar.,  and  ^^  lb. 
f  ««.  43^,  2,000^,  and  264  A- 

69.  696,103^,  91743tVV>  and  IjOOOj^. 

70.  130tV  mi.,  2,371^  A.,  and  30fil5^  cu.  ft. 
^  71.  03|^  yr.,  20,202^  sq.  mi.,  and  237|f  gal. 

72.  Reduce  8,213  to  643ds.  |  73.  Reduce  61,213  to  728th8. 

74.  Reduce  \i  to  95th8;  to  171sts;  to  209thB. 

75.  Change  6,0263-^  ^^  a  fraction  whose  denominator  is  15,357. 

76.  2,045^  bushels  are  how  many  75th8  of  a  bushel  ? 

77.  400y}j  days  are  how  many  thousandths  of  a  day  ? 

7S.  Reduce  f|{-  to  three  fractions  whose  denominators  are,  respect- 
ively, 1,052,  3,156,  and  4,734. 

79.  Change  |4  sq.  yd.,  IfJ  bu.,  97|f  wk.,  and  1,010^  T.  to  fractions 
whose  several  denominators  are  6,048. 

80.  Reduce  },  -J^,  yV)  tV>  and  ^  to  similar  fractions. 

81.  Reduce  f ,  15,  f ,  7-]^,  ^j^,  and  20  to  similar  fractions. 
Reduce  to  fractions  having  a  common  denominator 


«^-  A.  tV>  and  ^j. 

83.  2^,  8|,  4|,  and  5f . 

84.  125^  and  ^. 


*^-  l»  A*  +»  i»  l»  and  f 
^0.  5|^  bu.,  4-^  bu.,  and  f  bu. 
^7*  i  wk.,  ^  wk.,  and  33^-  wk« 

88.  Reduce  |,  fj,  iJ,  ^,  ^,  ffg^,  and  fj  to  least  similar  fractions. 

89.  Reduce  -j^  lb.,  \^  lb.,  -^  lb.,  and  -^  lb.  to  least  similar  fractions. 
Reduce  to  fractions  having  the  least  common  denominator 


90.  m,  ^,  S^b,  and  104f 

w.  I4H,  m,  m,  and  m- 


»^-  m,  tH,  and  iU' 

93.  $16^,  $2^,  »21VV,  and  $H- 


94.  What  is  the  greatest  common  fractional  unit  of  26ths,  39th8, 
I2ths,  and  52ds? 

95.  Find  the  greatest  common  fractional  unit  of  f ,  •},  f,  {-,  f ,  |,  and  f • 
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SECTION  III. 

INTERCHANGING  DECIMAL  AND   FRACTIONAL 

UNITS. 

In  aiithmetioal  compatatioiis  it  ii  sometimes  neoeaiaxy  to  find  a  fraction 
eqoal  in  valne  to  a  given  decimal,  or  a  decimal  equal  in  value  to  a  given 
fraction ;  i.e.,  to  cliange  a  decimal  to  a  fraction,  or  a  fraction  to  a  decimal 

Case  L  A  decimal  to  a  fraction. 

199»  Any  decimal  may  be  written  in  two  forms.  Thus,  7  tenths  is 
.7  or  •^;  59  thousandths  is  .059  or  7^;  3  ten-thonsandths  is  .0003  or 
i^j^^,  etc.  In  the  decimal  form  the  unit  is  indicated  by  the  position  of 
the  decimal  point ;  in  the  fractional  form  it  is  expressed  by  the  denomi- 
nator,  which  is  1  with  as  many  ciphers  annexed  as  there  are  decimal 
places  in  the  decimal. 

Ex.  1.  Express  .025  in  the  fractional  form.  Process. 

Explanation.— I  write  the  number  without  the  decimal  .025  =  ^f  f y  =  jV 
point,  for  a  numerator,  and  under  it  I  write  its  denomi- 

"^'^^  ^'^-  PaocKss. 

Ex.  2.  Reduce  .083^  to  the  fractional  form.  .083^=^  J^fy  =  ^^ 


Reduce  to  fractions 

1.  .6 ;  .84 ;  .08 ;  and  .75. 
;9..125;  .065;  .004;  and  .875. 
5.  .8875;  .0436;  .0037;  .000075. 
4.  .4f ;  .028i;  .17|;  .6661. 


Problems. 

Reduce  to  mixed  fractional  numbers 

0.6.45;  5.08;  18.048. 
7.1.5625;  37.01975;  1.0^. 
«.4.38^;  8,001.00^;  10.071,4-. 
9. 1.0019  mi.;  224.000084  T. 


5*  .1256f  A.;  .000095 gal.;  .5000Y|Yyr. 


10.  26.0100} en. ft;  38.150Y|j8q.roi. 


Case  U.  A  fraction  to  a  decimal. 

200*  7y  7.0,  7.00,  7.000  all  express  the  same  value ;  also  f ,  ^,  ^, 
^^^  all  express  the  same  value.    Hence, 

Annexing  decimal  jciphers  to  the  numeraiar  of  a  fraction  does  not 
change  its  value  (189). 
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Ex.  Reduce  }  to  the  decimal  form.  Pboce 

EXFLAI7ATI0N. — Sinco  {  ezpresses  the  quotient  of  7  di- 
vided by  8, 1  reduce  the  numerator  7  to  thousandths  by  an-      f  =  i-^qq  =.87S 
nezing  three  decimal  ciphers,  and  then  reduce  ^^^,  the  frac- 
tion thus  formed,  to  a  decimal,  by  dividing  its  numerator  7.000  by  its  denominator  8. 

The  result,  .875,  is  the  required  decimal. 

Pbobleks. 


Reduce  to  decimals 

-'-'•  i  f  H»  and  A. 

-'^-  A»  tHt»  li»  and  T^. 

Jf^-  TrJinr  m>-,  A  T.,  H.  and  £^. 

14.  .25^,  .12%  and  .0004f|. 


Change  to  mixed  decimal  numben 

15.  15^,  518^,  and  100^. 

16.  19*1,  5W,  and  7 A- 

17.  ♦^yj-,  W  yd.,  and  HF  gal. 
1«.  6^,  72|,  164^^,  and  24+. 


201*  Rules  fob  the  Convbbse  Reductions  of  Deciicals  akd 

Fbactions. 

I.  A  decimal  to  a  fraction: — Write  the  given  number  toithout  the  deci* 
mal  point  for  a  numerator^  and  under  it  write  its  denominator. 

II.  A  fraction  to  a  decimal : — Annex  a  decimal  cipher  or  ciphers  to  the 
numerator y  and  divide  the  number  thus  formed  by  the  denominator. 

Sometimes  the  decimal  is  interminable.    In  such  cases 

Write  a  fraction  after  the  decimal  Jiguree ;  or 

Carry  the  quotient  to  any  desired  number  of  decimal  places,  and  annex 
the  sign  +  to  it. 

The  sign  +  shows  that  the  division  is  incomplete,  or  that  there  was  a  remainder 
after  the  last  decimal  figure  of  the  quotient  was  obtained.  Thus,  |  =  .666  + ; 
f  =  .428671  +.    (See  Bepetends ;  Supplement,  page  891.) 

Pboblbms. 

19.  Reduce  .784,  .003175,  and  .69032  to  fractions. 

20.  Change  ^,  i|,  j^y  and  ^^^  to  decimals. 

21.  Change  7.56^,  21.0888,  and  100.08  to  mixed  fractional  numbers. 

22.  .2}  da.  and  .66f  da.  are  what  fractions  of  a  day  ? 

23.  Express  the  value  of  .80045|  ft.,  and  114.44-/^  mi.  in  fractional  form* 

24.  What  mixed  decimal  number  equals  QH^  ? 

25.  Reduce  ^,  ^f^,  and  f}f  to  decimals. 
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SECTION  ir. 

REDUCTIONS    OF   DENOMINATE    NUMBERS,— 

SIMPLE,  COMPOUND,  DECIMALS,  AND  FRACTIONS. 

In  oompntations  In  oompound  numbers  it  is  often  necesaaiy  to  change 
given  units  to  those  of  other  denominations — ^as  gallons  to  quarts  and  pints ; 
feet  to  yards,  rods,  and  miles ;  etc. 

1.  Redaction  descendinfr* 

202»  Heduction  descending  is  performed  by  muUipiication. 

Case  I.  A  compound  number  to  a  denominate  int^^er. 

203*  Ex.  How  many  pints  are  17  gal.  3  qt.  1  pt.? 


Akalytical  Process. 

17  X4qt.  +  S  qt.  =71  qt. 
71  x2pt.  +  lpt.  =  H3pt. 
Hence,  1 7  gal.  3  qt.  1  pt.  z=  1^8  pt. 


Common  Pbocbss. 
1 7  gal.  3  qt.  1  pt. 

71qt. 
2 


Explanation. — 1  gal  is  4  qt.,  17  gal.  are  17  

times  4  qt.,  and  17  gal.  8  qt.  are  17  times  4  qt.  +  8  H3 pt. 

qt  or  71  qt 

1  qt.  is  2  pt ,  71  qt  are  71  times  2  pt,  and  71  qt.  1  pt  are  71  times  2  pt  + 1  pt  or 
143  pt,  wliich  is  the  required  result 

The  custom  of  using  the  true  multiplicand  as  the  multiplier  is  shown  in  the 
Common  Process. 

Pboblems. 


Reduce 

!•  18  gal.  3  qt.  1  pt  2  gi.  to  gills. 

2.  8  mi.  173  rd.  3  yd.  2  ft  to  inches. 

3.  £403  10s.  8d.  to  pence. 
^•15  bu.  6  qt  to  pints. 

5. 100  cd.  48  cu.  ft  to  cubic  feet. 
6*  $13  3s.  19  cts.  Canada  money  to  cts. 
7«  18  bn.  3  pk.  5  qt  to  quarts. 
8.  42''  37'  to  seconds. 


1^.  7  B.  1  bun.  8  rro.  to  sheets. 

10.  25  Tp.  of  land  to  acres. 

11.  450  sq.  rd.  95  sq.  in.  to  square  inches. 

12.  3  mi.  25  cb.  42  1.  to  links. 

13.  17  T.  5  cwt.  4  lb.  9  oz.  to  ounces. 

14.  21  lb.  9  oz.  Troy  to  grains.^ 
15*  11  oz.  11  pwt  11  gr.  to  grains. 
16.  2  quad.  77^  88'  to  minutes. 
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BEBUQTIONS, 


Reduce  to  lowest  denomination  named 


17*  5  jr.  7  mo.  23  da.  21  h.  59  min.  49  sec. 

18. 12  cu.  yd.  20  cu.  ft  88  cu.  in. 

19.  21  sq.  rd.  8  sq.  yd.  5  sq.  ft.  72  sq.  in. 


20.  3  A.  51  sq.  rd.  11  sq.  yd.  7  sq.  ft 
21. 1  Sec.  60  A.  7  sq.  ch.  10  P.  600  sq.  L 
22.  13  \vk.  4  da.  12  h.  30  min.  15  sec. 


Case  II.  A  denominate  decimal  or  a  denominate  fraction  to 
units  of  a  lower  denomination. 


204.  Ex.  1.  Reduce  .05  gal.  to  the  decimal  of  a  pint. 

Explanation. — The  successive  multipliers  for  reducing  gallons  to 
pints  are  4  and  2.  I  reduce  the  .05  of  a  gallon  to  the  decimal  of  a  quart 
by  multiplying  it  by  4 ;  and  the  result,  .2  of  a  quart,  to  the  decimal  of 
a  pint  by  multiplying  it  by  2. 

The  last  result,  .4  pt.,  is  the  required  denominate  decimal. 


Pbocess. 

.05  gal 
_± 

.20  qt 

2 

.4pt. 


Ex.  2.  Change  yj^  rd.  to  the  fraction  of  an  inch. 

Pbocbbs 
Explanation. — ^The  successive  multipliers  for 

reducing  rods  to  inches  are  16|  ( =  V)  wid  12.       riv  X^X^  in.=z  ff  in. 
I  therefore  multiply  the  given  denominate  frac- 
tion Y^  rd.  by  the  factors  ^  and  -^  (=  12),  and  obtain  {f  in.,  the  required  denomi- 
nate fraction. 

Pboblbms. 


Reduce  to  the  decimal 

23.  .009  yd.  of  an  inch. 

24.  .001^  mi.  of  a  rod. 

25.  .000125  lb.  Troy     of  a  grain. 

26.  .07  gal.  of  a  pint 

Reduce 

31.  .3945  da.  to  seconds. 

32.  ,02875  bu.  to  pints. 

33.  .021  T.  to  ounces. 

34.  £25.375  to  farthings. 

35.  83.29  ch.  to  links. 


Reduce  to  the  fraction 

27*  Tfir  l>"«  ^^  *  quart 


28.    5  gVo  0  <ia- 


of  a  minute. 

of  a  foot 

of  an  ounce. 


36.  ^  gal.  to  pints. 

37.  iftV  ^^*  '^^^y  ^  pennyweights. 

38.  T^fff^  A.  to  square  yards. 

39.  7|  hhd.  to  gills. 

40.  5-g44T  ^^'  ^^  seconds. 
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Case  III.  A  denominate  decimal  or  a  denominate  fraction  to 
a  compound  number. 

205.  Ex.  1.  Reduce  .78  of  a  common  year  to  a  compound  number. 


EzFLAKATioN. — The  successive  mul- 
tipliers for  reducing  years  to  lower  de- 
nominations are  those  in  the  descending 
scale  of  the  Table  of  Time.  To  reduce 
.78  yr.  to  days  I  multiply  by  865,  and 
obtain  284.7  da.  To  reduce  the  .7  day 
to  hours,  I  multiply  it  by  24,  and  obtain 
16.8  h.  To  reduce  the  .8  h.  to  minutes,  I 
multiply  it  by  60,  and  obtain  48  minutes. 

Writing  the  integral  parts  of  the  sev- 
eral results  in  order,  I  have  284  da.  16  h. 
48  min.,  the  required  compound  number. 


Pbocebs. 

.78  yr, 
S66 

28i.70da. 
U 

16.8  h. 
60 


48.0  min. 
Hence,  .78f/r.  =  284da.l6h.48min. 


Ex.  2.  Reduce  ^  of  a  square  mile  to  a  compound  number. 

AlTALTnCAL  PbOCBSS. 

fyxH^A.        =^^fJLA.     =466^  A. 
fyxH^sq.rd.=z^8q.rd.z=:    72:f^8q.rd. 

/r^H^  ^9'  y^-  =  W  «?•  y*  =  ^^  «fl'-  y* 

Hence,  :/^  sq.  mi.  =  465  A.  72  sq.  rd,  22  sq.  yd. 

EzFLAKATiOK.— 1  sq.  ml.  is  640  A.,  and  ^  sq.  mi.  is  ^  of  640  A.  or  465^  A. 

1  A.  is  160  sq.  rd.,  and  ^  A,  \b^  of  160  sq.  rd.  or  72^  sq.  rd. 

1  sq.  rd.  is  (80}  =)  ^  sq.  yd.,  and  ^  sq.  rd.  is  ^  of  ^Ji  sq.  yd.  or  22  sq.  yd. 

Writing  the  integral  parts  of  the  several  results  in  order,  I  have  465  A.  72  sq.  rd. 
sq.  yd.,  the  required  compound  number. 

Pboblbms. 
Reduce  to  compound  numbers 


41»  .86  bo. 

42.  .6875  gal. 

43.  .625  bar. 

53.  Cong.  14.3074. 

54.  £6.42. 

55.  7.3125  8. 


.8041  wk. 

45.  .45  cd. 

46.  .86425  T. 

56.  en 

57.  £H- 


47.  .1245^ 

48.  .486  lb.  Troy. 

49.  .67  T. 

59.  I  da. 

60.  f  sq.  mi. 

61.  -^  cu.  yd. 


58.  ^  wk. 

65.  l7|gtgro.    I    6«.  lOOjJrd.    J    67.  ^  \h. 

P 


50.  .005  gr. 

51.  31.015  A. 

52.  185.0075  mi. 

62.  7H  A, 

63.  ^  T. 

64.  ^  rm. 
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REDUCTIONS, 


9.  Redaction  WkeewkAlng. 

206*  Reduction  ascending  is  performed  by  division. 

Case  IV.  A  denominate  integer  to  a  compound  number. 


207.  Ex.  Reduce  817  quarts  to 
units  of  higher  denominatious. 

ExFLAKATiONB.  1,  AncUj/tieol  Proee$8.^ 
Since  8  qt  are  1  pk.  1  qt.  is  as  many  pk. 
as  the  times  8  qt.  are  contaiDed  in  817  qt., 
which  is  102  times  and  1  qt.  remainder ; 
»'.  e,  817  qt.  are  102  pk.  1  qt. 

4  pk.  are  1  bu.,  and  102  pk.  are  as  many 
bu.  as  the  times  4  pk.  are  contained  in  102 
pk.,  which  is  25  times  and  2  pk.  remain- 
der ;  i. «.  102  pk.  are  25  bu.  2  pk. 

Writing  the  last  quotient  and  the  several  remainders 
in  order,  I  have  25  bu.  2  pk.  1  qt.,  the  required  com- 
pound number. 

2.  Common  Proeest.— Since  8  qt.  are  1  pk.  and  4  pk. 
are  1  bu.,  the  successive  divisors  for  reducing  quarts  to 


Analytical  Procesb. 

S  qt.)817  qt 

102  times  and  1  qt,  rem, 
817  qtz=il02pk.  1  qt, 
jtpk.y  102  pk. 

2  5  times  and  2  pk,  rem, 
102pk,=2S  bu,  2pk. 

Hence,  S 17  qt,  =  26  bu.  2 pk.  1  qt. 

Common  Pbocb8& 
817  qt. 


8 
4 


102  pk.  1  qt. 


25  bu.2pk.lqt. 


bushels  are  8  and  4.    To  reduce  817  qt  to  pk.,  I  divide  by  8  and  obtain  102  pk.  1  qt 
To  reduce  102  pk.  to  bu.,  I  divide  by  4  and  obtain  25  bu.  2  pk.  ^ 

Writing  the  last  quotient  and  the  several  remainders  in  order,  I  have  25  bu.  2  pk. 
1  qt.,  the  required  compound  number. 

Problems. 
Reduce  the  following  denominate  numbers  to  compound  numbers : 


08.  9,120  gi.  to  gallons. 
69.  4,021  pt.to  bushels. 
70. 14,442.6"  to  degrees. 
71.  472  f  to  pounds. 


72.  219,302  oz.  to  T. 
7S.  872,418  cu.in.  to  en. yd. 

74.  1,000,000  sq.  ft  to  A. 

75.  54,175,640  sec.  to  wk. 


76.  58,600  sheets  to  rm. 

77.  40,320  far.  to  £. 
7«.  125,780  1.  to  mi. 
70. 14,005  gr.  to  lb.Troy. 


80.  38,416  lb.  to  gross  tons.   |  81.  125,205  buttons  to  great-gross. 


28 
20 


Process. 
65.62  lb. 


Case  V.  A  denominate  decimal  or  a  denominate  fraction  to 
units  of  a  higher  denomination. 

208.  Ex.  1.  Reduce  65.52  pounds  to  the  deci- 
mal of  a  gross  ton. 

EXFLA2TATIOK. — Tlie  succcssive  divisors  for  reducing 
pounds  to  gross  tons  are  28,  4,  and  20.  To  reduce  65.52 
lb.  to  tons,  I  therefore  divide,  successively,  by  28,  4,  and 
20,  and  obtain  .02925  T..  the  denominate  decimal  required. 


2.Siqr. 


.686  Cfifft. 


.02926  T. 
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Ex.  2.  Reduce  7^d.  to  the  fraction  of  a  £. 

EzpLAKATiOK.— To  reduce  7}d.  (or  ^fd,)  to  the  frac- 
tion of  a  £,  I  divide  successively  bj  12  and  20,  and  ob 
tain  £/g,  the  required  denominate  fraction. 

Or,  since  in  any  given  sum  of  sterling  money  there 
are  -/^  as  many  shillings  as  pence,  and  ^  as  nuiny 
pounds  as  shillings,  I  multiply  ^fd.  successively  by  -^ 
and  ^,  and  obtain  £^,  as  before. 


Analytical  Pbocbbs. 

^.•^12  =  §8. 
is.-^20  =  £/j 

Hence,  T^d,  =  £fy 

Common  Procbss. 

7id.  =  yrf. 
y  ^t  X  7^  X  ^  =  £fy 


Redace        to  the  decimal 


82.  .24  oz. 

83.  1.44" 

84.  .9  in. 

85.  40.725  pt 

86.  715.48  mm. 


of  a  ton. 

of  a  degree. 

of  a  yard. 

of  a  bushel 

of  a  day. 


Pboblbhs. 

Reduce 

87.  t  yd. 

88.  {i  gi. 

89.  m  far. 

90.  |}f  sq.  ft 
^^-  ^^  sq.  1. 


to  the  fraction 

of  a  mile. 

of  a  gallon. 

of  a  pound. 

of  a  square  rod. 

of  an  acre. 


Case  VI.  A  compound  number  to  a  denominate  decimal  or  to 
a  denominate  ftoction. 


8 


PBOCE88. 

1.0  pt. 


3.  5  qt. 


209*  Ex.  1.  Reduce  2  pk.  3  qt.  1  pt.  to  the  decimal  of  a  bushel. 

Explanation. —I  write  the  numbers  expressing  the 
several  given  denominations  in  order,  in  a  colunm,  the 
lowest  denomination  at  the  top. 

The  successive  divisors  for  reducing  pints  to  bushels 
are  2, 8,  and  4  To  reduce  the  1  pt  to  the  decimal  of  a 
quart,  I  annex  a  decimal  cipher  and  divide  by  2,  and  write 
the  result  after  8  qt,  making  8.5  quarts. 

To  reduce  the  8.5  qt  to  the  decimal  of  a  peck,  I  divide 
by  8,  and  annex  the  result  to  the  pecks,  making  2.4875  pecks. 

To  reduce  this  result  to  the  decimal  of  a  bushel,  I  divide  by  4,  and  obtain  .609875 
of  a  bushel,  the  required  decimal 

Ex.  2.  Reduce  22  h.  13  min.  20  sec.  to  the  fraction  of  a  day. 


2.4375pk. 


.609375  bu. 


Explanation.— The  successive 
divisors  for  reducing  seconds  to 
days  are  60,  60,  and  24.  To  re- 
duce the  20  sec.  to  the  fraction  of 
a  minute,  I  divide  by  60,  and  ob- 
tain \  min.,  which  I  annex  or  add 
to  the  18  minutes,  making  18^ 
min.,  or  ^  min. 


FiBST  Process. 
20  see.    -^60       =  J^  min,     ==  ^  min. 
1 3  min,  +  f  m»w.  =z  13^  min,  =  ^  min. 
^  min.  -^60        = /^jf  h.        z=  §  h. 
22  h.      +ih.      =22ih.      = -tp  A. 
^A.     ^24       =fffc?a.      =|fda. 
Hence,  22  h.  13  min.  20  sec,  =  ff  da. 
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To  reduce  ^  min.  to  the  frac- 
tion of  an  hour,  I  divide  by  80,  and 
obtain  f  h.,  which  I  add  to  the  22 
hours,  making  22f  h.,  or  ^  h. 

To  reduce  ^(^  h.  to  the  fraction 
of  a  day,  I  divide  by  24  and  obtain 
If  da.,  which  is  Uie  denominate 
fraction  required. 


Reduce         to  the  decimal 
92*  9  oz.  12  pwt.  of  a  pound. 

93.  2  yd.  2  ft.  3  in. 
94m  4  da.  4  b.  48  min. 
95.  0  cwt  85  lb.  5  oz. 
90^  Od.  3  far. 


REDUCTIONS. 

Sbcoitd  Pbocbss. 

9ec.20 

60 

^  min.  =  f  min. 

min.lS  +  iz=^ 

60 

i^jyh.    =fh. 

h.22  +  i  =  ^Jt  2i  m  da,  =  ff  da. 

of  a  rod. 

of  a  week. 

of  a  ton. 


Hence,  22  h.  IS  min.  20  sec.  z=  ff  da. 

Pboblems. 

Reduce  to  the  fraction 

98.  31  cents  2^  mills 

99.  10  quires  16  sheets 

100.  2  pk.  ^  pt 

101.  60  gal.  3  qt.  1  pt. 

102.  219  da.  14  h.  24  mio.  of  a  leap-year. 

103.  8^  doz.  of  a  gross. 


of  a  dollar. 

of  a  ream. 

of  a  bushel. 

of  a  hogshead. 


of  a  pound. 
97»  21  cu.  ft  430  cu.  in.  of  a  cu.  yd. 

104.  $  li  3  V  3  i  gr.  XV  is  what  decimal  of  a  pound  ? 

106.  245  rd.  4  yd.  2  ft.  8  in.  is  what  decimal  of  a  mile  ? 

106, 107 •  273  bu.  3  pk.  is  what  mixed  decimal  number  ?  What  mixed 
fractional  number?  (See  Soppleneat,  page  897.) 

210.  RuLss  FOB  Reductions  of  Denominate  Numbebs. 

1.  For  redaction  deseendingr. 

I.  A  compound  number  to  a  denominate  Integer: — 

1.  Mtdtipiy  the  units  of  the  highest  denomination  given^  bt/  th<U  num- 
ber of  the  next  lower  denomination  that  equals  1  of  this  higher^  and  to 
the  product  add  the  units  given  of  the  lower  denomination. 

2.  In  like  manner ^  reduce  this  result  to  units  of  the  next  lower  denomi- 
nation; and  so  continue  until  the  given  number  is  reduced  to  units  of 
the  required  denomination. 

II.  A  denominate  decimal  or  a  denominate  fraction  to  units  of  a  lower 

denomination : — 

Multiple/  t?ie  given  decimcdy  or  the  given  fraction  successively  by  the 
units  of  the  scale  between  the  given  and  the  required  denomination. 
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III.   A   denominate    deofinal   or  a  denominate   fraotion   to  a  oon^ionnd 

1.  MuUiply  the  decimal  or  the  fraction  by  that  number  of  the  next 
lower  denomination  which  equals  1  of  the  given  denomination. 

2.  Jn  like  manner,  reduce  the  decimal  or  the  fractional  part  of  this  and 
of  ea4ih  succeeding  result,  to  the  next  lower  denomination,  until  the  result 
is  an  integer,  or  until  the  lowest  denomination  is  reached. 

3.  Write  the  integral  parts  of  the  several  results  and  the  decimal  or 
fractional  part  of  the  final  result  in  order,  for  the  required  compound 
number, 

3.  For  redaction  ascendingr. 

I.  A  denominate  integer  to  a  oomponnd  number: — 

1.  Divide  the  given  integer  by  thai  number  of  the  same  denomination 
which  equals  1  of  the  next  higher;  writing  the  quotient  cu  units  of  the 
higher  denomination,  and  the  remainder  as  units  of  the  denomination 
divided, 

2.  Tn  like  mianner,  reduce  t/iis  quotient  to  units  of  the  next  higher  de- 
nomination; and  so  continue  until  the  given  number  is  reduced  to  units 
of  the  required  denomination. 

3.  Write  the  last  quotient  and  the  several  remainders  in  their  order,  for 
the  required  compound  number. 

n.  A  denominate  decimal  or  a  denominate  fraction  to  units  of  a  higher 
denomination : — 

Divide  the  given  decimal,  or  the  given  fractiofi,  successively  by  the  units 
of  the  scale  between  the  given  and  the  required  denomination. 

in.   A  compound  number  to  a  denominate  decimal  or  to  a  denominate 
fraction:— 

1.  Write  in  a  column  the  successive  denominate  numbers  of  the  given 
eon^pound  number^^—placing  the  lowest  cknominatiofi  at  the  top,  and  sup- 
plying denominations  omitted  in  the  given  number. 


86 


REDUCTIONS. 


2.  Divide  the  unite  of  the  lowest  denomination  by  that  number  of  the 
same  denomination  which  equals  1  of  the  next  higher;  writing  the  quo- 
tient as  a  decimal  or  a  fraction^  at  the  right  of  the  units  of  that  higher 
denomination, 

3.  In  like  manner ^  reduce  this  result  to  a  decimal  or  a  fraction  of  the 
next  higher  denomination:^/  and  so  continue  until  the  required  denomi- 
nation is  reached. 

PBOBLBMd. 


Reduce  to 

108.  0  nil.  54  rd.  1^  yd.  inches. 

109.  19T.dcwt.13lb.14.75oz.  oances. 
110»  5  lb.  14  pwt  grains. 

111.  108  rd.  2  yd.  feet 

112.  13  da.  0  h.  27  mm.  seconds. 

113.  480  lea.  statute  miles. 


Reduce      to  the  fraction  of 

120.  j^  mi.  a  foot. 

121.  -^if  da.  a  minute. 

122.  T^ir  ^^^         ^  pound. 

Reduce  to  a  compound  number 


Reduce  to 

114.  £1,725  U.  S.  money. 

115.  1 4*^  41'  33"  of  latitude    miles. 

116.  5cu.yd.  13cu.ft  cubic  inches. 

117.  37  T.  68.3  lb.  ounces. 

118.  3  cd.  117  en.  ft       cubic  feet 

119.  tt)  ii  9  ii  gr«  xij  grains. 

Reduce  to  the  decimal  of 

123.  .0000025  da.  a  second. 

124.  .00625  gt  gro.  a  dozen. 
126.  .0005625  circumference      a  minute. 


126.  il  hhd. 

127.  301.40101  sq.  roi. 

128.  4.725  cu.  yd. 

129.  sa  lb. 

130.  £49.365. 

131.  ^  yr. 

132.  £||.  [ence. 

133.  3^  of  a  circumfer- 

Reduce         to  the  decimal  of 

149.  257.39  sec.  a  day. 

150.  192.6  pwt.  a  pound. 

151.  375  A.  57  sq.  rd.     a  square  mile. 

152.  29  gal.  2.7  pt  of  kerosene   a  barrel. 


134.  .365  mi. 

135.  2i  rm. 

136.  .575  hhd. 

137.  573.0057  A. 

138.  200,93 1|  in. 

139.  .73  cu.  yd. 

140.  13,920  lb.  of  flour. 

141.  1,439  half-pints. 

Reduce 


142.  £1,698.84. 

143.  $10,000   to  Eng- 

lish money. 

144.  475,024  sq.  ft 

145.  3,977  1. 

146.  13,605  oz.  of  lead. 

147.  1,938.4". 

148.  337,369  min. 


to  the  fraction  of 

153.  21^  in.  a  rod. 

154.  1,368  sq.  ft  an  acre. 

155.  23  rd.  3  yd.  1  ft  9  in.      a  mile. 

156.  23  ch.  15  1.  a  half-mile. 
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Rednce  to  the  decimal  of 

157»  f  vi  3  viij  gr.  xix  a  ponnd. 

IM.  43^  7f  mills  a  dollar. 

159.  10a.  7^  a  pound  sterling. 

160.  1 1  en.  ft  91 7  cu.  in.   a  cubic  yard. 

161.  2  cwt  15  oz.  a  gross  ton. 


Reduce  to  the  fraction  of 

102.  374  A.  1(4-  &q.  ft.  a  square  mile. 

103.  2  quires  19  sheets  a  ream. 

104.  5  b.  15  min.  24  sec.  a  day. 

105.  O  3  m  17  a  Congius. 
100.  11  oz.  19  pwt  23  gr.    a  pound. 


107*  How  many  degrees  of  latitude  are  12,498  statute  miles  on  a 
meridian  ? 

108.  What  is  the  length  of  the  equator,  in  feet  ? 

109.  How  many  rails  each  30  feet  long  will  be  required  for  1  mile 
of  a  single-track  railway  ? 

170.  How  many  revolutions  will  a  carriage-wheel  14  ft.  8  in.  in  cir- 
cumference make,  in  going  5  mi.  5  rd.  5  ft.  6  in.  ? 

171*  What  is  the  distance  in  miles  from  the  Tropic  of  Cancer  (23°  28' 
7"  N.  latitude)  to  the  equator  on  the  opposite  meridian,  via  the  north  pole  ? 

172.  A  Texas  ranch  1.5  miles  long  and  .45  mile  wide  is  inclosed  by  a 
wire  fence  3  wires  high,  the  wire  weighing  .1195  lb.  to  the  yard.  How 
much  will  the  wire  cost  at  $77.50  per  net  ton? 

173m  2  yd.  9  in.  is  what  fraction  of  3  rods  ? 

174.  If  a  man  digs  79H^  rd.  of  ditch  in  a  month,  how  many  rods  of 
ditch  will  he  dig  in  .205  mo.  ? 

175.  Of  a  farm  of  160  A.,  \^  is  under  improvement.  What  com- 
pound number  expresses  the  part  of  the  farm  unimproved  ? 

170.  A  farmer  planted  three  hills  of  broom-corn  on  every  2  square 
yards  of  a  10-acre  field.    How  many  hills  did  he  plant? 

177*  A  cubic  foot  of  distilled  water  at  62°  Fahrenheit  weighs  62.418 
lb.    What  IS  the  weight  of  3  cu.  yd.  13  en.  ft.  864  cu.  in.  ? 

178.  18  cu.  yd.  25.2  cu.  ft.  of  stone  is  what  fraction  of  8  cords? 

179.  22  bu.  3  pk.  6^  qt  is  what  decimal  of  87^  bushels? 

180.  How  many  times  can  a  lamp  that  holds  3^  pt.  be  filled  from  a 
barrel  of  head-light  oil  ? 

181.  182.  What  is  the  difference  between  100  lb.  of  iron  and  the  U.  S. 
Mint  weight  of  100  lb.  of  gold — in  avoirdupois  weight  ?    In  Troy  weight  ? 


88  BBDUOTIOJm 

183*  What  fraction  of  a  ream  is  87  half-sheets  of  paper  ? 

184.  At  the  rate  of  1  mile  in  6  minutes,  how  many  miles  could  a 
steam-ship  sail  in  the  year  1884? 

18Sm  How  many  days  are  there  in  the  present  century  ? 

180»  A  pharmacist  put  up  s  ix  3  vi  of  morphine  in  1-grain  powders. 
How  many  powders  were  there? 

187*  How  much  time  would  be  required  to  count  $1,000,000,000,  allow- 
ing 10  h.  for  a  day's  work,  and  counting  at  the  rate  of  $1  per  second? 

1^^.  Find  the  number  of  seconds  in  the  first  three  months  of  this  year. 

189.  When  the  moon  has  passed  through  3  S.  87.75°  of  her  orbit,  over 
how  many  seconds  of  her  orbit  has  she  moved  ? 

190.  How  many  half -pint  bottles  can  be  filled  from  a  hogshead  of  wine  ? 

191.  A  coal  dealer  bought  2,625  gross  tons  of  coal,  and  sold  it  by  the 
net  ton.    How  many  tons  did  he  sell  ? 

192.  What  decimal  of  a  mile  is  4  of  a  yard  ? 

193.  How  many  degrees  of  longitude  are  1,561.328  miles  on  the  equator? 

194.  What  decimal  of  an  acre  is  4  of  a  square  yard  ? 
19Sm  What  fractional  part  of  a  bushel  is  3  pk.  8  qt  1  pt.  ? 

196.  What  decimal  part  of  a  cord  of  stone  is  85  cu.  ft.  976  cu.  in.  ? 

197*  Bought  6  quires  18  sheets  of  paper.    What  decimal  of  a  ream 
did  I  buy  ? 

198.  4  gt.  gro.  3  gro.  5  doz.  clothes-pins  are  how  many  dozen  ? 

199.  What  is  the  value  in  XJ.  S.  currency  of  13s.  10^.? 

200.  Express  14°  41'  33"  of  latitude  in  the  denominations  of  linear 
measures. 

201.  Change  $17,625  to  the  denominations  of  English  money. 

202.  The  boundaries  of  a  farm  measure  217  ch.  03  1.    What  is  the 
distance  in  miles  ? 

203.  My  farm  contains  82.1265  acres.     Express  the  contents  by  a 
compound  number. 
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SECTION  V. 

INTERCHANGING  UNITS  OF  LONGITUDE 

AND  UNITS   OP  TIME. 

211»  Longitude  is  distance  east  or  west  of  any  given  meridian. 

212*  The  prime  meridian  is  the  meridian  from  which  astronomers, 
nayigators,  and  surveyors  reckon  longitude. 

a.  The  ifUemoHanai  prime  meridian,  adopted  in  1884,  passes  through  the  Astro- 
nomical Observatory,  Greenwich,  England. 

bm  Some  nations  also  reckon  longitude  from  the  capital  of  their  own  country. 

c.  Longitude  is  measured  on  the  equator  or  on  a  parallel  of  latitude,  and  is  ex- 
pressed in  units  of  the  table  of  circular  measure. 

213.  The  earth  revolves  east  on  its  axis  once  in  24  hours,  and  the 
sun  appears  to  pass  west  around  the  earth  in  the  same  time ;  that  is,  the 
sun  appears  to  pass  west  over  15^  of  longitude  in  1  hour  of  time,  over 
15'  of  longitude  in  1  minute  of  time,  and  over  15"  of  longitude  in  1  sec- 
ond of  time.    Hence, 

The  relative  position  to  the  sun,  of  any  place  on  the  earth — exc^  at 
the  poles — determines  the  time  at  that  place. 

214.  A  difibrenoe  of  UT  in  longitude  makes  a  diflbrenoe  of  Ih.  in  time. 

II  15'  it  11  II  I  tH<«.         11 

<i  If  M  II  II  X  fee.      " 

On  these  facts  are  based  the  following 

PbINCIPIiSS. 

L  MJteen  times  any  difference  in  time  equals  the  difference  in  longitude; 
h.j  min.^  and  sec,  being  changed  respectively  to  °, ',  "•    And,  conversely, 

XL  One  fifteenth  of  any  difference  in  longitude  equals  the  difference  in 
time;  °, ',  and  "  being  changed  respectively  to  A.,  min,j  sec.    Hence, 
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21S»  Rules. 
!•  Difference  in  time  to  difference  in  longitude: — 

Multiply  the  difference  in  time  by  15, 

2.  Difference  in  longitude  to  difference  in  time: — 

Divide  the  difference  in  longittide  by  15. 

a.  'Meridian  time,  or  true  time,  is  time  that  coincides  with  the  meridian 
of  a  place ;  t.  e,,  when  the  sun  is  on  the  meridian  of  the  place,  it  is  12  o'clock, 
noon,  at  that  place. 

&.  Standard  time  is  time  determined  from  the  meridians  60^  75^  90^  105'', 

_  • 

and  120^  west  longitude  from  Greenwich.    The  difference  in  time  between  two 
adjacent  standard  meridians  is  1  hour. 

€•  The  five  meridians  of  standard  time      cl«  Standard  time  was  adopted  by  the 


are  designated  as  follows : 
Inter'Colaniai,  based  on  00°  meridian ; 


£!a8tem. 
Central, 
Mountain, 
raciftc. 


it 

n 


105° 
120° 


principal  railroad  companies  in  the 
United  States  in  1888.  It  has  been 
legalized  by  legislative  and  official 
enactments,  in  several  of  the  States 
and  in  numerous  cities  of  this  coun- 
try. 


The  difference 
in  time  between  ^ 
two  places 


what  is  the 

difference  in 

longitude? 


Pboblbms. 

"  1»  Is  25  min.  18  sec. ; 

2.  Is  1  h.  15  miu.  24  sec. ; 

3»  Is  4  min.  15  sec. ; 
^  ^.  Is  7  b.  13  min.  5  sec. ; 

5.  When  it  is  9  o'clock  a.m.  at  the  State-House,  Boston,  it  is  53  min. 
43  sec.  past  7  a.m.  at  the  City  Hall,  Chicago.  What  is  the  difference  in 
longitude  between  the  two  places  ? 

Find  the  difference  in  longitude  between  two  places,  the  difference  in 
time  being 


6.  18  min. 

7«  27  min.  20  sec. 


8.  2  h.  30  sec. 
9*  7  h.  14  min. 


12m  8  h.  4  min.  9  sec. 
IS.  3^  h. 


10.  19  min.  36  sec. 
11m  3  h.  5  min. 

14m  The  difference  in  time  between  Philadelphia,  Pa.,  and  Rome,  Italy, 
is  5  h.  50  min.  28  sec,  and  the  longitude  of  Philadelphia  is  75^  10'  west 
What  is  the  longitude  of  Home  ? 
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The  difference  in  time  between 
IS.  WasliingtoD  and  San  Francisco ' 
16*  London  and  New  Orleans 
17.  Paris  and  St.  Louis  Ms  •{ 

18m  Cincinnati  and  New  York 
19»  Greenwich  and  Washington 


^  3  h.  1  min.  46  sec.  ^^ 

5  h.  59  min.  i^^l^  sec. 

6  h.  10  min.  21  sec. 
42  min.  25f  sec. 

.  5  h.  8  min.  1  sec. 


What  is  the 
^  difference  in 
longitade  ? 


The  difference  in  longitade  between 

20.  Philadelphia  and  San  Francisco  is  4?''  16'  45"; )  What  is  the  dif- 

21.  London  and  Paris  "    2°  25'  38";  )  ference  in  time? 


Find  the  difference  in  time  between  two  places,  the  difference  in 
longitude  being 


22.  4°  30'  45". 

23.  17°  3'. 

24.  9°  85'  40", 


25.  97°  54'  26". 

26.  13°  17". 

27.  47°  18'  19". 


28.  131°. 

29.  4°17'55t". 

30.  13'  27". 


31.  Canton,  China,  is  in  113°  14'  E.  longitude,  and  San  Francisco 

is  in  122°  26'  45"  W.  longitude.    What  is  the  difference  in  time  between 

the  two  places  ? 

When  the  difference  in  longitude  between  two  places  exceeds  180^,  wbtraet  the  differ- 
ence from  S6CP  hrfore  computing  the  difference  in  time, 

32.  If  the  difference  in  longitude  between  two  places  is  197°  13'  24", 
what  is  the  difference  in  time  ? 

33.  Pekin,  China,  is  in  116°  28'  E.  longitude,  and  Philadelphia  is  in  75° 
10'  W.  longitude.    What  is  the  difference  in  time  between  the  two  places  ? 

3d.  A  is  in  Canton,  China,  113°  14'  E.  longitude,  and  B  is  in  New 
York  City,  74°  3'  W.  longitude.  When  it  is  9  o'clock  30  min.  p.m.  by 
A's  watch,  what  time  is  it  by  B's  ? 

35.  A  man  left  Pittsburgh,  and  travelled  until  the  local  time  was  2  h. 
13  min.  20  sec.  slow  by  Pittsburgh  time.  Through  how  many  degrees 
of  longitude,  and  in  what  direction,  did  he  travel  ? 

36.  The  sun  passes  the  meridian  at  noon.  When  the  moon  passes  the 
meridian  at  9  o'clock  41  min*  p.m.,  is  the  moon  cast  or  west  of  the  son? 
How  many  degrees  east  or  west  ? 
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SECTION  VI. 

REVIEW. 

216.  TEST  QUBSTZOKS  IN  THE  THEORY  OF  RSDUCTIONB. 

What  change  is  made 
I.  In  the  fractional  unit,  in  reducing  a  fraction  to  lower  terms  ? 
n.  In  the  fractional  units,  in  reducing  dissimilar  to  similar  fractions  ? 

m.  Oive  reasons  for  the  process  in  reducing  dissimilar  to  least  similar 
fractions. 

IV.  State  wherein  pound  and  sovereign  in  English  money  are  not  sy- 
nonymous terms. 

V.  State  wherein  the  word  reduce  differs  in  its  mathematical  sense,  from 
its  common  meaning. 

VI.  Show  that  the  common  denominator  obtained  by  reducing  '^*««**""»*- 
to  similar  fractions^  is  a  common  multiple  of  all  the  denominators  of  the  dis- 
similar fractions. 

Prove  that  one  of  two  fractions  can  be  changed  so  as  to  have  the  same 
denominator  as  the  other  fraction 

vn.  When  the  denominator  of  the  first  fraction  is  a  fiiotor  of  the  denomi- 
nator of  the  second ; 

VULl.  When  the  denominator  of  the  first  fraction  is  a  multiple  of  the  de- 
nominator of  the  second,  and  the  numerator  of  the  first  is  a  multiple  of  the 
quotient  of  the  denominator  of  the  first  divided  by  the  denominator  of  the 
second. 

IX.  Prove  that  when  the  terms  of  a  fraction  are  prime  to  each  other,  no 
fraction  having  smaller  terms  can  have  the  same  value. 

Z.  Prove  that  either  multiplying  or  dividing  by  any  number  produces  the 
same  result  as  performing  the  converse  operation  by  the  reciprocal  of  that 
number. 

State  when  the  several  kinds  of  reductions  included  in  the  next  four 
questions  should  be  used: 
XI.  Each  of  the  six  oases  of  the  reductions  of  fractions. 

Xn.  Each  of  the  two  cases  of  converse  reductions  of  decimals  and  frac- 
tions. 

XQX  Bach  of  the  six  cases  in  reductions  of  compound  numbers. 
XIV.  The  reductions  of  decimal  numbers  and  of  decimal  ouzrency. 
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ZV.  Show  that  6  quarts  dxy  measure  are  equal  to  7  quarts  liquid  meas- 
ure (nearly). 

XVX  Gttiow  by  illustration  the  difference  between  a  purely  concrete  num- 
ber and  a  denominate  number. 

ZVH.  Show  that  6  quarts  dxy  measure  equal  (very  nearly)  7  quarts  liquid 


XVUL  8how  that  5  cublo  leet  of  space  equal  (very  nearly)  4  statute 
bushels. 

XZX.  Cthow  why  h.,  min.,  and  sec.  are  interchangeable  with  °,  ',  and  ". 


Suppose  a  person  to  start  from  the  intersection  of  the  Eastern  Stand- 
ard Meridian  with  the  parallel  of  40*^  N.,  and  travel  constantly  north,  south, 
east,  or  west;  how  many  geographical  degrees  must  he  travel  in  each  instance 
to  have  a  difference  of  12  hours  between  his  local  time  and  the  time  at  the 
place  from  "which  ho  starts  ? 


Show  that  a  bushel  heaped  measure  equals  5  pecks  even  measure. 

^v"   Name  the  seven  denominate  units  derived  from  the  quarter  of  28 
pounds,  and  state  ^^hich  of  these  units  are  Tlngllsh  and  ^7hich  American. 

V*'"   Show  that  28  heaped  bushels  of  coal  equal  a  gross  ton. 

\  CUiow  that  the  next  centennial  year  will  not  be  a  leap-year. 


JL2CV.  Prove  that  175  pounds  Troy  weight  equal  144  pounds  avoirdupois 
weight. 


VI.  The  length  of  a  meter,  in  inches,  and  the  distance  between  any  two 
places,  in  miles,  being  known,  how  can  the  distance  in  metric  denominations 
be  found? 

XXVil.  The  vreight  of  a  kilogram,  in  ounces,  being  known,  how  can  the 
weight  of  a  cargo  of  iron,  in  tons,  be  found  in  kHograms  ? 

XZVZZL  The  proportionate  length  of  a  meter  to  a  quadrant  of  the  earth's 
meridian  being  known,  how  can  the  earth's  polar  circumference  be  found 
(1)  in  meters ?     {2)  In  miles? 


:.  How  can  the  capacity  of  a  cistern,  tanl^  or  reservoir,  known  or 
given  in  gallons  or  hogsheads,  be  found  in  hektoliters  ? 


I.  Show  that  Qeorge  V7ashington  was  bom  on  the  11th  day  of  Feb- 
ruary, 1732y  f*TTti*f^  of  the  22nd  of  that  month. 
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CHAPTER    IV. 

THE   FOUR   FUNDAMENTAL   PROCESSES. 

218»  The  fundatnentai  processes  of  compvtatiof^  are  addition, 
subtraction,  multiplication,  and  division. 

Bach  of  tbeae  pxooeMes,  in  its  appUoation  to  the  four  olaasea  of  numbers, 
Is  based  upon  the  same  principles,  but  is  necessarily  varied  to  meet  the  re- 
quirements of  the  unifiorm  and  varying  scales  of  notation. 

219»  A  number  can  be  changed  only  by  increasing  or  diminiBhing  it. 
It  can  be  increased  only  by  uniting  parts  to  it ;  these  parts  may  be  un* 
equal  or  equal  to  the  number  increased ;  hence,  a  number  can  be  increased 
only  by  addition,  or  by  multiplication  derived  from  addition.  It  can  be 
diminished  only  by  taking  parts  from  it;  these  parts  may  bo  unequal 
or  equal ;  hence,  it  can  be  diminished  only  by  subtraction,  or  by  division 
derived  from  subtraction. 

From  the  foregoing  it  appears  that,  in  arithmetical  computations, 
220*  The  two  primitive  processes  are  addition  and  subtraction ; 

221m  The  two  derivative  processes  are  multiplication  and  division ; 
and 

222*  All  arithmetical  computations  are  performed  by  one  or  more  of 
these  four  fundamental  processes. 

These  four  processes  are  often  called  the  fundamental  rules  of 

ariihnutic. 

In  this  chapter  these  processes  are  presented  in  their  relations  to  the  four  general 
classes  of  numbers—integers,  decimals,  fractions,  and  compound  numbers. 

223»  The  various  fundamental  processes  are  based  upon  axioms, 
principles,  and  important  facts. 

a.  Pupils  should  illustrate  the  application  of  the  axioms,  and  demonstrate  the 
several  principles  and  important  facts  that  form  the  bilLsiB  of  each  fundamental 
process. 

bm  They  should  also  show  the  special  application  of  tlie  axioms,  principles,  and 
important  facts,  in  the  solutions  of  the  illustrative  examples. 


[»6] 

SECTION  J. 
ADDITION. 

224.  Addition  is  the  process  of  finding  a  number  whose  value  is 

the  same  as  that  of  two  or  more  given  like  numbers. 

€h  The  parts  are  the  numbers  added. 

6.  The  sum  or  atnount  is  the  number  obtained  bj  addition. 

225»  Basis  for  the  processes  of  addition* 

I.  The  fact  stated  in  the  axiom  1,  page  45,  Art.  158,  is  included  in  the 
following 

Axiom. — The  number  of  units  in  the  eum  is  the  same  <m  the  number 
of  tmits  in  aU  the  parts. 

IT.  From  the  definition  of  addition,  given  above,  is  deduced  the  following 
Pbikciple. — Only  like  orders  of  units  of  like  numbers  can  be  added. 

in.  From  64,  Y,  is  taken  the  following 

Impobtant  Fact. — Each  ten  of  the  sum  of  the  units  of  any  orders 
integral  or  decimal^  is  a  unit  of  the  next  higher  order, 

I.  ADDITION  OF  NUMBERS  IN  THE  DECIMAL  SCALE. 

226.    Ex.   The  parts   are  547;    4,628;    83.059;  Pbockss. 

2,326.47;  and  473.856.     What  is  their  sum?  ^i7 

ExFLAKATiON. — ^I  Write  the  parts  so  that  units  of  the  same  88.059 

order  stand  in  the  same  column.  2  S26.A7 

Beginning  with  the  units  of  the  lowest  order,  I  add,  sue-  ^ 7 8.856 

cessivelj,  the  units  of  each  order,  writing  the  ones  of  the  sum  ^  058.886 
as  units  of  the  same  order  in  the  result,  adding  the  tens  of  the 
sum  with  the  given  units  of  the  next  higher  order,  and  writing  the  entire  sum  of  the 
units  of  the  highest  order. 

PnOBLBMS. 


1 

2 

3 

4 

5. 

1,375 

61,754 

980 

1,369,452 

6. 

45 

9,803 

45,698 

64,896 

7. 

98,769 

685 

7,693 

99 

8. 

15 

37 

955 

8,045 

9. 

9,389 

96,456 

4 

967 
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10 -13*  In  each  of  the  following  sets  of  numbers  find  the  sum  of  all 
the  numbers  above  o. 


1) 


19,365_^ 

42,321 

72,516 

89,347_^ 

28,916     ^ 

V3,698_^ 

90,875__V 

42,907^^^ 

23,560 

81,654 

32,976_;'^ 

43,568^ 

72,355 

89,372 

70,008 

15,000 

50,236_t' 

37,295_j; 

12,637_^ 

94,378_^ 

«4»867_^ 

91,643_^ 

25,636_^^ 

19,687 

30,790, 

24,715 


— m 
n 
o 


2,796,824_^ 
49,380,715_j 
4,135,296 
273,416^ 
5,237 
29,628_^ 
479,536,800    "^ 

96,006_. 
543,729_*. 
2,068,305_J^ 
526,372,958_?^ 
40,382 

9-^ 

15-'* 

2,078_^ 

50,000,92  7_^ 

3,286,932_^ 

756,819     ^ 


7,485 

96 

708 

23,456 

78,901 

325,158 

824,106,375    ^ 


—t 
u 

— V 

— to 


$247,320.50 
745.— 
.75 
12.19 
4,000.— 
92,624.25 
62,009.09 
436.375 
9,379.05 
11.1875 
.50 
497,606.98 
7,240.01 
600,729.57 
98,024.32 
1.375 
696.625 
10,626.19 
415,096.785 
144.125 
11,973.20 
628,700.— 
37,925.— 
.04 
295.57 
.75 


—A 


— d 


-f 

—9 
—h 

a 

, — t 
—J 

—k 
—I 

— tn 
— n 
— o 

—P 

— r 
— 8 


— V 
— to 

— X 

—y 

— z 


a 
—b 


—d 


-f 

— ^ 
—h 

— I 


—k 


14.637867 
527.006 
9.0009 
75.1 
8,236.1573 
95.315 
526.708547 
1,900 
.15 
.0095 
1.1 
28.36 
500.005 
726.925647 
9,825.37 
42.016 
78.0087 
5,396.5 

408 

7,296.001   _^ 
417.273469 
526.19685 

75.75 
197.0375 
29.15 
1,436.1735 


■m 
— n 
— o 

—P 


u 
— V 
— w 


—y 

— z 


20-22.  From^fctoaj? 
23-25.  From  ctoy? 


What  is  the  sum  of     j  14-16.  Below  n? 
all  the  abstract  numbers  ( 17 '19.  From  A  to  t^  ? 
26.  Of  all  the  concrete  numbers  ?   |  27-30.  Of  each  colunm  of  numbers  ? 
What  is  the  C  31.  In  the  first  and  fourth  columns  ? 
sum  of  all  \  32.  In  the  second  and  fourth  colunms  ? 
the  numbers  I  33.  In  the  first,  second,  and  fourth  columns  ? 
34.  Of  the  numbers  from  6  to  ^  in  the  third  column,  added  to  the  sum 
of  all  the  numbers  below  c  in  the  same  column  ? 
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3S*  What  is  the  sum  of  ninety-Beven  quadrillion  one  hundred  eight 
trillion  fifty -nine  billion  thirty-nine  thousand  forty-five,  seven  million 
five  hundred  eighteen  thousand  six  hundred  eighty -four,  thirty -one 
million  ninety-two,  seven  hundred  twenty-seven  decillion  five  quintillion 
one  hundred  fifteen  thousand  nine  hundred  forty-two,  and  three  septill- 
ion  forty-nine  million  one  thousand  eighty-one  ? 

30.  Add  five  and  five  hundredths,  fourteen  million  seventy-nine  thou- 
sand three  hundred  forty-nine  and  five  hundred  sixteen  ten-millionths, 
three  hundred  nine  hundred-thousandths,  seventy  hundred  eighty-seven 
trillion  five  hundred  billion  fourteen  million  three  hundred  eighteen 
thousand  and  nineteen  million  seven  hundred  four  thousand  eighty-one 
hundred-million ths,  five  tenths,  and  one  and  ninety-nine  ten-thousandths. 

11.  ADDITION  OF  NUMBERS  IN  VARYING  SCALES. 

227.  Ex.  1.  Add  40  gal.  3  qt.  1  pt,  46  gal.  1  pt.,  Process. 

25  gal.  1  qt.  1  pt.,  and  64  gal.  2  qt.  j^q  gal,  s  qt.  1  pi. 

Explanation.— I  write  the  parts  so  that  the  units  of  /^  0        1 

each  denomination  stand  in  a  separate  column.  ^  -  ^         ^ 

I  add,  successively,  the  units  of  each  denomination,  be- 
ginning with  the  lowest,  and  reduce  the  sum  to  units  of  ^4  2 

tlie  next  higher  denomination,  writing  the  excess  in  the       xqq  g^i,  ^  qi^  j  pi^ 
result  as  units  of  the  denomination  added. 

I  add  the  units  of  the  higher  denomination  obtained  by  this  reduction,  with  the 
given  units  of  that  denomination ;  and  I  write  the  entire  sum  of  the  units  of  the 
highest  denomination. 

Ex.  2.  Find  the  sum  of  243  A.  120  P.  12  sq.  yd.  6  sq.  ft.,  88  A.  80  P. 
16  sq.  yd.  4  sq.  ft.,  and  124  A.  90  P.  20  sq.  yd.  6  sq.  ft. 

Explanation.— I  first  Pbocbss. 

perform  the  work  as  in  ex.  2^3  A.  120  P.  12    sq.yd.    6  sq.ft. 

amplel,andobtam45oA.  T^           oq        ig                    A 

181 P  181  sq.  yd  esq.  ft  12  j^           90       HO                    6 

I  then  reduce  the  f  sq.     \L 

yd.  to  integers  of  lower  46  6  A.  1 3 1  F.  1 8 }  sq.  yd.     6  sq.ft. 

denominations,  and  obtain     J =^ 108  sq.  %n. 

6  sq.  f  1. 108  sq.  in. ;  this  I  AS6  A.  131  P.  19     sq.yd.    3  sq.ft.  108  sq.  in. 

add  to  456  A.  181  P.  18  sq. 

yd.  6  sq.  ft.,  and  obtain  456  A.  131  P.  19  sq.  yd.  8  sq.  ft.  108  sq.  in.,  the  sum  required. 

a.  In  adding  yards,  consider  every  11  yards  as  2  rods,  and  thus  avoid  fractions. 
6.  In  adding  tons  and  pounds,  add  the  pounds  as  in  integers,  and  add  or  "  carry  " 
1  for  every  2  from  the  column  of  thousands  of  pounds  to  the  columns  of  tons. 
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Problems. 

{37.  17  bu.  3  pk.  2  qt.  1  pt.,  68  bu.  1  pk.,  3  pk.  2  qt.  1  pt,  14  biu  6  qt 
38.  1  yr.  196  da.  13  h.  50  min.  36  sec,  5  yr.  1 7  min.,  37  da.  9  h.  44  sec. 
39.  O 5  f5 3  f3  7  m  47,  Cong.l  ft  11  m  19,  O  2  fs  3,  Cong.2  ft  6  m  24. 

40.  What  is  the  sum  of  27  rd.  9  ft  7  in.,  119  rd.  3  yd.  2  ft.  11  in.,  3 
mi.  227  rd.  9  in.,  97  rd.  5  yd.  2  ft.  7  in.,  and  2.25  mi.  ? 

41.  Find  the  amount  of  6  lb.  7  oz.  12  pwt,  5  lb.  13  pwt.  14  gr.,  127  lb. 
9  oz.,  9  lb.  16  pwt,  and  11  oz.  19  pwt.  23  gr. 

42.  A  man  owned  four  farms,  the  first  containing  150  A.,  the  second 
197  A.  120  sq.  rd.,  the  third  218  A.  36  sq.  rd.,  and  the  fourth  476  A.  198 
sq.  rd.     How  many  acres  were  there  in  all  his  farms  ? 

43.  What  is  the  sum  of  £1,024  8s.  5d.,  £34  7^.,  £955  19s.,  5s.  7d. 
3  far.,  and  £99  9s.  9d.  1  far.  ? 

44.  My  cash  receipts  in  four  months  were  $2,147.50,  $3,207.37^, 
$1,312,  and  $7,298.87^.     What  was  the  sum  of  my  receipts? 

45.  Find  the  amount  of  1  circumference  2  quad.  37^  35'  20",  3  quad. 
89*"  42',  67**  13'  27",  2.5  quad.,  and  .5  circumference. 

46.  I  sold  to  one  man  13  T.  15  cwt  of  hay,  to  another  17  T.  7  cwt.  75  lb., 
to  another  9  T.  97  lb.,  and  to  another  1 3  cwt  50  lb.  How  much  hay  did  I  sell? 

47.  Find  the  amount  of  lb.  ij  3  iij  3  iv,  S  ix  3  i j  gr.  xvij,  lb.  i  s  y 
5  vij   gr.  ix,  lb.  iij  3  xi  8  i,  lb.  ij  gr.  xiv,  and  lb.  i. 

48.  How  many  great  gross  are  there  in  11  gro.  7  doz.,  3  grt.  gro.  9 
gro.  5  j  doz.,  2  grt.  gro.  10^  gro.,  and  3  grt.  gro.  3  doz.  ? 

49.  One  week  a  grocer  sold  84  gal.  2  qt.  1  pt.,  55  gal.,  23  gaL  3  qt  1 
pt,  73  gal.  2  qt,  96  gal.  1  qt  3  gi.,  and  134  gal.  3  qt  1  pt  of  molasses. 
How  much  molasses  did  he  sell  in  the  week  ? 

60.  The  cubical  contents  of  four  boxes  are,  respectiyely,  26  cu.  ft  137 
cu.  in.,  1  cu.  yd.  8  cu.  ft  1,038  cu.  in.,  20  cu.  ft  108  cu.  in.,  and  25.15  eu. 
ft    What  are  the  total  contents  ? 

61.  What  is  the  sum  of  14  yr.  109  da.,  7  yr.  357  da.  14  h.  38  min.,  314  da. 
9  h.  45  sec,  5  yr.  210  da.  9  min.  5  sec.,  and  11  yr.  35  da.  13  min.  24  sec? 


[100] 


m.   ADDITION  OF  FRACTIONS. 
228»  In  adding  fractions  observe  the  following 

Impobtant  Facts. 

L  Similar  fractions  are  addedy  by  adding  the  number  of  fradional 
units  expressed  by  the  several  fractions. 

n.  Dissimilar  fractions  can  be  added  only  after  they  have  been  re- 
duced to  similar  fractions  {225, 11). 

Give  three  examples  illustrating 

1.  The  first  fact.  |  2.  The  second  fact. 

Ex.  1.  What  is  the  sum  of  ^,  H,  ||,  |f,  and  ||? 

Explanation.  —  Since  the  fractions  arc 
similar,  I  add  tlie  number  of  fractional  units  Procb8& 

expressed  by  the  several  given  fractions.   The      j^t  JiA±JU+JUJL±i  ^  uul -^  114 
result  is  an  improper  fraction,  wliich  I  reduce  « -*  —  tnt  —  ■'  r* 

to  a  mixed  number. 

Ex.  2.  Find  the  sum  of  |,  f ,  ^,  and  ^. 

Explanation.  —  Since  Pbocess. 

the  fractions  are  dissiroi-        .       «        «  ... 

lar.  I  reduce  them  to  8lmi-       1  + f  +  7^  +  H  =  "^*^V»^"  =  W=  Jgff 
lar  fractions,  and  add  the 

number  of  fractional  units  expressed  by  the  equivalent  similar  fractions.    The  result 
is  an  improper  fraction,  'which  I  reduce  to  a  mixed  number. 

Ex.  3.  Add  18|,  42},  and  d4|.  Pbocbss. 

Explanation. — Since  the  fractional  parts  of  the  given  num-  i^f  =  i^ff 

hers  are  dissimilar  fractions,  I  reduce  them  to  similar  fractions,  A2t  z=  12a 

after  which  I  add,  first,  these  similar  fractions,  and,  next,  the  ^  Lt  ^  9  kiJk 

integral  parts.    The  sum  obtained  is  the  required  result.  "^ •       *^4rs 


Pboblems. 
What  is  the  sum 
52.  Of  4  +  f +  4  +  ^  +  1? 

53.  ofH  +  A  +  H  +  H  +  tt? 

54.  Of  1^  +  3m  +  m  +  im? 

55.  Of  24-rfr  +  36^^^  +  Of  +  4^? 
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56.  Of44-i  +  t  +  l  +  A? 

57.  Of  3784  +  96 A  +  105^^? 

5«.  Of  ^fiy  +  2|  +  iVr  +  17^? 

59.  Of  i  +  4  +  vW  +  »ii¥r  +  A? 
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€0.  Add  \^  m\,y  |  mL,  \^  mi.,  ^  mi.,  {f  ml,  and  -f^  mi. 

61.  What  is  the  sum  of  $175f,  %^,  $7|,  (^,  and  t23|^? 

6;?.  Find  the  amount  of  60^  A.,  13^  A,  59|  A.,  126ff^  A.,  and  ^  A. 

03.  How  many  gallons  are  45^  gal.,  177^  gal.,  2]3ff|^  gal.,  71  gal., 
59^  gal,  and  144^  gal.  ? 

04.  Add  ll7TWr,  00^,  iHf,  l,277ifH,  and  16^^. 
65.  Add  H,  tH,  Hf>  18i,  A,  17,  and  16,974^. 

00.  What  is  the  sum  of  26i^,  915^f^,  and  ifiSSfJ^? 

07.  Add  4,l75f,    8,015^1,    97ljf{tx>    430,058^,    190,868^nVkT>  ^nd 

229»  Rules  fob  Anninox. 
L  To  add  integen^  decimals^  and  compound  Dumben :—  . 

1.  Add  the  units  of  the  lowest  order  or  denomination^  reduce  the  sum  to 
units  of  the  next  higher  order  or  denomination^  and  write  the  excess  in  the 
resuU  as  unite  of  the  order  or  denomination  added, 

2.  Add  the  units  of  the  higher  order  or  denomination  obtained  by  this 
reduction^  with  the  given  units  of  that  order  or  denomination^  and  reduce 
the  sum  to  units  of  the  tiext  higher  order  or  detiomination. 

3.  So  proceed  with  the  units  of  each  successive  order  or  denominationj 
and  write  the  entire  sum  of  the  units  of  the  highest  order  or  denomination. 

II.  To  add  fractions: — 

1.  Reduce  dissimilar  to  similar  fractions. 

2.  Add  the  numerators^  and  under  the  sum  write  the  common  denomi- 
nator, 

a.  Beduoo  fractions  to  lowest  tenns  before  reducing  to  similar  fractions. 

b*  In  all  final  results,  reduce  proper  fractions  to  lowest  terms^  and  improper 
fractions  to  integers  or  mixed  numbers. 

Proofs. — The  sums  edtained  by  adding  the  parts  in  reverse  orders  shtndd  be  equal. 

Or, 

Hys  parts  subtracted  successively  flvm  the  sum  and  several  remainders  ehauid  leave 
no  remainder. 
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Pboblems. 

08.  A  producer  has  four  casks  of  oil  containing  0,375.5  bar.,  6,008.32 
bar.,  917.075  bar.,  and  25,979.405  bar.    How  many  barrels  of  oil  has  he? 

69 9  70.  I  bought  I7f  yd.  of  cloth  for  $1.44^,  13}  yd.  for  $9.75,  26^ 
yd.  for  $2.86,  16^  yd.  for  $25.60,  and  9  yd.  for  $16,875.  How  many 
yards  of  cloth  did  I  buy  ?    What  was  the  amount  of  the  bill  ? 

71*  Monday  I  traveled  245^  mi.;  Tuesday,  289  mi.;  Wednesday,  308f^ 
mi.;  Thursday,  1174-  mi.;  Friday,  297^  mi.;  and  Saturday,  311  mi.  How 
many  miles  did  I  travel  in  the  week  ? 

72.  In  A^s  farm  are  77-^  A.  of  meadow,  197^fi-  -^  ^^  woodland,  57 
A.  of  pasture,  98}}  A.  of  tillable  land,  and  37  A.  of  swamp.  How  many 
acres  are  there  in  the  farm  ? 

73.  From  a  barrel  which  held  42  gal.  of  kerosene  a  grocer  sold  7  qt. 
1  pt,  3  gal.  1.5  pt.,  4.75  gal.,  2.5  qt.,  6  gal.,  5  gal.  3  qt.  1  pt.  2  gi.,  and 
2.25  gal.    How  much  kerosene  did  he  sell  ? 

7^«  A  man  owns  five  farms,  containing  respectively  144  A.  7  sq.  ch.  13 
P.  327  sq.  1.,  98  A.  13.4  P.,  108  A.  2  sq.  ch.  568  sq.  L,  196  A.  6  sq.  ch.  13.875 
P.,  and  518  A.  97}  sq.  rd.    How  many  acres  are  there  in  the  ^\q  farms? 

75.  In  five  successive  days  a  stone-mason  laid  5}}  cu.  yd.,  6}  cu.  yd, 
4^  cu.  yd.,  3}}  cu.  yd.,  and  4^  cu.  yd.  of  stone.  How  many  cubic  yards 
of  stone  did  he  lay  ? 

70.  A  produce-dealer  sold  4,650  bu.  of  wheat  to  one  party,  7,809  bu. 
to  another,  19,409  bu.  to  another,  and  3,725  bu.  to  another.  How  many 
bushels  of  wheat  did  he  sell  ? 

77,  78.  A  farmer  sold  97  bu.  3  pk.  of  oats  for  $48.87},  136  bu.  1}  pk. 
of  wheat  for  $149.94,  275}  bu.  of  corn  for  $171.87},  39  bu.  2  pk.  1  qt.  of 
rye  for  $38.97},  and  17  bu.  1  qt.  1  pt.  of  barley  for  $18.65.  How  many 
bushels  of  grain  did  he  sell  ?    How  much  did  he  receive  for  it  ? 

79.  One  day  a  stationer  sold  }  of  a  ream,  }  of  a  quire,  f  of  a  ream,  ^ 
of  a  ream,  and  }}  of  a  quire  of  note-paper.    How  much  paper  did  he  sell  ? 

80.  In  a  wood-pulp  mill  216}  cd.  of  wood  were  used  in  Nov.,  173}  co. 
in  Dec.,  188-^  cd.  in  Jan.,  216}  cd.  in  Feb.,  and  315}  cd.  in  March.  How 
many  cords  of  wood  were  used  in  the  five  months  ? 
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SI.  I  filled  orders  for  182.3  T.,  96.5  T.,  37.95  T.,  and  317.625  T.  of 
coal.    How  many  tons  of  coal  did  I  sell  ? 

82~8S.  C,  Df  and  E  were  engaged  in  peeling  bark.  The  first  day 
C  peeled  If  cd.,  D  1^  cd.,  and  E  If  cd.;  the  second  day  C  peeled  If  cd., 
D  H  cd.,  and  E  If  cd.;  the  third  day  C  peeled  2f  cd.,  D  2  cd.,  and  E  If 
cd.;  the  fourth  day  C  peeled  the  same  amount  as  on  the  third  day,  D 
the  same  as  C  peeled  the  second  day,  and  E  the  same  as  D  peeled  the 
third  day.  How  much  bark  did  each  of  the  men  peel  in  the  four  days  ? 
How  much  did  all  of  them  peel  in  the  four  days  ? 

S6m  A  farmer  sold  to  five  grocers  87.5  bu.,  96.375  bu.,  47  bn.  3  pk.,  39 
bn.  f  pk.,  and  76.625  bu.  of  potatoes.     How  many  bushels  did  he  sell? 

87.  A  grocer  sold  5  lb.  of  coffee  for  t  .87f,  17f  lb,  of  sugar  for  tl.62f , 
29  lb.  of  rice  for  $1.81f,  3f  lb.  of  tea  for  $3.93f,  and  4f  lb.  of  cheese 
for  $  .76.    How  much  did  his  sales  amount  to  ? 

88.  I  sold,  at  different  times,  13.375  gal.,  llf  gal.,  15f  gal.,  3f  gal., 
and  11.75  gaL  of  maple  sirup.    How  many  gallons  did  I  sell  ? 

89.  A  coal-dealer  sold  to  one  customer  9  T.  13  cwt.  2  qr.  of  coal,  to 
another  7  T.  1  qr.  15  lb.,  to  another  14  T.  3.7  cwt.,  to  another  20  T.  19 
cwt.  3  qr.  13  lb.,  and  to  another  1,875  lb.    How  much  coal  did  he  sell? 

90.  The  railroad  distance  from  A  to  B  is  1  Iff  miles,  from  B  to  C 
4^  miles,  from  C  to  D  12f  miles,  and  from  D  to  E  9ff  miles.  What  is 
the  distance  from  A  to  E  ? 


lY.   COUNTINQ-ROOM    DEVICES   AND   SHORT   METHODS. 

Snffloient  praotioe  ahould  be  g;lven  xmder  each  of  the  following  Devices 
and  Short  Method^  to  fix  them  ao  firmly  in  the  mind  of  the  learner  that  he 
can  make  ready  application  of  them  at  any  time. 

Casb  I.  To  add  ledger  columns. 

230»  The  methods  shown  on  page  104  are  used  principally  by  accountants. 

Ex.  2,  The  unit  figure  of  the  sum  of  a  column  la  written  in  the  result,  and  a  small 
figure  expressing  the  tens  (or  the  "carry")  is  written  helow. 

By  this  method  the  computation  may  be  suspended  on  writing  the  sum  of  any 
column,  and  resumed,  at  any  time,  beginning  with  the  "carry"  figure  of  the  last 
column  previously  added. 

Al  f  .  See  158,  Axiom  1. 
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Ex.  1. 

Et.  2. 

Ex.  3. 

Ex.4; 

Ex.5. 

t  326.43 

$823.34 

41 

54-  . 

61] 

679.64 

706.62 

76 

•65 

'  86i 

682.17 

69.32 

^26-' 

21 

194 

836.94 

408.64 

92 

18- 

32 

270.— 

367.48 

30 

•97- 

.  63 

86.86 

641.82  12,907.12 

47 

•83 

171 

93.67 

215.70 

^83 

56- 

10 

6,219.— 

632.— 

64 -• 

•41 

28J 

8,043.76 

278.36 

63 

32      I 

69 

3,269.26 

419.60 

*-62 

•77- 

33] 

396.62 

87.05  1,632.61 

69 

19 

47J 

tl9,806.12 

S7«  04 

t4,639.73 

632 

663       583 

jfi^.  S,  Beginning  at  the  foot  of  the  right-hand  column,  add  to  as  near  20  as  possi- 
hie,  and  write  a  small  figure  expressing  the  ones  of  the  partial  sum  thus  obtained,  at 
the  right  of  the  last  figure  added ;  begin  with  the  next  figure  in  the  column,  and  add 
as  before ;  and  so  on,  to  the  top  of  the  column. 

Next,  add  the  digits  (if  there  be  any  in  the  column  above  the  last  small  figure), 
the  numbers  expressed  bj  the  small  figures,  and  as  many  tens  as  there  are  small 
figures  at  the  right  of  the  column,  and  write  the  ones  of  this  sum  for  the  ones  of  the 
final  result. 

Then,  be^nning  with  the  tens  of  the  sum  of  the  first  column,  add  the  second  col- 
umn in  the  same  manner ;  and  so  continue  to  add,  till  all  the  colunms  are  added. 

Ex,  4,  Beginning  at  the  foot  of  the  right-hand  column,  add  till  the  sum  exceeds  9, 
place  a  dot  at  the  right  of  the  last  digit  added,  and  drop  the  ten  of  the  partial  sum ; 
begin  with  the  ones  of  the  partial  sum,  and  add  as  before ;  and  so  on,  to  the  top  of  the 
column. 

Next,  to  the  sum  of  the  digits  above  the  last  dot,  add  as  many  tens  as  there  are 
dots,  write  the  ones  of  this  sum  for  the  ones  of  the  final  result,  and  reserve  the  tens 
to  add  to  the  next  column. 

Then,  beginning  with  the  tens  of  the  sum  of  the  first  column,  add  the  second  col- 
umn in  the  same  manner ;  and  so  continue  to  add,  till  all  the  columns  are  added. 

The  additions  may  begin  at  either  the  foot  or  the  top  of  the  columns. 

Ex,  6,  In  adding  a  column,  combine  any  two  or  more  digits  whose  sum  is  10,  then 
two  or  more  others,  and  so  on  till  all  the  digits  in  the  column  are  added.    Tlius, 

Ist  column :  (7  +  8)  10,  ^  1)  20,  (8  +  2)  80,  (4  -f  STI)  40,  (8)  43 ;  write  3. 
2dcolumn:  4(4+2)10.  (8+6+1)20,  (7+8)80,  (5+9+6)50,  (8) 58 ;  write 68.   Sum. 583. 

The  curves  are  here  used  to  show  the  digits  combined.    In  practice  omit  them 

Of  what  special  value  is  the  operation  shown        1.  In  example  1  ? 
2,  In  example  2  ?      ^.  In  example  3  ?      .4-  In  example  4  ?      5.  In  example  6  f 


Ex.  1. 

Ex.2. 

32 

659 

41 

304 

53 

127 

17 

512 

25 

230 

31 

465 
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Casb  n.  To  add  two  or  more  columns  at  once. 

23 !•  Ex,  1.  Beginning  with  the  number  81  at  the  foot 
of  the  column,  add  first  the  tens  and  then  the  ones  of  the 
next  number,  as  follows : 

31  +  20  (=  2  tens)  =  61,  and  51  +  5  (ones)  =  56 ;  then  56+10 
(=1  ten)  =  66,  and  66+7  (ones)  =  73 ;  and  so  on,  until  all 
the  numbers  are  added. 

Makino  the  Computations.— Beginning  at  the  foot  of  the 
columns,  read  51,  56 ;  66,  78 ;  128,  126 ;  166,  167 ;  197,  199. 
Or.  beginning  at  the  top  of  the  columns,  read  72, 78 ;  123, 126 ;        ttt"  7"^^ 

186,  143 ;  163,  168 ;  198,  199.  ^^^  ^'^^^ 

Ex.  i.  Beginning  with  the  number  465  at  the  foot  of  the  column,  add  the  hun- 
dreds, tens,  and  ones  of  each  number  successively. 

Makino  the  Computations.— 665,  695;  1,195,  1,205, 1,207;  1,807. 1,827, 1,884; 
1,684,  1,688 ;  2,238.  2.288,  2.297. 

The  additions  are  commonly  carried  from  the  highest  to  the  lowest  unit;  but 
this  is  not  necessarily  the  order.  The  addition  may  begin  at  any  order  of  units, 
and  proceed  from  order  to  order  as  combinations  may  be  more  easily  made. 

Case  III.  Horizontal  extensions, 

232.  Ex.  324  +  281  +  2,312  +  467  +-  6,128  +  7,560  +  735  =  16,807 

Beginning  with  the  number  at  the  left,  add  the  ones,  then  the  tens,  then  the  hun- 
dreds, and  then  the  thousands  of  all  the  numbers.  Or,  as  in  Case  II.  add  the  entire 
number  in  each  instance. 

Making  the  Computations.— 524.  604,  605;  2,605,  2,905,  2,915,  2,917;  8.817, 
3.377.  8.884;  8,884,  8.484,  8,504,  8,512;  15,512,  16,012,  16.072;  16,772,  16,802, 
16,807. 

Writing  numbers  with  units  of  the  same  orders  in  the  same  columns  for  addi- 
tion, is  not  a  necessity,  but  a  convenience, — ^as  shown  by  this  method. 

What  are  the  advantages  over  the  ordinary  method  of  computation  in 
using  the  method 

1.  Of  adding  the  parts  of  a  number  in  two  or  more  sets  ? 

2.  Of  adding  two  or  more  columns  at  once  ? 

S,  Of  adding  numbers  that  stand  in  a  horizontal  line  ? 

EXSBCISES. 

Apply  the  methods  now  given,  by  adding  the  numbers  in  a  part  or  all 
of  the  problems  on  pages  97,  98. 
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SECTION  II. 
SUBTRACTION. 

233»  Subtraction  is  the  process  of  finding  a  number  which  is  the 
difference  between  two  given  like  numbers. 

a.  The  minuend  is  that  one  of  the  two  numbers  from  which  the  other  is  to 
be  subtracted. 

6.  The  subtrahend  is  the  number  to  be  subtracted  from  the  minuend. 

c.  The  remainder  or  difference  is  the  number  obtained  by  subtraction. 

If  jou  have  $17  and  spend  $8  of  it,  you  have  $9  remaining ;  i,e,,  you  have  a 
remainder  of  |9.  But,  if  you  have  $17  and  I  have  $8,  the  difference  between 
your  money  and  mine  is  $9.    Hence, 

When  a  part  of  any  number  is  subtracted  from  the  whole  of  it,  the  result  is  a 
remainder;  and, 

When  one  of  two  like  numbers  is  subtracted  from  the  other,  the  result  is  a 
difference. 

The  terms  remainder  and  d^erence  are  commonly  used  as  synonyms. 

234t.  Basis  fob  thb  Pbocesses  of  Subtbaction. 

1.  On  page  46,  Art.  158,  is  the  following 

Axiom. — If  the  same  number  or  equal  numbers  be  added  to  each  of  tvoo 
numbers,  the  difference  between  the  sums  will  be  the  same  as  the  difference 
between  the  numbers. 

IL  From  the  definition  of  subtraction  (233)  is  deduced  the  following 

Pbinciple.  —  Units  of  any  order  can  be  subtro/cted  from  units  of  the 
same  order  only, 

III.  Impobtant  Facts. — 1.  A  unit  of  any  order  of  any  number  in 
the  decimal  scale  is  ten  units  of  the  next  lower  order  {€4,  Y). 

2.  ITie  remainder  or  difference  comprises  the  excess  of  the  number  of 
units  in  the  minuend  over  the  number  of  units  in  the  subtrahend. 
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PBOCE88. 

38,069.^09 

9,683.0728 
28,386.3362 


23S.  Ex.  From  38,069.409  subtract  9,683.0728. 

Explanation. — I  write  the  units  of  the  several  orders 
in  the  subtrahend  under  the  units  of  liiie  orders  in  the 
minuend. 

Beginning  with  the  lowest  order,  I  subtract,  successively, 
the  units  of  each  order  in  the  subtrahend  from  the  units  of  the 
same  order  in  the  minuend,  and  write  the  difference  as  units  of  that  order  in  the  result. 

When  the  units  of  any  order  in  the  subtrahend  exceed  those  of  the  same  order  in 
the  minuend,  I  add  10  to  the  units  of  the  minuend  before  subtracting.  1  then  con- 
sider the  units  of  the  next  higher  order  in  the  minuend  1  less  (04 ^  V),  or  the  units  of 
the  next  higher  order  in  the  subtrahend  1  n:ore  (Ax.). 

Give  the  reasons 

i.  For  writing  the  right-hand  figure  of  the  subtrahend,  in  this  process, 
one  place  further  to  the  right  than  the  right-hand  figure  of  the  minuend. 

2.  For  considering  the  units  of  the  next  higher  order  in  the  minuend 
1  less. 

S.  For  considering  the  units  of  the  next  higher  order  in  the  subtra- 
hend 1  more. 

4.  Which  of  the  two  methods  (2  or  3)  is  preferable,  and  why  ? 


1 

1,408,695 
968,297 

2 

9,236,000 
5,815,234 

PSORLKMS. 

3 

100,000 
99 

4 

.68725 
.14329 

5 

.85 
.00315 

6 

.5 

.1875 

7 

.01 
.00011 

8 

204.0075 
54.19 

9 

9.12 
8.4062% 

10 

100.5375 
.09382 

11 

10,000 

12 

$87.50 

13 

$13,756.— 

14 

$.205 

15 

$450.— 

333.333  15.625  897.25  .08  .05565 

16.  Find  the  difference  between  917  ft.  and  649.55  ft 
17*  $100  less  $  .375  are  how  much  ? 
18.  Subtract  9,867  from  5,634,278. 
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19*  The  minuend  is  forty -nine  thousand  and  eleven  hundred  -  thou- 
sandths, and  the  subtrahend  is  seventy-six  and  eight  hundred  forty  ten- 
millionths.    What  is  the  remainder? 

20*  Subtract  seventeen  and  nine  million  nine  hundred- millionths 
from  three  hundred  twenty  and  one  thousand  seven  hundred  eight  ten- 
thousandths.  

II.   SUBTRACTION  Or  NUMBERS  IN  VARYING  SCALES. 

236*  Ex.  1.  From  82  bu.  7  qt.  subtract  36  bu.  3  pk.  4  qt.  1  pt. 

Explanation.  —  I  write  the  units  of  the  several  Pbocess. 

denominatioDs  in  the  subtrahend  under  units  of  like        oo  j.     n     i.  ^y 
denominations  in  the  minuend.  ^^  ^"-  ^  P*^'  "  2^- 

Beginning  with  the  lowest  denomination,  I  subtract,  ^        ^         -r        •*/^' 

successively,  the  units  of  each  denomination  in  the        ^  6  bu.  1  pk,  2  qt,  1  pt, 
subtrahend  from  the  units  of  the  same  denomination 
in  the  nunuend,  and  write  the  difference  as  units  of  that  denomination  in  the  result 

When  the  number  of  units  of  any  denomination  in  the  subtrahend  exceeds  the 
number  of  the  same  denomination  in  the  minuend,  I  add  to  the  units  of  that  denomi- 
nation of  the  minuend  as  many  units  as  equal  a  unit  of  the  next  higher  denomination, 
before  subti-actiDg.  I  then  consider  the  units  of  the  next  higher  denomination  of  thb 
minuend  1  less  (23S)t  or  the  units  of  the  next  higher  denomination  of  the  subtra- 
hend 1  more  (Ax.). 

Process. 

Ex.  2.  From  80  rd.  3  yd.  1  ft.  subtract        ^^  ^^^   ^^  ^  ^^ 

60  rd.  6  yd.  2  ft.  60        6  2 

Explanation. — I  first  subtract  as  in  ex.  1,  and  1 9  rd,  2^  yd.  2  ft, 

obtain  19  rd.  21  yd.  2  ft.    1  yd.  =  1  ft  6  in. ,  which  i     =  ^       6  in. 

I  add  to  19  rd  2  yd.  2  ft    and  obtain  19  rd.  8  yd.  i^^d^    yd,  0  Jt,  6  in. 

6  m.,  the  required  remamder.  ^         *^ 

Apply  questions  1,  2,  8,  Art.  235 f  to  this  case  in  subtraction. 

Pboblems. 

21.  From  2  mi.  87  rd.  2  yd.,  take  1  mi.  297  rd.  8  yd.  2  ft 

22.  From  16  gal.  1  pt.,  take  14  gal.  2  qt.  1  pt.  1^  gL 

23.  From  05/i7^3  iii2,  take/i  14  /3  7  m  36. 
24:.  From  2  lb.  7  oz.  20  gr.,  take  11  oz.  17  pwt.  22  gr. 
25.  From  ib.  xi  s  v  3  ii,  take  s  ix  5  ii  gr.  xij. 
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26.  From  8  quad.  7°  take  2  quad.  18^  37'  24". 

27.  From  114  bn.  3  qt.  1  pt.  take  72  bu.  3  pk.  7  qt.  1^  pt. 

28.  From  98  T.  13  cwt.  17  lb.  take  69  T.  17^  cwt. 

29.  From  12  A.  subtract  7  A.  40  sq.  rd.  29  sq.  yd.  7  sq.  ft. 

30.  Subtract  17  cd.  97  cu.  ft.  from  50  cd.  8  cu.  ft. 

31.  Find  the  difference  between  1,417  mi.  37  rd.  2  yd.  and  1,389  mi. 
298  rd.  1.5  ft. 

32.  Subtract  468  A.  7  sq.  ch.  13  P.  459  1.  from  1  Tp. 

33.  Find  the  difference  between  9  s.  28°  and  4  s.  54'  38". 

34.  Take  2  yr.  308  da.  17  h.  45  min.  12  sec.  from  5  yr.  9  h.  8  min.  5  sec. 

35.  From  37  cu.  yd.  9  cu.  ft.  927  cu.  in.  take  19  cu.  yd.  1,309  cu.  in. 

Ex.  Find  the  difference  in  time  betwc>en  Oct.  17, 1882,  and  May  5, 1886. 

Explanation.— I  write  the  later  of  the  two  dates  for  Pbockss 
the  minuend  and  the  earlier  for  the  Bubtraliend,  writing 

the  number  of  the  year,  month,  and  day  in  order.  1886  yr.   6  mo.    6  da. 

I  then  subtract  as  in  other  compound  numbers,  call-  1882       10        17 

ing  80  days  a  month— as  the  number  of  days  in  the        ~ ~ 7q~J^ 

subtrahend  is  greater  than  that  in  the  minuend.  3  yr.    t  mo.  IS  Oa. 

36.  Find  the  difference  of  time  between  Jan.  15, 1877,  and  July  4, 1883. 

37.  What  is  the  length  of  time  from  May  7, 1880,  to  June  1, 1884  ? 

38.  Find  the  time  from  Oct.  19,  1870,  to  Dec.  1,  1885. 

89.  From  37  rm.  5  quires  12  sheets  take  28  rm.  17  quires  18  sheets. 


m.   SUBTRACTION  OF  FRACTIONS. 
237*  In  subtracting  fractions  observe  the  following 

Important  Facts. 

I.  Similar  fractions  are  subtractedy  by  subtracting  the  number  of  frac- 
tional units  in  the  subtrahend  from  the  number  of  fractional  units  in 
the  minuend. 

II.  Dissimilar  fractions  can  be  subtracted  only  after  they  have  been 
reduced  to  similar  fractions. 
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Ex.  1.  From  -^  subtract  f. 

EzFLAi^ATiON.— SiDce  the  given  fractions  are  dissimi-       -/w  ''^  f  ^  ^iJ^  =  A 
lar,  I  reduce  them  to  similar  fractions,  and  then  subtract 

the  number  of  fractional  units  in  the  subtrahend  from  the  number  in  the  minuend, 
and  write  the  result  over  the  common  denominator. 


Ex.  2.  Subtract  82^  from  59f . 

Explanation.— Since  the  fractional  parts  of  the  given  num- 
bers arc  dissimilar,  I  reduce  them  to  similar  fractions,  and  then 
subtract  first  the  fraction  and  then  the  integer  of  the  subtrahend 
from  the  like  parts  of  the  minuend,  and  obtain  the  required  result 


Pbocess. 


Ex.  3.  Subtract  49|  from  %^. 

Explanation. — Since  the  fractional  parts  of  the  given 
numbers  are  dissimilar,  I  reduce  them  to  similar  frac- 
tions. 

Since  the  fractional  part  of  the  subtrahend  is  greater 
than  the  fractional  part  of  the  minuend,  I  add  ||  ( =  1)  to 
the  minuend  and  1  to  the  subtrahend,  and  then  subtract 
first  the  fraction  and  next  the  integer  of  the  subtrahend 
from  the  like  parts  of  the  minuend. 


Procbss. 

Jt9§=:49ij. 

Jt9if+l^S0irf 

36^ 


Process. 
379      =:37S{i 

26fy=    %e-h 


From 


take 

49.  Take  ^V  ^^^'  ^^^^  i  ^^<^* 

50.  Take  ^  T.  from  -j^  T. 
31.  Take  -j^  gal.  from  4f  gal. 


Pboblems. 
From      subtract 


43.ii\ 

44.  IQ^Vr 

45.  40VyVV 


18^ 


Ex.  4.  From  379  subtract  26^^* 

352fy 

Subtract        from 
46.  ^T.  f  T. 

^7*  ^^-Mf  ^^      20H  mi. 
48.  29^  bu.      50^  bn. 

52.  From  1,000  roL  take  52^  ml 

53.  From  96^}  lb.  take  85  lb. 

54.  From  17  cwt  take  5-]^  cwt 

55.  What  is  the  difference  between  298-^  rd.  and  97-]^  rd.  ? 

56.  The  minuend  is  400i|^,  and  the  subtrahend  is  297^^.     What  is 
the  difference  ? 

238.  Rules  fob  Subtbaction. 

I.  To  sabtraot  Integers,  decimals,  and  oompoimd  numben : — 

1.  beginning  with  the  htoest  order  or  denomination^  eubtrcustj  ntcces- 
8ivdyy  the  unite  of  each  order  or  denomination  in  the  subtrahend  firom  the 
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tinits  of  the  corresponding  order  or  denomincUion  in  the  minuendy  and 
write  the  difference  as  unite  of  that  order  or  denomination  in  the  resiUL 

2.  When  the  number  of  units  of  any  order  or  denomination  in  the 
subtrahend  exceeds  the  number  of  units  of  the  corresponding  order  or 
denomincUion  in  the  minuend^  add  to  the  units  of  that  order  or  denomi- 
nation in  the  minuend  as  many  units  as  equal  1  of  the  next  higher  order 
or  dcfiominationy  before  subtracting, 

Theny  consider  the  units  of  the  next  higher  order  or  denomination  in  the 
subtrahend  1  morCy  or  the  units  of  the  next  higher  order  or  denomination 
in  the  minuend  1  less, 

n.  To  sabtraot  fractions: — 

1.  Jieduee  dissimilar  to  similar  fractions, 

2.  Subtract  the  num^qfor  of  the  subtrahend  from  the  numerator  of  the 
minuendy  and  under  the  difference  vrrite  the  common  denominator. 

See  remarks  a  and  b  under  Rules  for  Addition,  Art.  229m 

Pboofs. — The  ium  of  the  subtrahend  and  remainder  should  equal  the  minuend; 
or.  The  difference  hetieeen  the  minuend  and  remainder  should  equal  the  subtra- 
hend (Sec  Supplement,  pages  416,  417.) 

Pboblbms. 

57.  What  number  added  to  400,375  makes  70,000,001  ? 

58.  From  9106  ten-thousandths  subtract  24319  millionths. 

59.  Subtract  2,137,408.032785  from  17,400,916.06. 
eOm  From  $}  take  $  .625. 

61.  The  United  States  contains  3,026,504  square  miles,  and  Canada 
contains  686,353  square  miles.  How  much  larger  is  the  United  States 
than  Canada? 

€2.  From  a  piece  of  land  containing  .925  A.,  65  sq.  rd.  118  sq.  ft.  was 
sold.    How  much  of  the  land  remained  unsold  ? 

63.  A  note  dated  Sept.  19,  1880,  was  paid  July  1,  1884.  How  long 
did  it  run  ? 

64.  Find  the  difference  between  .785  of  a  year  and  67  da.  13  h.  45  sec. 

65.  From  1,008^  ft.  take  the  difference  between  928|^  ft.  and  579|f  ft. 

66.  Find  the  difference  between  {  hhd.  and  2&|  gaL 
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€7*  If  I  pay  $4,375  for  a  farm  and  sell  it  at  a  loss  of  $193.75,  how 
much  do  I  receive  for  it  ? 

68.  Subtract  one  million  three  hundred  twenty -eight  thousand  two 
hundred  sixteen  billionths  from  ten. 

09.  413,701,568,714T-J^ffT  is  the  minuend,  and  865,31 4,00 7^^^  is 
the  subtrahend.    What  is  the  remainder? 

70.  What  is  the  difference  between  211j^;yy^  and  197^  less  13m? 

71.  A  man  raised  197^  bu.  of  potatoes,  from  which  he  sold  97  bu. 
3^  pk.    How  many  had  he  left? 

72.  Find  the  difference  of  time  between  10:30  o'clock  ^.m..  May  9, 
1848,  and  6:45  o'clock  p.m.,  June  3,  1884. 

73.  I  owned  -^  of  a  Tp.  of  Western  land.  After  selling  \\  sec.  to  one 
man,  and  5  quarter -sections  and  3  forties  to  another,  how  many  acres 
had  I  remaining  ? 

7^.  Find  the  difference  between  three  hundred  seventy-four  trillion 
ninety-five  million  one  hundred  eight  thousand  sixty-nine  and  three  thou- 
sandths, and  nine  billion  fourteen  million  thirty-six  and  five  million  six 
hundred  eighty-seven  thousand  two  hundred  four  hundred-billionths. 

(  75.  March    7,  1823,  and  May    1,  1885. 
70.  June     30,  1879,  and  July  29,  1883. 

77.  Feb.      29,  1856,  and  Jan.     1,  1870. 

78.  Sept.     10,  1880,  and  April  9,  1881. 

79.  Oct.      29,  1708,  and  Dec.  18,  1900. 
^  80.  7th  mo.  15th  da.,  1886,  and  4th  mo.  27th  da.,  1888. 


Find  the 
difference  in 
time  between 


IV.   SHORT   METHODS. 

Case  I.  To  subtract  firom  a  minuend  tliat  is  one  or  more  units 
of  any  order  hig^her  than  the  liig^hcst  order  in  the  subtrahend. 

230.  The  completnent  of  a  number  is  the  difference  between  the 

number  and  a  unit  of  the  order  next  higher  than  that  expressed  in  the 

number. 

The  complement  of  7  is  8;  of  40  is  60;  of  46  is  54;  of  800  is  700;  of  830  is  680r 
of  828  is  672;  of  .7  is  .8;  of  .0081  is  .0069;  etc. 
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By  inspection  {%,  e.f  at  sight)  find  the  complement  of 

20  500  7,300  60,000  830,000  9,016  .608 

17  240  4,620  37,000  773,600  251,832  .0002 

92  632  5,179  300,000  867  .04  .000056 

Perform  the  subtraction  in  each  of  the  six  examples  following,  begin- 
ning at  the  left  in  each  example ;  and  show 

i.  That  the  number  of  units  of  the  highest  order  in  the  remainder  is 
1  less  than  the  units  of  the  same  order  in  the  minuend;  and 

2,  That,  in  subtracting,  each  cipher  of  the  minuend  may  be  regarded 
as  9,  except  the  last,  which  must  be  regarded  as  10. 

Ex.  1.  Ex.  2.  Ex.  3.  Ex.  4.  Ex.  S.  Ex.  6. 

700  6,000  50,000  20,000,000  3,000  800 

8  32  2,017  312,745  9.81  24.073 

Under  what  conditions  is  this  method  better  than  the  common  method  ? 

Case  II.  To  subtract  at  once  two  or  more  numbers  from  an- 
other number. 

240.  Ex.  1.  From  4,356  subtract  the  sum  of  827,  534,  and  316.    ^""^*~- 

Add  the  ones  of  the  subtrahends,  subtract  the  sum,  17,  from  26  (=  2       — 

tens  +  6),  and  write  the  remainder,  9,  for  the  ones  of  the  required  result  ^  ^  7 

Then,  to  2  (the  number  of  tens  added  to  the  minuend  in  the  previous  534 

subtraction)  add  the  tens  of  the  subtrahends,  subtract  the  sum,  8,  from  S 16 

15,  and  write  the  remainder,  7,  for  the  tens  of  the  required  result.  t^  679 

In  the  same  manner  add  the  remaining  columns,  and  subtract  their 
sum  in  each  instance  from  the  units  of  the  corresponding  order  in  the  minuend. 

Ex.  2.  From  92,817  Comptjta'^ions.  Process. 

subtract  the   sum   of  f'  l^\]?l?'^J}^'^^,^'  ..   o  92,S17 

1,  7,  10.  11,  18  from  21,  wnte  8 ; 

13,921,  24,017,   8,934,  2,  10,  19.  28  from  28.  write  0 j  13,921 

and  30,860.  2.  10.  14,  17  from  22.  write  6 ;  2^,017 

2,  5,  7,  8  from  9.  write  1.  8,934 

Cask  HI  Horizontal  Extensions.    (See  232.)  ,  ,'    .^ 

241.  Ex.  $21,319.50 -$8,174.87i  =  $13,144.62f 

Subtract  the  units  of  the  several  orders  of  the  subtrahend  from  the  units  of  the 
corresponding  orders  of  the  minuend,  as  in  the  common  method. 

H 
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SECTION  III. 

MULTIPLICATION. 

2d2»  MuUipiieaiian  is  a  short  process  of  finding  a  number  that 
is  the  sum  of  as  many  times  one  of  two  numbers  as  there  are  ones  in 
the  other ;  or. 

It  is  the  process  of  finding  such  a  part  of  one  of  two  numbers  as  the 
other  number  is  part  of  1. 

a.  The  product  is  the  number  obtained  by  multiplication. 

b»  The  f odors  are  the  numbers  used  to  obtain  the  product 

€•  The  tnuUipiicand  is  the  factor  that  is  to  be  talcen  any  required  number 
of  times ;  or, 

It  is  the  factor  a  required  part  of  which  is  to  be  taken. 

dm  The  fnuUipiier  is  the  factor  used  to  obtain  any  required  number  of  times 
the  multiplicand ;  or. 

It  is  the  factor  used  to  obtain  any  required  part  of  the  multiplicand. 

€•  Continued  muUiplication  is  the  process  of  finding  the  product  of  more 
than  two  factors. 

/•  In  the  process,  either  factor  may  be  used  as  a  multiplicand,  but 

(jr.  The  tru>e  or  logical  tnuUipiicand  is  the  factor  that  would  be  used  as 
one  of  the  equal  parts  in  addition ;  or, 

It  is  the  factor  an  equal  part  of  which  is  to  be  obtained. 

Illustrate  the  application  of  the  terms  multiplication,  multiplicand^ 
multiplier, 

1.  When  the  multiplier  is  an  integer. 
B.  When  the  multiplier  is  a  decimal. 

3.  When  the  multiplier  is  a  fraction. 

4.  When  the  multiplier  is  a  mixed  decimal  number. 

5.  When  the  multiplier  is  a  mixed  fractional  number.    .. 

6.  Give  three  examples  in  continued  multiplication. 

7.  Give  four  concrete  examples,  and  name  the  true  multiplicand  in 
each. 
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What  are  the  relative  valaes  of  maltipIicaDd  and  product, — 

8.  When  the  multiplier  is  less  than  1  ? 

9.  When  the  multiplier  is  1  ? 

10.  When  the  multiplier  is  more  than  I  ? 

243.  Pboposition  I. — Prove  that  to  muUijpHy  by  any  number  ia  to 
perform  the  same  operation  upon  the  muUiplieand  (u  muet  be  performed 
t^Km  unity  to  produce  the  multiplier. 

244.  Basis  for  the  prooesMS  of  nnltiplieatfon.    (See  223,  a,  b.) 

I.  Axiom. — 27ie  repetition  of  a  number  does  not  change  its  unit. 

n.  General  Pbinciplss. — 1.  The  multiplier  is  an  abstract  number, 

2.  The  multiplicand  may  be  either  an  abstract  or  a  toncrete  number. 

3.  TTie  multiplicand  and  product  are  like  numbers. 

4.  When  the  multiplier  is  oneSy  each  partial  product  is  of  the  same 
order  of  units  as  the  order  of  the  units  multiplied  to  obtain  it. 

IIL  Pbikciples  of  Integbss  and  Decimals. — 1.  Eacli  removal  of  a 
number  one  place  to  the  left  multiplies  the  number  by  10. 

2.  The  sum,  of  the  partial  products  obtained  by  multiplying  a  number 
successively  by  the  units  of  each  order  in  another  numbery  is  the  product 
of  the  two  numbers. 

3.  The  product  of  ones  by  ones  is  ones. 

4.  When  one  factor  is  an  integer y  the  number  of  decimal  places  in  the 
product  equals  the  number  of  decimal  pkuies  in  the  other  factor. 

5.  There  must  be  as  many  decimal  places  in  the  product  as  there  are  in 
the  factors. 

IV.  Principles  of  Fractions. — 1.  Multiplying  the  numerator  or  di- 
viding the  denominator  of  a  fraction  by  an  integery  mtdtiplies  the  frac- 
lion  by  that  integer. 

2.  Dividing  the  numerator  or  mtdtiplying  the  denominator  of  a  frac- 
tion by  an  integery  divides  the  fraction  by  that  integer. 

y.  Important  Facts. — 1.  An  integer  may  be  moved  one  place  to  the 
lefty  by  annexing  to  it  either  a  cipher  or  a  digit. 

2.  A  decimal  may  be  moved  one  place  to  the  left^  by  moving  the  deci- 
mal point  one  place  to  the  right.    . 
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I.   MULTIPLICATION  OF  NUMBERS  IN  THE  DECIMAL  SCALE. 
Cass  I.  To  multiply  by  any  integrer  less  than  10. 


24S»  ExPLANATioK. — ^I  write  the  multiplier  under 
the  right-hand  figure  of  the  multiplicand. 

Beginning  at  the  right,  I  multiply  the  units  of  each 
order  in  the  multiplicand  by  the  multiplier,  and  in  the 
product  1  write  the  ones  of  each  result  and  add  the 
tens  to  the  next  result. 

Since,  in  Ex.  2,  the  lowest  order  of  units  in  the 
multiplicand  is  hundredths,  I  point  off  two  decimal 
places  in  the  product. 

Pboblsms. 
12  3 

52,800  .4075 


Multiply    90,086 
by  6 

e 


9 


6 


8,264.1 
3 


7 

9.909 
5 


8 

$375 
2 


Illustratiyb  £xamfue& 


Ex.  1. 

30,852 

1 


4 

.29785 

4 


9 

$.565 

8 


Ex.2. 

308.52 

7 


215,964         2,159.64 


5 

37.08 
8 

10 

$3,900.75 
9 


Cass  II.  To  multiply  by  one  or  more  Integral  units  of  any  order. 

246»  Illvstbatite  Exahtleb. 


Ex.  1. 

Ex.  3. 

Ex.  5. 

2,768  X  10  ==  27,680 

2,768  X  100  =  276,800 

2,768  X  10,000  =  27,680,000 

Ex.2. 

Ex.4. 

Ex.6. 

2.768  X  10  =  27.68 

2.768  X  100  =  276.8 

2.768  X  10,000  =  27,680 

Ex.  7.         Ex.  8.          Ex.  9.           Ex.  10. 

2,768         2.768         2,768           2.768 

30 

30           3,1 

000           3,000 

83,040  83.040  8,304,000  8,304.000 

How  many  ciphers  must  there  be  on  the  right  of  the  product  of  two 
integers  ?    When  may  there  be  more  ? 
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PSOBLBHS. 

11  12  13  14 

2.768  2.768  936,758  5,309,000 

300  30,000  900  5,000 


830.400  83,040.000 

fl5.  43,007  bj  100. 

Multiply  r""'  '^'''' ''y '^'''''' 

*^  ^  1  jry.  609,304  X  10,000  =  ? 


19.  320.07  X  100  =  f 

20.  71.3192  X  1,000,000  =  ? 

21.  .860071  X  10,000  =  ? 
lis.    12,057,890  X  100,000  =  f      22.   .0007208  x  100,000  =  f 

23.  What  is  the  cost  of  a  farm  of  160  A.,  at  $100  per  acre? 

24.  A  manafacturer  sold  170  com-shellers  at  $20  each.     How  much 
did  he  receive  for  them? 

25.  In  1,000  barrels  of  flour  of  196  pounds  each  are  how  many  pounds  ? 

26.  In  1  mile  are  5,280  feet.    How  many  feet  are  there  in  3,000  miles  ? 

27m  In  a  pail  factory  150  workmen  receive  $40  a  month  each.    How 
much  are  their  total  wages  for  a  month? 
28.  Multiply  29,004,320  by  90,000. 

Case  III.  To  multiply  by  integral  units  of  different  orders. 

247.  ExPLANATiON.-I  writc  the  factors  Illustrative  ExAicpiis. 

—the  right-hand  digit  of  the  multiplier  under 
tbe  right-hand  digit  of  the  multiplicand.  Ex.  1.  Ex.  2. 

I  multiply  the  multiplicand  by  the  ones,                2  4,8  5  7  2.4  8  5  7 

lens,  hundreds,  etc.,  of  the  multiplier ;  place                   3062  3062 

the  right-hand  figure  of  each  partial  product ^ - 

under  the  figure  of  the  multiplier  used  to                49714  49714 

obtain  it;  and  add  the  partial  products  (15^).  149142  14  9142 

Since  in  Ex.  2  there  are  four  decimal  places       74571  74571 

in  the  multiplicand,  I  point  off  four  decimal 
places  in  the  product. 

EXPLAITATIOK. —  jj^^  ^ 

I  write  the  factors     ._  ,  .  . 

--the    right-hand     Multiply    8  3,4  0  0 

digit  of  the  multi-  by  6  0  0 


7  6,1 1  2,1  3  4 

7,611.2  134 

Ex.4. 

Ex.  S. 

216,000 
790 

5,470  . 
2,8  0  0 

plier  under  the  right-hand  50,040,000         1944  4376 

digit  of  the  multiplicand,  1512  1094 

Omitting  the  ciphers  on  the  right  of  the 


factors,  I  multiply  the  remaining  part  of  the       1  "^  0,6  4  0,0  0  0       1  5,3  1  6,0  0  0 
multiplicand  by  the  remaining  part  of  the  mul- 
tiplier, and  to  the  sum  of  the  partial  products  thus  obtainedl  annex  the  ciphers  oinitted. 
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.PbobLSMS. 

29 

30 

31 

92 

Multiply    61,908 
by           57 

95,674 
6,378 

60,899 
85,068 

6,8  7  5 
7,9  00 

33 

34 

M 

36 

860,297 

3  6,5  00,000 

90,710 
4,600 

7,880,000 
6,090,000 

5  8,3  7  0 
698000 

Multiply 


47*  $500,505  by  6,825. 

48.  (10,000.625  by  97. 

49.  3.21378  by  84,000. 

50.  .1586804  by  707. 

51.  $35,693.01  by  536. . 

52.  $110,378.25  by  960. 


37 '40.  Multiply  7,083  by  75,000;  31,507  by  29,700;  698  by  50,008; 
90,736  by  70,708. 

(41.  9,360.5  by  739. 

42.  30.875  by  1,903. 

43.  .368752  by  37,000. 

44.  .000378  by  9,999. 

45.  $198.75  by  6,400. 
^46.  %  .375  by  358,000. 

53.  What  is  the  product  of  17,360  x  540,000  x  7,000? 

54.  Find  the  product  of  1,030,600  x  17,000,580. 

55.  Multiply  219,000,000  by  714,000. 

50.  Multiply  608,900,300  by  100  times  4,087,090. 

57.  Find  the  product  of  5,090  x  60,600  multiplied  by  299,000  x  890,700. 

58.  Multiply  ninety-three  quintillion  eight  hundred  Beventy-five  quad- 
rillion five  million  by  seven  hundred  thirty-four  decillion. 

Casb  IV.  To  multiply  by  decimal  units. 

248.  This  process  is  based  on  Axiom,  and  Principles  ni|  V,  Art.  244. 

Illustrative  Examples. 
Ex.  1.  Ex.  2.  Ex.  3.  Ex.  4.  Ex.  5.  Ex.  6. 

2  4.6  .5761  $.325 


246 
.3 


246 
4.3 


4.3 


.3 


.0004 
.002 


.40088 


$  .0975 


$  .0000008 


7  3.8  1,0  5  7.8         10  6.7  8 

•         «  .    .      ,  .     - 

ExPLAKATioN.— I  write  the  numbers  and  multiply  a»  in  iutegers,  and  point  off  as 
many  figures  for  decimals  in  the  product  as  there  are  decimal  places  in  boUi  factors. 

When  the  number  of  places  in  the  result  is  less  than  the  number  of  decimal  places 
in  both  factors,  t  prefix  decimal  ciphers. 
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Pboblems. 
f^9  eO  61  62  63  64 

7  4.6  8  7           8  7  2,306          $75.75          t  .2  5  $.625  $.10635 

4  2.3  4  5  .842  009  1.8  7  5  2^  .5  9  6  9.0  9 

66  66  67 

Multiply     73  times  2.904  2,094,007  .  953.3  times  .0826 

by    .67  36.15  times  734  4.00005  times  28.509 

68m  How  much  will  240.5  bu.  of  oats  cost,  at  $  .37^  per  bushel  ? 

69.  Multiply  three  and  six  hundred  ninety-nine  millionths  by  fiye  aa4 
seventy-six  hundred-thousandths. 

70.  What  is  the  product  of  the  factors  27.3,  9.08,  7.065,  and  13.0091  ? 

71*  709  thousand  multiplied  by  36098  millionths  =  what  number  ? 

72.  What  is  the  cost  of  1,000  barrels  of  petroleum,  at  $1.08|  per  barrel  ? 

73m  If  2.625  bushels  of  wheat  will  seed  one  acre  of  land,  how  many 
bushels  will  seed  217.16  acres? 

74.  I  bought  17.5  yd.  of  silk  at  $2.25  per  yd.,  2.75  yd.  of  velvet  at 
$3.87^  per  yd.,  14.375  yd.  of  cashmere  at  $  .42  per  yd.,  and  11.625  yd.  of 
satin  at  $1.62^  per  yd.    What  was  the  total  cost? 

75.  What  is  the  product  of  .00075  x  .0000909  ? 

249*  Pboposition  II. — Prove  that  decimal  ciphers  must  be  prefixed 
to  the  producty  tohen  the  number  offigwree  in  the  product  is  leae  than  the 
number  of  decimal  figures  in  the  factors. 


II.    MULTIPLICATION  OF  NUMBERS  IN  VARYING  SCALES. 

2S0.  The  processes  in  this  case  are  based  on  the  Axiom,  and  Prin- 
ciple II,  Art  244. 

Ex.  Multiply  2  da.  9  h.  15  min.  35  Pbocbsb. 

sec.  by  9. 

'  S  da:    9  h  15  min.  S5  sec. 

ExFLAHATiOH.— I  write  the  factors— the  g 

multiplier  under  the  lowest  deDomination  of         

the  multiplicand.  id  1  da,  J  2  h.  BO  min.  16  sec. 
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I  multiply,  successiyely,  the  units  of  each  denomlnatiou,  and  reduce  each  product 
to  units  of  the  next  higher  denomination.  I  write  the  excess  in  each  product  as 
units  of  the  denomination  multiplied,  and  add  the  units  of  the  higher  denomination 
obtained  by  this  reduction,  to  the  product  in  that  higher  denomination. 


Pboblems. 

76 

77 

78 

7  en.  yd.  13  cu.  ft  1,309  en.  in. 

8 

3  lb.  23  gr. 
5 

39  T.  17  cwt  90  lb. 

7 

79 

80 

81 

15  mi.  48  rd.  2^  ft.                   19  A. 
56 

15  P.  327  sq.  1. 
109 

£45  10s.  4id. 
200 

Multiply 


82.  15  bu.  3  pk.  2  qt  by  26. 

83.  12  mi.  218  rd.  5  yd.  5.5  in.  by  19. 

84.  3  gal.  1  qt.  3  gi.  by  75. 


85.  8  lb.  5  oz.  13  pwt  18  gr.  by  224. 

86.  19  cwt  2  qr.  5  lb.  by  290. 
87*  150  A.  29  sq.  rd.  15  sq.  yd.  by  3.7. 

88.  Find  the  product  of  13  cu.  yd.  9  cu.  ft.  27  cu.  in.  multiplied  by  8. 

89.  Find  the  product  of  £205  3.25s.  multiplied  by  84. 

90.  Find  the  product  of  />$  9  /3  4  m  20  multiplied  by  312. 

91.  If  a  teamster  can  draw  1  T.  875  lb.  of  hay  at  a  load,  how  much 
can  he  draw  in  10  loads  ? 

92.  How  many  bushels  are  there  in  25  sacks  of  potatoes,  each  sack 
containing  3  bn.  .5  pk.  ? 

93.  A  silversmith  used  1  oz.  13  pwt.  9  gr.  of  silver^  and  7  pwt.  5  gr. 
of  gold  for  each  of  two  dozen  napkin-rings.  How  much  of  each  kind  of 
metal  did  he  use  ? 

94.  How  much  will  19  T.  12  cwt.  75  lb.  of  hay  cost,  at  $11.50  per  ton  ? 

95.  16  cd.  36  cu.  ft.  of  wood  costs  how  much,  at  $1.75  per  cord? 

96.  31  gal.  1  qt.  2  gi.  of  molasses  costs  how  much,  at  1 .42  per  gal.  ? 

97.  Multiply  17  rm.  18  sheets  by  a 

98.  Find  the  product  of  14  yr.  3  mo.  17  h.  38  sec.  multiplied  by  100. 

99.  Multiply  13  grt.  gr.  7  gr.  8  doz.  by  1,000. 


[121] 


m.    MULTIPLICATION   OF   FRACTIONS. 

The  processes  in  this  subject  are  based  on  the  Axiom,  and  Principles 
II,  4,  and  IV,  1,  Art.  244. 

Casb  I.  To  multiply  a  fraction  by  an  integer. 


Ex.4. 


2S1»  Illustratiyb  Examples. 
Ex.  2.  Ex.  3. 

How  is  the  maltiplication  performed 


Ex.  1. 


183| 


13.  In  example  3  ?    Why  ? 
H.  In  example  4  ?    Why ! 


11.  In  example  1 1    Why  ? 

12.  In  example  2  ?    Why ! 

In  multiplying  a  fraction  by  an  integer 

15.  When  may  the  denominator  be  divided  ?    Why ! 

16.  When  mast  the  numerator  be  multiplied !    Why  ? 


Multiply 

100.  fj  by  8. 

101.  II  by  65. 

102.  Ill  by  168. 


Pboblems. 
Find  the  product 

103.  Of  413  X  fj. 

104.  Of  916  X  H. 

105.  Of  60  X  VVW- 


How  much  is 

106.  15  times  II  ba.! 

107.  108  times  III  A.? 

108.  907  times  H  mi. ! 


Case  II.  To  multiply  an  integer  by  a  firaction. 


Akalttical  Process. 
16-^13=i{i 
Hx      7=^  =  8:/^ 


252.  Ex.  1.  Multiply  16  by  ^f^. 

Analysis.— To  multiply  by  a  fraction  is  to  find 
such  a  part  of  the  multiplicand  as  the  multiplier  is 
part  of  1  (Art  242). 

Since  •A  is  ^  of  1»  to  multiply  16  by  ^  is  to  find  ^  of  16. 

Diyidlng  16  by  13  I  obtain  ||>  or  ^  of  16 ;  and  multiplying  U  by  7  I  obtahi  8^, 
or  ^  of  16,  the  required  product. 
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SbGOKD  PROCEflS. 

16x  7  =  112 
112^18=  <j^  =  8fy 


The  work  is  commonly  written  as  shown  in  the 
Common  Pbocess. 


17.  Wherein  does  the  second  process  differ  from  the  first  F 

18.  Analyze  the  second  process. 

Ex.  2.  Multiply  fj  by  76.  Ex.  3.  Multiply  76  by  |f. 

19.  Finding  the  product  of  a  fraction  by  an  integer  consists  of  the 
multiplication  of  what  number  ?    Or  of  a  division  of  what  number  ? 

20.  Wherein  does  the  process  of  multiplying  a  fraction  differ  from 
that  of  multiplying  by  a  fraction  ? 

21.  When  is 'the  process  shortened  by  performing  the  division  first? 


Multiply 

109.  17  by  Vt. 

110.  104  by  ff-. 

111.  609  by  TrtW. 

112.  913  by  Hi. 


Pboblems. 
How  much  is 

113.  ^X2li 

114.  ^  X  6,000? 

115.  H  X  68  lb.  ? 

116.  1^  X  31  mi.  ? 


117.  J  X  196  da.  =  ? 

118.  H  X  1,866  ft  =  ? 

119.  ^  X  103  rd.  =  ? 

120.  110  xHh.  =  « 


Case  III.  To  multiply  a  fraction  by  a  fraction. 

2S3.  Ex.  1.  Multiply  |  by  •}•  Analytical  Process. 

Analysis.— Since  |  is  |  of  1,  to  multiply  |  by  |  is  to  fiud  f  -f-  <9  =  ;^ 

}  of  f  or  7  times  i  of  f .  ^  ^  ^  _  j^ 

A  fraction  is  divided  by  dividing  its  numerator  or  multi- 
plying its  denominator  (Art  244,  Principle  IV,  2).  Common  Pbocess. 

Dividing  f  by  8  I  obtain  Vv>  or  }  of  | ;  and  multiplying 
A  by  7  I  obtain  ft,  or  J  of  |,  the  required  product 

Ex.  2.  Multiply  H  by  ^. 

Since  the  numerators  and  denominators  have  common  fac- 
tors, I  cancel  all  these  common  factors,  and  find  the  product  of 
the  remaining  factors  of  each  term  for  the  required  numerator 
and  denominator,  respectively. 


f  xj  =  « 


«x»  =  A 


MULTIPLICATION  OF  FRACTIONS, 
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Ex.  8.  Multiply  38f  by  '^f 

Reduce  mixed  numbers  to  improper 
fractions. 

For  remainder  of  analysis  see  £z.  1. 

The  product  of  two  mixed  numbers 
equals  the  product  of  their  integral  parts 
plus  the  products  of  the  integral  part  of 
each  factor  by  the  fraction  of  the  other  fac- 
tor, plus  the  product  of  the  fractional  parts. 


SSix  7f  =  H 


FiBST  Pbocbss. 
5<9^  X  7J  =  A^  X  y  =  28 Hi 

SscoND  Pbocbss. 

^S8x  7=z266 
38x}=     15i^ 
7  X  *  =       Si 

*xf  = A 

28jHi 
What  terms  of  the  given  fractions  are  used  as  factors  to  obtain 

£fS.  The  numerator  of  the  product  ? 

£S,  The  denominator  of  the  product  ? 

f^i.  Then,  how  is  a  fraction  multiplied  by  a  fraction  ? 

£5.  Under  what  conditions  may  cancellation  be  applied  to  multiplica- 
tion of  fractions? 

£6.  When  either  factor  is  a  mixed  number,  what  preparatory  step  is 
necessary  ? 

$7.  When  both  factors  are  mixed  numbers,  in  what  two  ways  may 
the  product  be  found? 

Problems. 
Find  the  product  in  each  of  the  following  problems : 


121.  m  X  w 

194.  tVA  X  M^ 


■*»«.  ^ftV  X  tMt  X  i 

126.  4  X  i  X  W  X  H 

127.  tV  X  5i  X  t  X  7 

128.  ^,^  X  I77i  X  H 


129.  i  of  ii  X  if 

130.  Ttr  X  A  of  1,664 

131.  i  of  7  X  107  J 

132.  i  of  i  X  I  of  60 


133.  14fxl8i  I  134.  48fxl2}  |  13S.  117^X921  [  Idtf.  107^x88^ 

137.  How  much  is  |  x  f|  o^  li  X  1,000? 

138.  Find  the  product  of  if  x  9  multiplied  by  4^  x  19. 

139.  How  much  is  |  times  f  multiplied  by  2^  x  8^? 
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140.  What  is  the  value  of  )  of  27  barrels  of  flour,  at  |  of  |12f  per  barrel  ? 
141m  How  many  acres  are  }  o{  ^  oi  -f^  o{  160  A.  P 

2S4»  Bulbs  fob  Multipucation. 

I.  Numbers  in  the  decimal  scale  :— 

JBeginning  with  t?ie  lowest  order  of  units  in  both  factors^  multiply y  sue- 
cessivelt/y  the  units  of  each  order  in  the  multiplicand  by  the  units  of  each 
order  of  the  multiplier;  torite  the  ones  of  each  result  in  the  producty  and 
add  the  tens  to  tfie  next  result;  place  the  right-hand  figure  of  each  partial 
product  under  the  figure  of  the  multiplier  used  to  obtain  it;  add  the  par- 
tial products;  and  point  of  as  many  places  for  decimals  in  the  final 
product  as  there  are  decimal  places  in  the  factors, 

II.  Numbers  in  ▼axying  scales: — 

Multiply,  successively,  the  given  units  of  each  denominatiofiyfrom  lotoest 
to  highest,  and  reduce  each  product  to  units  of  the  next  higher  denomina- 
tion, writing  the  excess  in  each  product  as  units  of  the  denomination  mul- 
tiplied, and  adding  the  units  of  the  higher  denomination  obtained  by  this 
reduction  to  the  product  in  that  denomination. 

in.  Fractions:— 

Heduce  mixed  numbers  to  improper  fractions  and  integers  to  the  form 
of  fractions;  multiply  all  the  numerators  together  for  the  numerator,  and 
all  the  denominators  together  for  the  denominator,  of  the  product. 

Pboofs.— rA«  products  of  the  factors  used  in  reverse  orders  should  be  the  same. 

Or 
The  quotiejU  of  the  product  divided  by  either  factor  should  equal  the  other  factor. 

(See  Supplenent,  pp.  416, 418.) 
Pboblbms. 

142.  Multiply  7  decillion  107  quadrillion  327  trillion  9  by  108  million 
14  thousand  20. 

Find  the  product 

143.  Of  f  of  f  of  VV  of  H  of  360  and  iV  of  fH  of  1,000. 

144.  Of  .000376  and  5.103005. 
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Find  the  product 

14Ji.  Of  sixty-eight  hundred-thousandths  and  one  hundred  seventy- 
five  ten-millionths. 

146.  Of  17**  zr  62"  multiplied  by  48. 

147»  Of  93  and  713  hundred-millionths  multiplied  by  1,738  ten-thou- 
sandths. 

148.  If  a  railroad  train  runs  at  the  rate  of  38  ml  20  rd.  per  hour,  how 
many  miles  will  it  run  in  2^  days  ? 

149*  G  paid  $1,367^  for  a  farm,  and  sold  it  for  \^  of  the  cost.  For 
how  much  did  he  sell  it? 

150.  If  a  man  plant  f  of  an  acre  of  com  in  1  day,  how  many  acres 
will  7  men  plant  in  3^  days  ? 

151m  If  a  druggist's  average  daily  sales  of  laudanum  are  S  7  3  6  9  1 
gr.  13,  how  much  will  he  sell  in  23  days  ? 

152.  Iti  cultivating  cotton  a  laborer  ploughs  one  bout  to  each  row  of 
plants.  How  many  miles  does  he  plough  in  cultivating  a  field  of  76 
rows,  each  row  being  1  mi.  136  rd.  16  ft.  long? 

153m  Find  the  cost  of  one  dozen  silver  table-knives,  each  weighing 
1  oz.  17  pwt.  23  gr.,  at  1 .62^  per  oz. 

What  is  that  number  the  factors  of  which  are 

154.  607,  638,  96,  and  1,007!      |      155.  3.00876,  .6,  .6483,  and  14? 

155.  How  much  must  be  paid  for  the  rent  of  a  store  2f  years  at  162^ 
per  month  ? 

157.  .0001073686  by  10,000,000. 

158.  9  million  13  by  6  hundred  and  396  ten-millionths. 
^  159.  18  da.  19  h.  17  min.  38  sec.  by  14^. 

\iei.  Of  3|  X  H  X  7  X  Hi  X  in  X  loo. 

162.  The  factors  of  a  number  are  three  ten -thousandths,  nine  and 
seven  hundredths,  five  and  one  tenth,  and  nine  hundred  eight  hundred- 
thousandths.    What  is  the  number  ? 


Multiply  -« 
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163.  A  chemist  bought  18  lb.  3^  oz.  of  chemicals  at  $9.3?^  per  lb. 
How  much  did  they  cost  him  ? 

164.  If  an  oil  well  flows  2  bar.  28  gal.  2^  qt.  per  minute,  how  much 
will  it  flow  in  7  da.  5  h.  30  min.  P 

165.  Find  the  cost  of  13  T.  19  cwt.  67  lb.  of  hay  at  $10.50  per  T. 

166.  I  bought  50  pounds  of  sugar  at  6^^,  and  )  as  much  coffee  at  4 
times  the  price  I  paid  for  the  sugar.    What  did  I  pay  for  the  coffee  ? 

167.  A  field  of  5|^  acres  of  potatoes  yielded  148  bushels  per  acre. 
What  was  the  total  yield  P 


lY.   SHORT  METHODS. 
Case  I.  The  multiplier  a  composite  number. 

2SS.  Ex.  Multiply  2,589  by  35.  5x7  =  35 

7  times  6  times  a  number  is  85  times  the  number. 

Pboblshs, 
Write  a  different  multiplicand  for  each,  and  multiply 


2,689 
5 

12,946 
7 

90,616 


168.  By    36  (  =  6  X  6) 

169.  By    48  (  =  6  X  8) 

170.  By    63  (  =  7  X  9) 

171.  By  648  (=  8  X  9  X  9) 


172.  By  125 

173.  By    54 

174.  By    88 

175.  By    49 


176.  By    72 

177.  By  168 

178.  By  280 

179.  By  729 


Oasb  II.  The  multiplier  11. 

256.  Ex.  1.  Multiply  25  by  11. 

COMFXJTATIONS. 

Ex.  1.  Write  6;  (5  +  2  =  7)  write  7;  write  2. 

Ex.2.  Write4;  (4+8  =  12)write2;  (li-8  +  5  =  14) 
write  4;  (1  +  5  +  8  =  9)  write  9;  (8  +  1=4)  write  4; 
write  1. 


Ex.  2.  Multiply  13,584  by  11. 


(X) 

26 

11 


(2) 
13,684 
11 


276         H9,42i 


MULUPLIOATIOK'^BnOBT  METH0D8. 
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Cask  III.  The  multiplier  containiiifir  only  two  orders  of  units 
expressed  by  digits,  either  digit  being  1. 


257.    Ex.1. 

2,lS5x21 
4S70 
44y8S5 


Ex.  2. 

1,764x701 
12278 

1,229,554 


Ex.  3. 


Ex.4. 


6,249x12      31,626x107 
12498  221376 


74y988 


3,383,8  76 


Pboblems. 


Write  a  different  multiplicand  for  each,  and  multiply 


180.  By    19. 

181.  By  106. 


182.  By  1004. 

183.  By  4001. 


184.  By    81. 

185.  By  601. 


186.  By    11. 

187.  By  107. 


Cass  IV.  One  part  of  the  moltiplier  a  flictor  of  another  part. 


258.  Ex.  1. 

619 
84 


s\4 


20  7  6  (X2) 

4162       (prodoct  by  8  teoi) 
43,69  6 


Ex.  2.  Multiply  807  by  785. 

PB0CE8& 

807 

736      7\36 

66 49  (prodnct  bj  7  hoadradi) 

28246   (product  bj  36  ones) 

693,146 


Ex.  3.  Multiply  21,584  by  6,815.     |     Ex.  4.  Multiply  24,217  by  54,618. 
4  Pbocebbes.  m 


21,634 

6,316  6\3\1'6 

64602  {^\)  (product  bj  a  hundradB) 

129204  (product  bj «  thou.) 

323010  (prodaet  bj  15  ones) 

136,987,210 


24,217 

64,618      64\6\18 

146202iXZj  (prod,  by  6  hmid.) 

436606(X9i    (product by  18 ones) 
1206818  (prod,  by  64  thoot.) 


1,^21,7  73,806 

Pboblems. 
Write  a  different  multiplicand  for  each,  and  multiply 


188.  By  427. 

189.  By  742. 

190.  By  639. 


191.  By  8,412. 

192.  By  9,684. 

193.  By  1,188. 


194.  By  84,426. 

195.  By  96,432. 

196.  By  144,848. 


197.  By  68,009. 

198.  By  54,060. 

199.  By  808,216. 
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Cass  V.  The  multiplier  expressed  by  any  nmnber  of  O's. 


2S9.  Ex.  1.  Multiply  V56  by  9. 

Ex.  2.  Multiply  3,862  by  99. 
Ex.  8.  Multiply  487  by  999. 

Computations. 

Ex.1.  756x10-756x1=756x9  1 

Ex.  2.  8,852  X  100-8,852  x  1  =  8,852  x  99  7fi60 

Ex.3.  487x1,000-487x1  =  487x999  ^^^ 


10  —  1  =      9 

100  —  1=    99 

1000  —  1  =  999 

Pbocbsses. 

2  3 


386,200 
8,852 


i87fi00 
487 


,      ^  ^         6,804        381,848        486,513 

This  method  may  also  be  used 

where  the  multiplier  euds  with  any  number  of  9*8. 


Ex.  4.  Multiply  4,137  by  5,999. 
6,999  =  6,000  —  1 

Computation. 
4,187  X  6000  -  4,187  x  1 

Pboblems. 


Pbocbss. 

4,187 

6,000 

24,822,000 
4,187 

24,817,863 


Write  different  multiplicands,  each  expressed  by  three  or  more  fig- 
ures, and  multiply 


200.  By     999. 

201.  By  9,999. 


202.  By  8,999. 

203.  By     699. 


204.  By     249. 

205.  By  3,299. 


206.  By  40.99. 
207*  By  70,099. 


Casb  YL  The  multiplier  an  aliquot  part. 

260.  An  iUiquot  part  of  a  number  is  one  of  the  equal  parts  of  the 
number. 

The  unit  of  an  aliquot  part  is  the  number  divided  to  obtain  the  part 
60,  88^,  26,  20,  etc.,  are  aliquot  parts  of  100;  and 
100  is  the  unit  of  each  of  these  aliquot  parts. 


Name  6  aliquot  parts  and  the  unit  of  each 


28.  Of    12. 

29.  Of   40. 

30.  Of  300. 


31.  Of  1  yard. 

32.  Of  1  pound. 

33.  Of  1  day. 


34.  Of  1  bushel. 

35.  Of  1  mile. 

36.  Of  £1. 


37.  Of  $1. 

38.  Of  1  gross. 

39.  Of  1  abiUiDg. 
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261.  Complete  the  following 


Table  op  Aliquot  Parts. 


Aliquot  parts  of 

1 

10 
5 

100 
50 

1000 

ITon 
or 

aoooib. 

1ft 

or 

12  in. 

lib. 

or 

16  oz. 

1  doz. 
or 
12 

1yd. 

lA. 

One  half  is 
One  third  is 
One  fourth  is 
One  fifth  is 
One  sixth  is 
One  eighth  is 
One  tenth  is 
One  twelfth  is 
One  sixteenth  is 

500 

10001b. 

6  in. 

8  oz. 

6 

iyd. 

dOsq.rd 

a.  In  prices  in  retail  business,  8tbs,  16tbs,  and  82ds  of  1  cent  are  seldom  used ; 
but  in  wholesale  transactions  not  only  Sths,  16ths,  and  82ds,  but  also  64th8 
of  1  cent  are  extensively  used. 

6.  A  difference  of  ^  a  pound  makes  a  difference  of  $81.25  in  the  cost  of 
100,000  pounds  of  cotton.    Or, 

A  difference  of  -M  P^'  barrel  makes  a  difference  of  989.06^  on  250,000  barrels 
of  petroleum. 

262.  Since  25  is  ^  of  100,  25  times  any  number  is  }  of  100  times  the 
same  number.     Hence, 

To  multiply  by  25,  annex  two  ciphers  to  the  mvUiplicand  and  divide 
the  result  by  4, 

In  similar  manner,  deduce  a  short  method  for  multiplying 


1.  By  5,  60,  or  600. 
fd.  By  8|,  38^,  or  338f 


3.  By  2^  or  250. 

4,  By  2,  20,  or  200. 


5.  By  IJ,  12^,  or  125. 

6.  By  If,  16|,  or  166f. 


7.  By  any  aliquot  part  of  a  higher  unit 

263.  15  is  }  of  100,  and  15  times  any  number  is  3  times  J  of  100 
times  the  same  number.     Hence, 

To  multiply  by  75,  multiply  f  of  100  times  the  multiplicand  by  3. 

I 
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In  similar  manner  deduce  a  short  rale  for  multiplying 


i.  By  62f 
2.  By  375. 


3.  By  876. 

4.  By  6.25. 


5.  By  66 1. 

6.  By  83f 


7.  By  18f 

8.  By  57|. 


1 
470 

^ 

236 
HIO 


Processes. 


The  principle  upon  which  this  method  is  based  may  be  used  when  the 
right-hand  figure  or  figures  of  the  multiplier  express  an  aliquot  part  of 
some  higher  unit. 

Ex.  1.  47  X  85.         Ex.  2.  3,428  X  3,125. 

Computations. 
Ex.  1.  Ex.  2. 

85  =  8ixl0  8,125  =  8i  X  1000 

8i  X  10  X  47  3i  X  1000  x  8,428 


3,428fi00 

s± 

428600 
10284000 


lfi45  10,712,600 


Pboblems. 


For  each  of  the  following  multipliers  write  a  different  multiplicand 
of  not  less  than  three  figures,  and  multiply 


208.  By  225. 

209.  By  375. 


210.  By  2,025. 

211.  By  5,875. 


212.  By  43  3f 

213.  By  1,01 6|. 


214.  By  l,242f 

215.  By  3,625. 


Case  YII.  To  find  a  product  correct  to  any  required  decimal 
place. 

264.  Ex.  1.  What  is  the  product,  correct  to  thousandths,  of  34.86754 
multiplied  by  27.3067  ? 

EXFLAJ7ATI0N. — I  fifst  wFite  tho  muUii^ier  under  the  multipli- 
cand, in  such  order  that  each  figure  of  the  multiplicand  multiplied 
by  the  figure  of  the'  multiplier  directly  under  it  will  produce  thou- 
dandths, 

I  then  multiply,  by  each  digit  of  the  multiplier,  that  part  of  the 
multiplicand  to  the  left  of  and  including  the  figure  directly  oyer  the 
digit  used,  carrying  in  each  instance,  from  the  figure  or  figures  to 
the  right  in  the  multiplicand,  the  nearest  integral  number  of  units 
of  the  order  expressed  by  the  figure  of  the  multiplicand  directly 
over  the  figure  of  the  multiplier  used. 

In  carrying  from  rejected  figures  on  the  right, 

Add  1  for  products  from  6  to  14  inclusive ; 

Add  2  for  products  from  15  to  24  inclusive ; 

Add  8  from  25  to  84;  4  from  85  to  44;  etc.    Why  ? 


Process. 

34^86764 
760372 

697341 
244073 

10460 

209 

^4 

962.1071 
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Ex.  2.  Multiply  866.0764  by  .4786  correct  to  three  decimal  places. 
Ex.  3.  Multiply  .86769  by  .048732  correct  to  four  decimal  places. 
Ex.  4.  Multiply  8,706.2  by  276.86451  correct  to  two  decimal  places. 

Processes. 
Z  3  4 

866.0764.  .86769  8,706.2000 

687  Jf  2S78iO  16^68672 

S46030  S47  17il2i000 

60666  69  6O9434OO 

6920                         6  4363100 

433  ,0^22  696496 

413.938  62237 

^  A8  S 
From  an  examination  of  the  preceding  exam-  "* 

pies  and  the  processes  employed,  show  g 

1.  That  when  the  multiplier  is  in  the  order        2 10 17 3 168 
required,  the  figures  are  in  reversed  order. 

2.  That  when  the  multiplier  is  in  the  order  required,  the  figure  in  the 
ones  place  will  stand  under  the  order  of  units  in  the  multiplicand  that  cor- 
responds,— ^by  the  terms  of  the  problem, — ^to  the  final  order  of  the  product. 

3.  That  the  several  partial  products  are  parts  of  the  products  obtained 

from  the  same  example  in  ordinary  multiplication,  but  that  they  are  in 

reverse  order. 

„.    ,    ,  _  Pboblems. 

Find  the  product 

216.  Of  48.176  by  32.046  correct  to  the  4th  decimal  place. 

217 •  Of  317.9542  by  .01752  correct  to  the  3d  decimal  place. 

218.  Of  8450.1  by  10.7231  correct  to  the  2d  decimal  place. 

219.  Of  .052346  by  .043251  correct  to  the  6th  decimal  place. 

220.  Of  1968.42  by  1.62816  correct  to  the  2d  decimal  place. 

Retaining  only  3  decimal  places  in  the  product,  multiply 


221.  876.945  by  24.122. 

222.  921.00476  by  8.9766. 

223.  71.08064  by  .009271. 


224.  .781305  by  .2367126. 
22s.  .09543  by  .08547. 
22e.  10.0046  by  10.7325. 


(For  other  Short  Methods,  see  Sappleaent,  page  897.) 
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SECTION  ir. 

DIVISION. 

26S»  Division  is  the  process  of  separating  a  number  into  equal 
parts;  or. 

It  is  the  process  of  comparing  two  like  numbers,  by  measuring  one  of 
them  by  the  other. 

The  first  defioition  given  above  is  general,  and  includes  all  possible  arithmetical 
applications  of  the  process.  The  second  definition  is  tpeeuU,  and  is  limited  to 
computatioDs  in  which  the  nnmbers  to  be  compared  have  like  units. 

(See  Sippleiieiit,  page  408.) 

a.  The  dividend  is  the  number  to  be  divided. 

b.  The  divisor  is  the  number  by  which  the  dividend  is  to  be  divided. 

e.  The  quotient  is  the  number  obtained  by  division. 

dm  Long  division  is  the  method  in  which  the  result  of  each  step  of  the 
process  is  written. 

e.  Short  division  is  the  method  in  which  only  the  final  result  is  written. 

/•  A  partial  dividend  is  the  part  of  the  dividend  used  to  obtain  the  units 
of  any  order  or  denomination  in  the  quotient,  when  the  quotient  expresses 
units  of  different  orders  or  denominations. 

g.  Division  is  eon^ptete  and  ex€tct,  when  all  the  dividend  is  divided  and  the 
quotient  is  an  integer  (143), 

hm  A  remainder  is  that  part  of  the  dividend  left  undivided  at  any  stage  of 
the  process  before  the  division  is  completed. 

i.  The  reciprocal  of  a  number  is  1  divided  by  the  number. 

J.  A  fraction  is  inverted  by  interchanging  its  terms. 

Illustrate  the  application  of  the  terms  division,  dividend,  divisor, — 
when  the  divisor  is 

1.  An  integer.    |    2.  A  decimal.    |    S.  A  fraction. 

i.  A  mixed  decimal  number.    |    5.  A  mixed  fractional  number. 

What  are  the  relative  values  of  dividend  and  quotient 

6.  When  the  divisor  is  less  than  1  ? 

7.  When  the  divisor  is.l  ? 

8.  When  the  divisor  is  more  than  1  f 
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fi66»  PfiOPosinoNs. 
Prove  by  iUustrative  txamplea 
L  That  the  reciprocal  of  a  fraction  is  the  fraction  inverted. 

IL  TTuit  the  process  of  division  is  a  short  method  of  subtraction 

1st.  Only  when  the  dividend  and  divisor  are  like  numbers, 
2d.  Ofdy  when  the  dividend  is  greater  than  the  divisor, 

m.  27uU  iohen  the  divisor  is  more  than  ly  such  a  part  of  the  dividend 
is  to  be  obtained  as  1  is  part  of  the  divisor. 

TV,  That  when  the  divisor  is  less  than  i,  as  many  times  the  dividend 
are  to  be  obtained  as  1  is  times  the  divisor, 

V.  That  to  divide  by  any  number  is  to  perform  the  same  operation 
upon  the  dividend  as  must  be  performed  upon  the  divisor  to  obtain  1, 

VI.  That  dividing  by  any  number  is  the  same  in  effect  as  multiplying 
by  the  reciprocal  of  that  number. 

267m  Basis  fob  thb  Pbocesses  of  Division. 

1.  Axiom.  —  When  all  the  parts  of  a  number  are  divided^  the  entire 
number  is  divided. 

n.  Genebal  Pbinciplss. — 1.  W/ien  the  divisor  and  dividend  are  like 
numberSy  the  quotient  is  an  abstract  number, 

2.  When  the  divisor  is  an  abstract  numbery  the  dividend  and  quotient 
are  like  numbers, 

3.  When  the  divisor  is  a  denomifiate  number,  it  must  be  of  the  same 
denomination  as  the  dividend, 

4.  When  the  dividend  and  divisor  are  of  the  same  order  of  unitSy  the 
quotient  is  ones. 

5.  The  value  of  the  quotient  is  not  changed  by  dividing  tJie  divisor  and 
dividend  by  any  common  factor.     (See  Cancellation,  ISO.) 

6.  When  the  divisor  is  an  integery  any  quotient  figure  eapresses  units 
of  the  same  order  or  denomination  as  the  laet  figure  or  denomination  of 
the  dividend  used  to  obtain  it. 

7.  Any  partial  remainder  is  of  the  same  order  of  units,  or  of  the  same 
denomination^  as  the  kut  figure  or  last  denomination  of  the  dividend  used 
to  obtain  it. 
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III.  Pbinciples  of  Intsgxbs  and  Dscihals. — 1.  Pointing  off  one 
decimal  pUice  in  an  integer^  or  removing  the  decimal  point  one  place  to 
the  left  in  a  decimal  or  a  mixed  decimal  number^  divides  the  number  by  10. 

2.  Wlien  the  divisor  is  an  integer^  the  quotietU  has  the  same  number  of 
decimal  places  as  the  dividend. 

3.  There  must  be  as  many  decimal  places  in  the  quotient  as  the  number 
of  decimal  places  in  the  dividend  exceeds  the  number  in  the  divisor. 

IV.  Important  Fact. — When  the  dividend  is  less  than  the  divisor  the 
quotient  is  less  than  i,  and  may  be  expressed  by  either  a  proper  fraction 
or  a  decimal, 

V.  Principles  of  Fractions. — 27ie  principles^  244,  IV,  apply  also  to 
division  of /^actions. 

I.    DIVISION   OF   NUMBERS   IN   THE   DECIMAL  SCALE. 

Case  I.  To  divide  by  an  integrer  expressed  by  a  digrit  or  digits. 

268»  Illubtrativb  Examples. 

Ex.  1.                                  Ex.  2.                         Ex.  a  Ex.  4. 

32)3,668,432(113,076     16)872.366(58.167       6)12,719  6 )  138.28 

32                                         76                                       2,1 19|  27.666 

46  122         86  . 

36  120        76  ANALYSIS.—  Ex.  5. 


Since  in  each  of 


98  23      106        iijese    examples        8 )  69,726 
96  15      105        tlie  entire  divi-  7,466.76 
243                                                          dend    can    not 
224            readily  be  divided  at  one  time,  I  divide  all  its  parts  from  the 
292          highest  order  of  units  to  the  lowest  (267,  Axiom) ;  and 
292              Since  the  divisor  is  an  integer,  each  partial  quotient,  and  also 
each  partial  remainder,  is  of  the  same  order  of  units,  respec- 
tively, as  the  partial  dividend  used  to  obtain  it  (267,  II,  6,  7) ;  and 

Since  each  divisor  is  an  abstract  number,  the  unit  of  each  quotient  is  the  same  as 
the  unit  of  the  dividend  {267,  II,  2). 

Therefore,  I  divide  the  first  partial  dividend  and  place  the  result  as  units  of  the 
highest  order  in  the  quotient ;  I  then  multiply  the  divisor  by  this  quotient,  and  suli- 
tract  the  product  from  the  partial  dividend.  To  the  remainder  I  annex  the  units  ex- 
pressed by  the  next  figure  of  the  dividend,  and  divide  this  partial  dividend  as  before. 
I  proceed  in  tlie  same  manner  with  each  partial  dividend,  until  all  the  ports  of  the 
given  dividend  are  divided. 

In  examples  1,  2,  the  process  is  long  divisum;  and 
In  examples  8,  4,  6,  the  pnicess  is  short  division. 


DIViaiOK—NUMBERa  IN  THE  DECIMAL  SCALE.  135 

9.  In  the  process  of  division  what  steps  are  taken,  and  in  what  order  ? 
10,  Give  the  reason  for  each  step. 

IL  What  is  obtained  bj  multiplying  the  divisor  by  a  quotient  figure  ? 
12.  What  numbers  are  trial  partial  dividends  ? 

15.  What  numbers  are  true  partial  dividends  ? 

H.  When  there  is  a  remainder  after  the  last  trial  dividend  has  been 
divided,  how  is  the  division  completed  ? 

16.  In  example  1,  what  part  of  the  quotient  would  be  affected  by 

omittinfi^  the  0,  and  why  ?         ^ 

Problems. 

jr.    75)  785,625  (  2.    16  )  6,304.8  (  3.    9  )  43.9275 

.      .639056                        ^     23.00625                         ^     16,098,600 
«•    o»    o. 

8  25  1,685 

7.    293,654  -^  6  8.    9.327562  -f-  775  9.    100.009  -h  87 


.Si 

o 


^10.   5,340,780  by  5. 

11.  78,315,246  by  78. 

12.  15,436.7  by  29. 


16.  158.329  by  897. 

17.  .0003865  by  12a 

18.  .22032  by  54. 


13.  91.72008  by  22,534. 

14.  63,375,125  by  375. 

15.  .4697255  by  1,362. 

Case  II.  To  divide  by  a  number  that  expresses  a  unit  or  units 
of  any  order  or  orders  higher  than  ones. 

209.  Illustbative  Exahfles. 
Ex.  6.  £z.  7.  Ex.  8.  Ex.  9. 

1|0  )  8,20|0  7|0)13[6.29  8|00  )  5|28  300  \     2.6358 

1.947  .6725  3[00/ .026358 

Ex.  10.  Ex.  11. 

3,6|00  )  97,8|48  (  27.18       275,|000  )  2,|925.75  ( .01063^ 
72  275 

268    64  1757   1075 

252    36  1650    825 


.008786 


288  250  -5-  275  =  II 

288 

16.  Show  that  the  location  of  the  vertical  line  used  to  cut  off  figures 
from  the  right  of  the  integer  of  the  dividend,  in  the  illustrative  examples, 
corresponds  to  the  place  for  the  decimal  point  of  the  quotient. 

17.  In  each  of  the  examples  7,  8,  10,  what  part  of  the  given  dividend 
is  used  to  obtain  the  tenths  of  the  quotient  P 
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18,  In  examples  8,  9,  11,  why  are  there  no  integetB  in  the  quotients? 

19,  What  peculiarity  is  shown  in  the  process  in  examples  9,  11  ? 
W.  When  is  this  preparatory  step  necessary  ? 

21,  Explain  the  process  in  each  of  these  six  examples. 

Case  III.  To  diyide  by  a  decimal  or  by  a  mixed  decimal  nnmbei 


Ex.  12. 

.7)9.8 

14 

Ex.  13. 

.6).9|72 
1.62 


270*  Illustrative  Examples. 
Ex.  14.  Ex.  15. 

.2  8 )21 

.28)21.00(76 
196 

140 
140 


Ex.  16. 

2.6  6  )  7.2  9  6  (  2.8  6     155  g  )  .9000  ( .0057|| 


2176 
2048 

1280 
1280 

•  w^v 

11600 
10976 

624^1668=f 

Analysis— In  solving  each  of  these  examples,  to  obtain  the  integral  part  of  th 
quotient  there  must  be  as  many  decimal  places  in  the  dividend  as  there  are  in  th 
divisor  (2G79  H,  4) ;  and  to  obtain  the  decimal  part  of  the  quotient,  there  most  b 
as  many  decimal  places  in  the  quotient  as  the  number  of  decimal  places  in  the  divi 
dend  exceeds  the  number  in  the  divisor  (^07^  HI,  8).  Therefore,  I  first  annex  dec 
mal  ciphers  to  the  dividend  when  necessary,  and  divide  as  in  integers,  placing  th 
decimal  point  in  the  quotient  before  writing  the  first  decimal  figure. 

When  there  is  a  remainder  after  all  the  figures  expressing  the  dividend  have  bee 
used,  I  form  a  new  partial  dividend— by  annexing  a  decimal  cipher  to  the  remaindei 
— and  so  continue  the  division  to  any  required  degree  of  exactness. 

In  ordinary  computations,  the  quotient  will  be  suffi- 
ciently exact  when  carried  to  three  or  four  decimal 
places. 


Ex.  17. 

2.6  6  )  7.2  9  6  ( 


Examples  15  and  17  are  the  same.  The  latter  shows 
that  the  process  is  simplified  if  we 

OmU  the  decimal  point  from  (he  diviaor,  and  remove  the 
decimal  point  in  the  dividend  as  many  places  to  the  right  as 
the  original  divisor  contains  decimal  figures. 


2  5  6  )  7  2  9.6  (  2.8 
512 

2176 
2048 


1280 
1  280 


19.  .9  )  59,872 

20.  .25  )  3,702.5  ( 

21.  .0231 )  3.268058  ( 

22.  4.1 8). 0932  ( 

23.  .0075  )  .000565  ( 


Pboblbms. 

24.  3154)  4.1  ( 

25.  16  -^  .0825 

26.  .0875  -f-  240 

27.  .5  -T-  .000125 

28.  104,377  -^  .63926 


29.  58.58  roi.  -i-  89.89 

SO.  483.967  gal. -^158.3 

31.  17,326,950  bn.^  3.21 

32.  5.1365  ^  7,800  =  ? 

33.  51.365  -^  .0078  =  f 
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II.   DIVISION   OF   NUMBERS   IN   VARYINQ   SCALES. 


271.  Ex.  1.  Divide  187  rd. 

4  yd.  2  ft.  by  8. 

Pbocbss. 

8)187rd.iyd.2ft. 

2 3rd.  2 yd.  1ft.  Hi  in. 

Analyze  each  of  these  processes. 


Ex.  2.  Divide  27  da.  15  h.  40  min.  by 
4  da.  6  h. 

Pbocess. 

27  da.  15  h.  iO  min.  =z 3 9,8 20  min. 
4da.     6h.  =    6,120  min. 

39^20  min.  -^6,120  min.  =  6^^  times. 


Pboblems. 
34.    9  )  54  sq.  mi.  68  sq.  rd.  96  sq.  in.     ]     35.    7  )  82  gal.  1  qt  1  pt 


Divide 

36.  113  T,  7  cwt.  18  lb.  by  18. 
37«  258  biL  5  qt.  1  pt.  by  96. 

38.  68  A.  13^  sq.  yd.  by  147. 

39.  42  gal.  1  pt  by  2  gal.  1  qt. 

40.  27  cu.  yd.  18  cu.  ft.  by  5,4. 


Divide 

41.  7  rm.  8  qoires  by  7  quires. 

42.  196°  If  by  2°  31". 

43.  2  yr.  7  mo.  17  da.  by  3  wk.  18  h. 

44.  17  pwt.  1.5  gr.  by  19. 

45.  7  cd.  17  cu.  ft.  by  4.26  cd. 


III.    DIVISION   OF   FRACTIONS. 


Case  I.  To  divide  a  fraction  by  an  integer. 

272.  The  processes  in  this  case  are  based  on  267,  Axiom;  and  244,  IV. 

iLLnBTRATIVB  EXAMFLE& 

Ex.  1.  Ex.  2.  Ex.  3. 


H-6  =  JV 


«-M6  =  lJV 


«-M2=A 


Ex.  4. 

ll|-M3  =  J^-f- 13=11 

How  is  the  division  performed 

22.  In  example  1  ?    Why  ? 

23.  In  example  2  ?    Why  ? 


Ex.  5. 

24)  219*  (9^ 
216 

31^24  =  ^^-24  =  3^1 

24.  In  example  3  ?    Why  ? 

25.  In  example  4  ?    Why  ? 


26.  In  example  6  ?    Why  ? 
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27.  Show  that  fl  ^  4  =  II  X  J  =  i  of  H- 
In  dividing  a  fraction  by  an  integer 

28,  When  may  the  numerator  be  divided  ?    Why  ? 

29.  When  must  the  denominator  be  multiplied  ?    Why  ? 

pBOPOsmoN  Vll. — Prove  that  dividing  a  fraction  by  an  integer  is  the 
same  ae  multiplying  the  fraction  by  the  reciprocal  of  the  integer. 


46  47 

What  is  the  quotient 

«.  OfHf-^68^ 

52.  Of  39|f -f-16? 

53.  Of  7^x-^154? 


Problems. 

48 

24i-i.9 

«•   Of  ItfH -^  6,100  ? 
55.   Of  l,661|H-^8^^ 


49 

25||-^60 


50 

*^6 


60.  What  is  the  quotient  of  1,736,900^  •>-  2,734  ? 


^7.  Of  T^^  100? 
5«.   Of  8f  -1.  196  ? 
59.   Of  A  ^250? 


Analytical  Pbocess. 


Cass  II.  To  diyide  an  integer  by  a  firaction. 

273.  Ex.  1.  Divide  28  by  f 

Akaltbis.— To  divide  by  a  fraction  is  to  measure  the 
dividend  by  the  divisor. 

To  measure  one  number  by  another,  the  unit  of  the 
two  numbers  must  be  the  same  (265).    The  unit  of  28 

is  1,  and  the  unit  of  f  is  |.    The  4  sevenths  can  not  be  leduoed  to  ones,  but  the  28 
ones  can  be  reduced  to  sevenths.    Therefore, 

1  first  reduce  the  28  to  sevenths ;  then  dividing  the  result— 196  sevenths—by  4 
sevenths,  I  obtain  49,  the  required  quotient. 

CoMHON  Process. 

The  work  is  commonly  written  as  shown  at  the  ^ 

right.  28^^  =  f$xi^i9 

SO.  Wherein  does  the  common  process  differ  from  the  analytical  process  ? 


Ex,  2.  Divide  67  by  -f^. 
Pbocess. 


49 


Ex.  8.  Divide  121  by  13^. 

Process. 

121^1Sfy=zl21-i^^z:z^L^^8m 
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SL  Dividing  an  integer  by  a  fraction  consists  of  a  multiplication  by 
what  number  ?    Of  a  division  by  what  number  ? 

S2.  When  is  the  process  shortened  by  performing  the  division  first  ? 

SS.  Wherein  does  the  process  of  dividing  a  fraction  differ  from  that 
of  dividing  by  a  fraction  ? 

Pboposition  VIII. — Prove  that  the  process  of  dividing  by  a  fraction 
and  that  of  multiplying  by  the  reciprocal  of  the  fraction  are  the  same. 


€1 


62 


Pboblems. 
63 

4,081  -5-  21^ 


64 

155  -5-  890| 


What  is  the  quotient 


65.  Of  13 -=-4? 

66.  Of  5^11? 

67.  Of  1,000  -f-  H  ? 


68.  Of  3^1if? 

69.  Of  60  -=-  66i  ? 

70.  Of  60,075  ^7Hf? 

74.  What  is  the  quotient  of  1,205  -^  649^  ? 

75.  What  is  the  quotient  of  903,725  -f-  99^^  ? 


71.  Of  672  bu.  -5-  J  ? 

72.  Of  177  gal.^  8^? 

73.  Of  948  T.  ^  1,008|  T. 


Case  III.  To  divide  a  ftection  by  a  fraction. 

274.  Ex.  1.  Divide  ^  by  f  Analytical  Pbockss. 

ANALT81&— Any  Dumber  is  divided  by  a  fractioD,  by  mul-        fr  ^  ^  =  yy 
tiplying  the  number  by  the  denominator  of  the  fraction  and        f§--i-7  =  -ffj 
dividing  the  resulting  product  by  the  numerator  {^44^  lY). 

Therefore,  I  multiply  ^  the  dividend  by  9  the  denominator  of  the  divisor,  and 
then  divide  {{  the  resulting  product  by  7  the  numera- 
tor of  the  divisor,  and  obtain  JV^  the  required  quotient.  Commok  Procbss. 

The  work  is  commonly  vrritten  as  here  shown.  if|-  -r-  J=  |^^  X  f  =  -ffj^ 


Ex.  2.  Divide  17|  by  ||. 


Process. 

5 


^18i 


Ex.  3.  Divide  ^  by  7^. 


Pbocess. 

»  5 
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Ex.  4.  DiTide  9A  by  36f      ^^^ 

What  terras  of  the  given  fractioDS  are  multiplied,  to  obtain 
34.  The  numerator  of  the  quotient  ?    |    35,  The  denominator  ? 
36,  Then,  how  is  a  fraction  divided  by  a  fraction  ? 

Pboblbhs. 
What  is  the  quotient 


80.  Of^V-^M? 

81.  Of  l|-f-t? 

82.  Of  17^-7-20^^? 


83.  Of  41314^ -V.  44? 

84.  Of  6t^-M3|? 

85.  Of  9,076+ ^fl? 


86.  Of  A-^-iWr? 

87.  Of,W^-/A^f 

88.  Of  4^+-5-fff 


89.  What  is  the  quotient  of  24^Jf^-i- 16|^? 

27 S»  Rules  for  Division. 

I.  Nmnben  in  the  decimal  scale : — 

Annex  decimal  ciphers  to  the  dividend  when  ^leceeaaryy  divide  the  first 
partial  dividend^  and  place  the  result  in  the  quotient;  multiply  the  divisor 
by  this  quotient  figure,  and  subtract  the  product  from  the  partial  dividend. 
Annex  to  the  remainder  the  units  of  the  next  lower  order  of  the  dividend, 
and  divide  the  partial  dividend  thus  formed,  as  before. 

Jh'oceed  in  the  same  manner  with  each  partial  dividend,  placing  the 
decimal  point  before  writing  the  tenths  of  the  quotient, 

II.  Nmnbera  in  vaiTlng  scales  :— 

1.  The  divisor  an  abstract  number; — Divide  the  units  of  each  denomi- 
nation separately,  from  highest  to  lowest,  and  in  the  quotient  write  the 
severed  results  for  units  of  the  same  denominations  as  those  divided. 

Reduce  each  partial  remainder  to  units  of  the  next  lower  denomination, 
and  add  to  U  the  given  units  of  that  denomination,  for  the  next  partial 
dividend, 

2.  The  divisor  a  compound  or  denominate  number;  —  Reduce  both 
divisor  and  dividend  to  units  of  the  lowest  denomination  contained  in 
either,  and  divide  as  in  integers  and  decimals. 


DlTidend  Divisor 

90.  9,376,856,740      1,800,569 

91.  328.00875        495.193625 

92.  .417  .2018653 

93.  .732684  1,000 


100.  913.75     248^^ 

101.  ^of  a    f  ofi 
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in.  FraotionB:— 

Reduce  mixed  numbers  to  improper  fractions  and  integers  to  the  form 
effractions^  and  multiple/  the  dividend  by  the  reciprocal  of  the  divisor. 

Proofs. — The  product  of  divisor  and  quotient  should  equal  the  dimdend. 

Or, 
The  quotient  of  the  dividend  divided  by  the  qtu>tient  should  equal  the  divisor, 

(See  Supplement,  pp.  416,  418.) 

Pboblems. 

Dividend  Divisor  Dividend         Divisor 

94.^  f      9^.  .00005  4.25 

Oii.  42  H      99.  1^  80f 

96.43.75  1,000,000 

97.  H  S« 

102.  .7  of  .324         .002  of  90009      |      103.  136,800,572         3.62567452 

What  is  the  quotient 

104.  Of  four  and  five  ten  -  thousandths  divided  by  nine  hundred 
twelve  hundred-thousandths  ? 

105.  Of  19  A.  17  sq.  yd.  136  sq.  ft.  139  sq.  in.  divided  by  29  ? 

106.  Of  3  lb.  15  pwt.  9^  gr.  divided  by  12  ? 

107.  Of  196  mi.  18  rd.  13.5  ft.  divided  by  57? 

108.  Of  42  cu.  yd.  16  cu.  ft.  1,080  cu.  in.  divided  by  326  ? 

109.  The  dividend  is  7,801,006,  the  quotient  is  502,  and  the  remainder 
is  428.    What  is  the  divisor  ? 

110.  The  dividend  is  ^  and  the  quotient  is  ^^,    What  is  the  divisor? 

111.  3^  X  4|  X  by  what  number  =  2^  ? 

112.  A  steam-ship  runs  120  mi.  200  rd.  in  7  h.  20  min.    What  is  her 
rate  per  hour  ? 

How  many  cords  are 

113.  25,390  pounds  of  green  hemlock  bark,  at  2,800  pounds  to  the  cord  ? 

114.  25,390  pounds  of  partially  dry  hemlock  bark,  at  2,500  pounds  to 

« 

the  cord  ? 

115.  25,390  pounds  of  dry  hemlock  bark,  at  2,200  pounds  to  the  cord  ? 
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116.  If  $1,456^  is  \  of  tho  cost  of  a  boat,  what  is  the  entire  cost? 
117*  By  what  number  must  31^  be  multiplied  to  obtain  11 2f? 
lis*  Express  in  the  form  of  a  complex  fraction  24|  x  5f -^17^  x  {^  of 
6-^,  and  find  the  quotient. 

119.  A  car-wheel  8  ft.  3  in.  in  circumference  will  make  how  many 
revolutions  in  running  19  mi.  287  rd.  ? 

120.  $100  for  12  T.  17  cwt.  96  lb.  of  hay,  is  how  much  per  T.  ? 

121.  What  is  the  quotient  of  ^^/ *  "^  *  ? 

122.  123.  I  sold  49|  cords  of  wood  for  f  of  its  cost,  and  received 
f  197.50.  How  much  per  cord  did  I  receive  for  the  wood?  How  much 
per  cord  did  I  pay  for  it  ? 

124.  A  wholesale  carpet  dealer  paid  $2,514.30  for  49-^  pieces  of  car- 
peting of  76^  yards  each.    How,  much  was  the  price  per  yard  ? 

125.  If  26  factory  boys  earn  $507  in  a  month  of  26  working  days, 
what  are  the  daily  wages  of  each  boy  ? 

126.  At  1 7^  bricks  to  the  course  and  5  courses  to  the  foot,  what  is  the 
height  of  a  chimney  that  contains  3,171  bricks  ? 

127m  Express  in  the  form  of  a  complex  fraction,  and  find  the  quotient 
of,  Z^  times  1|}  divided  by  f  of  ^^  of  2f|. 

128.  $650  equals  how  many  pounds  sterling  ? 

129.  The  product  of  a  number  multiplied  by  3  is  how  many  times 
the  product  of  the  same  number  multiplied  by  |  ? 


IV.   SHORT   METHODS. 
Case  I.  The  divisor  a  composite  number.  Pbogess. 

276.  Ex.  Divide  90,615  by  35.  5  x  7  =  35  5)90,615 

One  seventh  of  one  fifth  of  a  number  is  7)  18,128 

one  thirty-fifth  of  that  number.  2589 

Problems. 

Using  the  foregoing  method,  divide 


130.  69,624  by  72. 

131.  22,848  by  96. 


132.  104,400  by  144. 

133.  568.75  by  125. 


134.  1,562,325  by  1.625. 

135.  1,905,792  by  2,688. 
(See  Sipplenent,  page  408.) 
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Cass  II.  Omittliiflr  the  partial  products  flrom  the  written  work. 


mt.  Ex,  Divide  8,606,900  by  4,372. 

COMFrTATION. 

(8  X  2)  16  from  19,  8; 
(8  X  7  +  1)  67  from  66,  9; 
(8x8 +  6)  80  from  80,  0; 
(8  X  4  +  8)  85  from  86,  1. 

4,872  is  contained  in  10,980,  2  times. 

(2  X  2)  4  from  10,  6; 
(2x7  +  1)  16  from  28,  8; 
(2  X  8  +  2)  8  from  9,  1 ; 
(2x4)  8  from  10,  2; 


Pbocess. 

U,$  1 2)  Sfi  0  6,9  0  0\825 
109S 
2186 
0000 

(6x2)  10  from  10,  0; 
(6x7  + 1)86  from  86,  0; 
(6x8  +  8)  18  from  18,  0; 
(6  X  4  +  1)  21  from  21,  0. 


4,872  in  21,860,  6  Umes. 
By  this  process  solve  10  proiblems  on  iMiges  185, 186. 


Cass  III.  The  divisor  15,  25,  35»  45,  titi,  or  65. 

278.  Ex.  Divide  8,685  by  45. 

Multiply  both  dividend  and  divisor  by  2  {2^4,  IV).    Cut  off 
the  cipher  of  the  divisor  (269\  and  divide  by  short  division. 


PR0CB8& 

45)8,685 

^ 2_ 

90)17,370 
193 


Pboblems. 
Using  the  foregoing  method,  divide 
ISe.  4,830  bj  36. 1 137.  8,246  by  26. 1 138.  496  bj  66. 1 139.  843.476  by  66. 


Case  IY.  The  divisor  an  aliquot  part;  or  iiarts. 

279.  Ex.  1.  Divide  3,126  by  26.  100  -r-  4  =  25 

Divide  the  dividend  by  100,  •'.  e.,  point  off  2  decimal  places,  and  mnl- 
tiply  the  quotient  thus  obtained  by  4. 

Ex.  2.  Divide  3,648  by  12|.  100  -f-  8  =  12| 

Divide  the  dividend  by  100  (t.^.,  by  8  times  the  divisor),  and  multi- 
ply the  result  by  8. 

Pboblems. 
Using  the  foregoing  method,  find  the  quotient 


Pbocess. 

31.25 

i 

125.0  0 

Pbocess. 

36.48 
8 

291.84 


140.  Of76.6-M6i 

141.  Of  687,630  4- 600 

142.  Of  673.26  4- 1.26 


143.  Of  123,456  ^  %^ 

144.  Of  3,263 -^133| 

145.  Of  7,396 -5- 6i 


14e.  Of  2,618} -^  20 

147.  018,124-5-376 

148.  Of  476 -I- 875 
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Case  Y.  Multiplication  and  division  combined  in  one  opera> 
tlon. 

280.  Ex.  Divide  8  x  162  x  35  x  13  by  72  x  20  x  42. 

FiBST  FKOCE88.  SeCOKD  PbOCBBB. 

t$y.$0xt$  ^~    *  ^    ^^        ^^  - 


/00     j^     S 


4)39 


For  problems,  see  Cancellation  and  those  re- 
view problems  in  which  the  only  processes 
employed  are  multiplication  and  division.  9  } 

Case  YI.  To  find  a  quotient  correct  to  any  required  decimal 
place. 

EXEBCISSS. 

2819  How  many  integral  places  will  there  be  in  the  quotient 


37.  Of  244.617^81,342? 

38.  Of  766.9214  ^  341.9241  ? 


40.  Of  217,462.65  -5-  9,317.8766  ? 

41.  Of  .0086764  -f.  .0179632  ? 
39.  Of  8.643216  ^  .08623  ?       |    ^.  Of  1.00098  -5-  .0070606  ? 

What  order  of  units  will  be  expressed  by  the  first  digit  of  the  quotient 


43.  Of  92.876  ^  48.63118  ? 

44.  Of  .00387664  -=-  .0876643  ? 


45.  Of  34.9721  -=-  72,961.82  ? 

46.  Of  .627869  -5-  .016343  ? 


Ex.  1.  Divide  1,643.8763  by  22.37426  correct  to  four  decimal  places. 

ExFLAKATiON.  -~  I   ascertain  Pbocess. 

ing  that  the  figures  of  the  quo-  1666198 

tient  will  express  integers  when  such  6  7677 

figures  are  obtained  by  dividing  any  6  7123 

partial  dividend  down  to,  and  in-  AA~i 

eluding  the  order  of  units  expressed  /  z  7 

by  the  left-hand  digit  of  the  divisor  ^^  ' 

{267,  II.  4).    (In  this  example,  the  10  7 

number  of  integral  places  is  2.)  89 

Then,  for  a  divisor  I  take  as  many  Tg 

figures — beginning  with  the  left-hand  jg 

digit  of  the  given  divisor*-a8  equal  — 
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the  mim  of  the  integral  places  and  the  required  decimal  places,  and  find  how  many 
times  it  is  conttiined  in  the  first  partial  dividend,  as  in  the  common  method  of  divis- 
ion. I  multiply  the  figures  used  of  the  divisor  by  the  quotient  figure,  carrying  from 
the  rejected  figures  on  the  right  the  nearest  integral  number  of  units  of  the  order 
expressed  by  the  right-hand  figure  of  the  divisor  used,  and  subtract  the  product  from 
the  partial  dividend. 

Then,  rejecting  the  right-hand  figure  of  the  divisor  previously  used,  the  remaining 
figures  form  the  next  divisor,  with  which  I  divide  the  remainder  from  the  preced- 
ing division,  multiplying  and  carrying  as  before :— and  so  on,  until  all  the  figures  of 
the  divisor  have  been  rejected. 

Ex.  2.  Divide  86.274  by  .74325  correct  to  two  decimal  places. 

Ex.  8.  Divide  .0054326  by  .000745  correct  to  three  decimal  places. 

2  Processes.  « 

.1\k)^\S\6)86.2H  I  116,07''           .0007\4\6\0  I  .005432  6  I  7.292+ 
74325   ' '    52150  ' 

11949  2176 

7433      •  1490 

4516  686 

4459  671 

57  15 

52  15 

5 

If  the  number  of  figures  in  the  divisor  does  not  equal  the  entire  number  of  in- 
tegral and  decimal  places  in  the  quotient,  annex  decimal  ciphers  to  the  divisor. 

Pboblehs. 
Find  the  quotient 

149'lSl.  Of  each  of  the  exercises  87,  38,  89,  page  144,  correct  to 
the  second  decimal  place. 

152-154.  Of  each  of  the  exercises  40,  41,  42,  correct  to  three  deci- 
mal places. 

155' 157 •  Of  exercises  48,  44,  45,  correct  to  four  decimal  places. 

158.  Of  exercise  46  correct  to  five  decimal  places. 

K 
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SECTION  r. 

REVIEW. 

282.  Thb  Ten  Cases  in  the  Fundamentai.  Pbocesses. 

Any  arithmetical  problem  can  be  classed  under  one  or  more  of  these 
cases.  Pupils  should  fill  the  blank  in  each  case,  and  explain  the  process 
required. 

Cas£  I.  Given,  the  parts,  to  find . 

Case  II.  Giyen,  the  subtrahend  and  difference,  to  find . 


Casb  hi.  Given,  the  sum  and  all  the  parts  but  one,  to  find 

Case  IV.  Given,  the  minuend  and  subtrahend,  to  find 

Case  V.  Given,  the  factors,  to  find . 

Case  VI.  Given,  the  divisor  and  quotient,  to  find . 


Case  VII.  Given,  the  divisor  and  dividend,  to  find  — 
Case  VIII.  Given,  the  dividend  and  quotient,  to  find 
Case  IX.  Given,  the  product  and  one  factor,  to  find  • 


Case  X.  Given,  the  product  of  several  factors  and  all  the  factors  but 
one,  to  find . 

283.  Propositions  and  ProbiiEies. 

Prove  by  illustrative  examples  involving  successively  integers,  deci- 
mals, numbers  in  varying  scales,  and  fractions : 

Proposftion  I.  MvUiplying  the  dividend  or  dividing  the  divisor  by 
any  number  multiplies  the  quotient  by  the  same  number. 

Proposition  II.  Dividing  the  dividend  or  multiplying  the  divisor  by 
any  number  divides  the  quotient  by  the  same  number. 

Proposition  III.  Multiplying  or  dividing  both  dividend  and  divisor 
by  any  number  does  not  change  the  quotient 
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Pboblxhs. 

1.  Add  three  hnndred  and  eeventy-nine  ten-thousandths,  eighty-five 
and  one  millionth,  ninety-eight  hundred-thousandths,  and  two  hundred 
sixty-seven  and  twelve  ten-thousandths. 

2.  Find  the  sum  of  -j^,  4,  ff,  and  fj^.  |  3.  From  6.6  subtract  .097325. 

4.  What  is  the  difference  between  2^f}  and  f}  ? 

5.  The  product  of  four  factors  is  36 ;  and  three  of  the  factors  are 
^1,  94,  and  5|.    What  is  the  other  factor? 

6.  Subtract  342  times  ^  from  3.7  times  If^. 

7.  i^  H-  4.625  =  what  number  ? 

8.  Find  the  time  from  Nov.  29,  1876  to  July  4,  1887. 

9.  Divide  287^  by  the  sum  of  18^  and  22^^. 

10.  The  product  of  three  numbers  is  .495,  and  two  of  the  numbers  are 
1^  and  .35.    What  is  the  other  number? 

!!•  If  17  be  added  to  both  terms  of  4,  how  will  the  result  compare  in 
value  with  the  original  fraction  ? 

12.  Divide  $8  into  200  equal  parts.    |    13.  Divide  2,000  by  yf^. 

14.  From  sixteen  billion  seven  hundred  eight  thousand  two  hundred 
ninety- three  hundred- quadrillionths  take  thirty-nine  trillion  four  hun- 
dred seventy-two  decillionths. 

15.  7  -5-  .07  minus  .07  -5-  7  =  what  number? 

16.  Multiply  thirteen  and  five  tenths  by  one  thousand  five  hundred- 
thousandths,  divide  the  product  by  £fteen  hundredths,  and  to  the  quo- 
tient add  sixteen  thousand  eight  hundred  seventy-five  hundred-millionths. 

17.  From  32  rd.  5  yd.  2  ft.  11  in.  take  23  rd.  1  ft.  2  in. 

18.  Divide  .7  of  .324  by  .02  of  .90009. 

19.  Divide  &|  by  3|,  and  5^  by  10^,  and  find  the  product  of  the 
quotients. 

20.  Find  the  time  from  May  10,  1816  to  Jan.  1,  1887. 

21.  Reduce  £23  9s.  2^.  sterling  to  U.  S.  money. 

22.  Divide  12  A.  108  sq.  rd.  4.5  sq.  yd.  of  land  into  19  lots  of  equal  area. 
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23.  From  2  subtract  .0999|  multiply  the  remainder  by  .035,  and  divide 
the  product  by  .25. 

24.  Find  the  sum  of  426^  -^  6^  and  426|  x  H- 

25*  To  the  sum  of  the  two  numbers  6^  and  9^  add  their  difference 
and  their  product. 

26.  Divide  6^  by  ff,  multiply  the  quotient  by  2^,  from  the  product 
subtract  4f,  and  to  the  remainder  add  14^. 

27*  A  pharmacist  used  3  3  9  2  gr.  10  of  opium  in  92  powders.  How 
much  opium  was  there  in  each  powder  ? 

28.  The  sum  of  four  numbers  is  897-^ ;  the  first  of  the  numbers  is 
130f ;  the  second  is  3^  times  the  first ;  and  the  third  is  f  of  the  sum  of 
the  first  and  second.     What  is  the  fourth  number  ? 

29.  Divide  17  by  tbe  quotient  of  13|-5-  16|. 

30.  Divide  27^  ^1  14^  -  10|. 

31.  6H+H  X  5f-4^  ^  12|  =  what  number  ? 

34.  93.3  -r-  m  =  (?) 


ojr    3H  X  t  X  8.375  XH_/ox 


32.  75  X  38  -  1,918  +  679  -^  56  =  (?) 

33.  75  X  38 -[(1,918+679)  ^56]  =  (?) 

36.  How  many  seconds  are  there  in  the  circumference  of  a  silver  dollar? 
37*  Find  the  number  to  which,  if  |  of  /|-  be  added,  the  sum  will  be  1. 

38.  What  number  is  that  which  being  increased  by  f ,  ^,  and  \  of 
itself,  the  amount  will  be  3,516^? 

39.  What  is  the  difference  of  latitude  between  St.  Augustine,  Fla., 
30°  N.,  and  Cape  of  Good  Hope,  Africa,  35°  S.  ? 

40.  37)  cords  of  wood  make  how  many  piles  of  7  cd.  96  cu.  ft.  each  ? 

41.  Divide  1  Tp.  20  Sec.  894.728  A.  of  government  land  into  240 
farms  of  equal  size. 

42.  19  T.  13  cwt.  11  lb.  of  sugar  will  fill  how  many  hogsheads  averag- 
ing 19  cwt.  13  lb.  11  oz.  ? 

43.  The  longitude  of  Cincinnati,  O.,  is  84°  39'  21"  W. ;  that  of  Can- 
ton, China,  is  113°  14'  E.  What  is  the  difference  in  longitude  between 
the  two  places,  reckoning  west  from  Cincinnati  ? 
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Find  the  date 
M.  Of  l7r.2mo.l5da.froroMaylO,1885. 

^.  Of  8  mo.  12  da.  from  Sept.  19, 1884. 

^.  Of  5  yr.  4  mo.  from  Apr.  20, 1886. 

50.  Of  the  47th  da.  after  Jan.  1 7, 1 887. 

51.  Of  the  213th  da.  after  Ang.  6,1886. 

64.  Add  81  days  to  May  16,  and  give  the  date. 

55.  Subtract  113  days  from  Nov.  1,  and  give  the  date. 

What  is  the  date 


om  Jan.  8,  1888. 


47.  Of  9yr.21da.from  July 22,1881. 

48.  Of  90  da. 

49.  Of  3  mo. 

52.  Of  the  98th  day  before  Dec  2, 1881. 

53.  Of  the  I7lst  da. before  Apr.29,1888. 


56.  Of  90  da.  +  3  da.  after  July  10  ? 

57.  Of  30  da.  +  3  da.  after  Apr.  15  f 


58.  Of  60  da.  +  3  da.  after  Feb.  28, 1892  f 

59.  Of  120  da.  +  3  da.  after  June  2  ? 


How  many  days 

60.  From  June  17  to  Oct  5? 

61.  From  Oct  11  to  Jan.  24  ? 


64.  What  is  the  value  of  -—-  ? 


62.  From  Feb.  9,  1882,  to  Aug.  13,  1882  ? 

63.  From  Nov.  10, 1887,  to  Sept  3, 1888  f 

65.  Simplify  the  two  complex  frac- 

tions  ^^    J'     ^  and  T,  ^    "  and  find 

t^A  6|x4A 

their  sum. 

66.  Find  their  difference.      |      67*  Find  their  product 

68.  Find  their  two  quotients. 

69.  A  man  was  bom  in  1824,  his  wife  in  1829,  his  son  in  1864,  and  his 
daughter  in  1863.     What  is  the  sum  of  their  ages  this  year? 

70.  From  May  19  to  July  18  are  how  many  week-days  ? 

71*  At  $1^  a  yard  what  will  be  the  cost  of  a  carpet  for  a  flight  of 
stairs  of  19  steps,  each  7j^  inches  high  and  11^  inches  wide  ? 

72.  A  merchant  bought  975J  yd.  fancy  prints  @  4^^,  1,037  yd.  mus- 
lin @  7}^,  726|  yd.  cashmere  @  37ij*,  611^  yd.  silk  @  %\\,  413f  yd. 
satin  @  98^,  and  105|^  yd.  broadcloth  @  $3.13.  Find  the  amount  of 
his  purchases. 
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73*  A  miller  in  Minneapolis,  Minn.,  bought  965,000  pounds  of  wheat 
and  1,006,400  pounds  of  corn.  How  many  bushels  of  each  kind  of  grain 
did  he  buy  ? 

74.  A  farmer  raised  5  bushels  of  clover  seed,  from  which  he  sold  the 
following  amounts:  .625  bu.,  ^  bu.,  \^  bu.,  .375  bu.,  .85  bu.,  and  3  pk. 
8  qt.     How  much  had  he  remaining  ? 

75.  $7.20  for  1,280  lb.  of  fertilizer  is  how  much  per  ton? 

70.  The  difference  in  longitude  between  two  places  being  7°  49'  28", 
what  is  the  difference  in  time  ? 

77*  From  a  barrel  of  molasses  was  drawn  at  various  times  6.25  gal., 
4  gal.  2  qt.  1  pt.,  5f  gal.,  1^  gal.,  and  .875  gal.  How  much  molasses 
remained  in  the  barrel  ? 

78.  The  local  time  of  St.  Louis  is  2  hr.  8  min.  46  sec.  earlier  than 
that  of  San  Francisco.  The  longitude  of  St.  Louis  is  90°  15'  15"  W. 
What  is  the  longitude  of  San  Francisco  ?  " 

70.  A  pharmacist  put  up  lb.  2  $  3  3  4  of  quinine,  that  cost  him  $6.50 
per  ib.,  in  pills  of  2  grains  each.  He  sold  the  pills  at  20($  per  dozen. 
How  much  was  his  profit  ?  ... 

80.  At  4s.  4d.  per  pair,  how  many  dozen  pairs'  of  gloves  can  be 
bought  for  £26  ? 

81.  Of  a  section  of  Western  land  117  A.  78  sq.  rd.  are  woodland,  and 
the  remainder  is  in  8  equal  fields.     What  is  the  area  of  each  field? 

82.  A  quarryman  sold  218  cords  of  building  stone  at  $.75  a  perch. 
How  much  did  he  receive  for  it? 

83.  A  farmer  sold  to  a  merchant  2  tubs  of  butter,  50  lb.  each,  @  22 1^, 
and  30  doz.  eggs  @  18^.  He  bought  from  the  merchant  5^  lb.  Java 
coffee  @  32^;  2}  lb.  Japan  tea  @  90^;  2  sacks  of  flour  @  $1.62f ;  1  box 
bar  soap,  60  lb.,  @  7^^;  1  pr.  boots,  $3.75;   2  pr.  ladies'  boots,  $5.25; 

1  pi^c  Lonsdale  muslin,  42^  yd.,  @  9^^;  5  gal.  head-light  oil  @  15^; 

2  gal.  sirup  ®  65((;  and  50  lb.  sugar  @  13  lb.  for  $1.  ^  The  balance  was 
paid  in  money.     What  was  the  amount  paid,  and  who  paid  it  ? 
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S4.  A  company  of  32  men  own  the  100  shares  of  stock  of  a  Dakota 
land  company,  10  of  them  owning  1  share  each,  10  of  them  3  shares  each, 
and  12  of  them  5  shares  each.  The  company  divides  a  tract  of  30,376^ 
acres  of  land  among  the  shareholders,  according  to  the  number  of  their 
respective  shares.    How  much  land  do  the  first  10  receive  ? 

85.  How  much  land  do  the  second  10  receive  ?  |  SB*  7  of  the  second  10  ? 

S7»  How  much  land  do  the  12  receive  ?   |   88.  5  of  the  12  ? 

89.  How  much  land  does  each  one  of  the  first  10  receive  ? 

90.  How  many  gross  of  clothes-pins  can  be  bought  for  $7^  at  2\f 
per  dozen? 

91.  A  grocer  paid  $4  for  a  barrel  of  kerosene,  and  retailed  it  at  15^ 
per  gallon.    How  much  did  he  gain  ? 

92.  If  you  can  do  a  piece  of  work  in  27}  days  that  you  and  I  to- 
gether can  do  in  19}  days,  in  how  many  .days  can  I  do  it  alone  ? 

93.  5,000  bushels  of  oats  in  St.  Louis,  Mo.,  equal  how  many  bushels 
in  Hartford,  Conn.  ? 

94.  I  have  a  piece  of  silk  containing  42}  yards.  If  I  keep  f  of  it, 
and  sell  the  remainder  for  $1}  per  yard,  how  much  shall  I  receive  for 
what  I  sell  ? 

95.  A  clothing  merchant  took  a  lease  of  a  store  for  4  years  at  $81} 
per  month.  At  the  end  of  2}  years  he  sold  the  lease  for  $105}  per 
month  for  the  unexpired  term.  How  much  did  his  rent  cost  him  per 
month  for  the  time  he  occupied  the  store  ? 

96.  A  fruit  dealer  bought  1,296}  bu.  of  apples  @  37}^,  and  768  bu. 
3  pk.  @  45^  per  bu.  He  sold  }  of  the  first  lot  at  50^  per  bu.,  and  the 
remainder  at  45{^.  He  sold  }  of  the  second  lot  at  cost,  and  the  remain- 
der at  62}^  per  bu.    How  much  did  he  gain  ? 

97*  How  much  sooner  does  the  sun  rise  at  New  York  than  at  Chicago, 
on  the  21st  day  of  March  ? 

98.  A  grocer  buys  vinegar  at  15^  per  gal.,  and  retails  it  at  5}^  per  qt. 
What  are  his  profits  on  a  cask  that  contains  37  gal.  2  qt.  1  pt.? 
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99.  A  person  who  owned  ^  of  a  Wisconsin  lead  mine,  sold  \  of  his 
stock  for  $5,390.  What  was  the  value  of  the  entire  mine  at  the  same 
rate? 

A  market  gardener  bought  3  A.  90  sq.  rd.  of  land  at  $128.50  per  A. ; 
7  A.  28  sq.  rd.  at  $235  per  A. ;  and  10  A.  {^  sq.  yd.  at  $68.75  per  A. 

100*  How  many  acres  did  he  buy  ?  |  101»  How  much  did  it  cost  him  ? 

102.  A,  owning  ^  of  a  mill,  sold  ^  of  his  share  to  B.  What  part 
of  the  mill  did  each  man  then  own  ? 

103.  At  $140  for  27  T.  860  lb.  of  coal,  how  much  will  97  T.  540  lb.  cost  ? 

104.  When  it  is  noon  at  Buffalo,  N.  Y.,  78°  52'  W.,  what  is  the  time 
at  Berlin,  Prussia,  13°  23'  45"  E.  ? 

105.  234  saw-logs  at  $  .62^  each  will  pay  for  sawing  how  many  thou- 
Hand  feet  of  lumber  at  $3.25  per  M.  ? 

106.  If  a  man  cuts  2  cords  of  wood  in  ^  of  a  day,  in  what  time  will 
he  cut  .3  of  a  cord  ? 

107.  The  latitude  of  Jacksonville,  Fla.,  is  30°  15'  K,  and  of  Cleve- 
land, O. — on  the  same  meridian — is  41°  31'  N.  What  is  the  air-line 
distance  between  the  two  cities  ? 

108.  The  latitude  of  New  York  City  is  40°  43'  43"  K,  and  the  latitude 
of  Lima,  S.  A. — on  the  same  meridian — is  11°  86'  S.  How  many  miles 
is  it  in  a  direct  line  from  New  York  City  to  Lima  ? 

109.  One  year  an  orchard  produced  888^  bushels  of  apples,  and  -ff  of 
them  were  marketable.  A  fruit  dealer  bought  \i  of  those  marketable  at 
$1.12^  per  standard  barrel.    How  much  did  he  pay  for  them? 

110.  For  digging  potatoes  a  farmer  pays  25((  for  every  4  bushels,  and 
for  picking  them  up  5^  for  every  3  bushels.  On  these  terms  one  man  dug 
36  bu.  3  pk.,  a  second  man  dug  If  times  as  many,  a  third  man  as  many 
as  the  first  two,  and  a  fourth  man  f  as  many  as  the  second  and  third. 
One  boy  picked  up  59^  bu.,  a  second  boy  f  as  many  as  the  first,  and  a 
third  boy  the  remainder.    How  many  bushels  of  potatoes  were  dug? 

111.  At  what  cost  for  the  digging  ?    |    112.  For  the  picking  up  ? 
113.  How  much  did  each  person  receive  for  his  labor  ? 
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114»  The  difference  in  the  local  time  of  two  places  is  2  h.  18  min.  35 
sec.    What  is  the  difference  in  longitude  ? 

115.  If  7.5  meters  of  French  velvet  cost  $29},  what  is  the  cost  of  3 
pieces  of  31.35  meters  each  ? 

116.  A  farmer  exchanged  18  bushels  of  apples  @  31^  per  bu.,  for  coffee 
@  28^  per  lb.,  and  sugar  @  15  lb.  for  $1.  He  received  4  times  as  many 
pounds  of  sugar  as  of  coffee.    How  many  pounds  of  each  did  he  receive  ? 

117*  When  the  planet  Mercury  has  moved  1,000,576"  in  the  heavens, 
has  it  described  more  or  less  than  one  revolution  in  its  orbit  ? 

118m  An  express  agent  collected  charges  at  the  U.  S.  Mint  in  Phila- 
delphia for  transporting  347  pounds,  commercial  weight,  of  gold  from 
California.     How  many  mint  pounds  of  gold  were  transported  ? 

119.  The  heirs  to  an  estate  of  $180,500  are  a  widow,  two  sons,  and  three 
daughters.  Each  son  receives  three  times  as  much  as  each  daughter,  and 
the  widow  as  much  as  all  the  children.    What  is  the  share  of  each  heir  ? 

120.  The  longitude  of  Eastport,  Maine,  is  07°  W.,  and  that  of  Chicago, 
111.,  is  87°  37'  45"  W.  When  it  is  noon  at  Chicago  what  is  the  time  at 
Eastport  ? 

121.  A  man  having  spent  $25  more  than  f  of  his  money,  had  $70 
more  than  ^  of  it  left.    How  much  money  had  he  at  first  ? 

122.  Suppose  the  planet  Saturn  to  be  visible  at  Greenwich,  longitude 
0,  Philadelphia  75°  10'  W.,  and  New  Orleans  90°  2'  30",  at  the  same  in- 
stant,  and  the  time  of  its  appearance  at  Philadelphia  to  be  9  h.  42  min. 
P.M.,  Dec.  31,  1892.    What  is  the  time  of  its  appearance  at  Greenwich? 

123.  What  is  the  time  of  its  appearance  at  New  Orleans  ? 

124.  A  grocer  bought  3  bu.  of  chestnuts  at  $4.50  per  bu.,  and  retailed 
them  @  5^  per  half-pt.,  liquid  measure.     How  much  were  his  profits  ? 

125, 120.  50,000  silver  dollars  weigh  how  many  pounds  avoirdupois  ? 
How  many  pounds  Troy  ? 

127^  How  much  will  an  apothecary  gain  in  buying  5  pounds  of 
rhubarb  at  $3.25  per  pound  avoirdupois  weight,  and  selling  it  at  the 
rate  of  30^  per  half  ounce  apothecaries'  weight  ? 
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284.  TB8T  QT7E8TION8. 

I.  When  one  of  any  set  of  foctors  is  0,  what  is  the  product  ? 
n.  When  the  divisor  is  a  concrete  number,  what  kind  of  a  number  must 
the  dividend  be  ?    Why  ? 

How  is  the  quotient  affected 
m.  By  adding  1  to  the  divisor  ?     By  subtracting;  1  from  the  divisor  ? 

Show  the  effect  upon  the  value  of  the  fractional  unit, 

IV.  If  the  number  of  fractional  units  in  the  unit  of  the  fraction  is  increased. 

V.  If  the  number  of  fractional  units  is  decreased. 

VI.  .Show  that  the  quotient  of  one  fraction  divided  by  another  having  an 
equal  numerator,  equals  the  denominator  of  the  divisor  divided  by  the  de- 
nominator of  the  dividend. 

vn.  Proposition. — Prove  that  multiplication,  in  each  of  the  four  general 
classes  of  numbers,  may  be  performed  by  addition. 

vnL  Proposition. — ^Prove  that  in  division  of  decimal  numbers,  for  every  fig- 
ure of  the  dividend  used  after  the  first  quotient  figure  is  obtained,  there  must 
be  a  figure  in  the  quotient. 

IX.  Proposition. — Prove  that  the  equation 

(1)  I  of  5  =  f  of  1,  is  mathematically  correct ;  but  that 
(J9)  I  of  15  =  Ji^  of  1,  is  not  mathematically  correct. 

X.  Proposition.— Prove  that  "cutting  off"  or  "pointing  off"  figures  from 
the  right  of  an  integer,  and  moving  the  decimal  point  to  the  left  in  a  deci- 
mal, are,  in  effect;  like  processes  in  division. 


How  is  the  value  of  a  fraction  affected 
ZI.  By  cancelling  any  factor  from  either  term  ? 
Xn.  By  multiplying  either  term  by  any  &ctor  ? 
Xm.  By  multiplying  or  dividing  both  terms  by  the  same  footer  ? 

Xrv.  Show  how  many  of  the  &ctors  of  a  concrete  number  can  be  concrete. 
How  is  the  product  affected 

XV.  By  adding  1  to  either  footer ?    By  subtracting  1  from  either  factor? 

XVI.  In  multiplying  by^  a  decimal  number  expressed  by  more  than  one  fig- 
ure, what  parts  of  the  several  partial  products  are  not  written ;  and  why  ? 

XVn.  Proposition. — Prove  that  the  sum  of  two  fractions  the  numerator  of 
each  of  which  is  1,  equals  the  sum  of  their  denominators  divided  by  the 
product  of  their  denominators. 

XVm.  Proposition.— Prove  that  the  number  of  decimal  places  in  the  divi- 
dend less  the  number  in  the  divisor  equals  the  number  in  the  quotient. 
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ZZX.  FBOPOsmoN. — Prove  that  anneadng;  ciphers  to  an  Integer  and  mov- 
ing the  decimal  point  to  the  right  in  a  decimal,  are,  in  efbot,  like  proceseefi 
in  multiplication. 

ZX.  FBOPOsmoN. — Prove  that  multiplying  a  fraction  by  its  denomiuatox 
cancelB  the  denominator. 


What  uses  are  made 
ZXI.  Of  each  of  the  six  cases  of  redactions  of  fractions  ? 

XXTT.  Of  each  of  the  two  cases  of  converse  reductions  of  decimals  and 
fractions? 

Bow  is  the  value  of  an  improper  fraction  affected 
XKiii    By  adding  the  same  number  to  both  terms ? 

XXIV.  By  subtracting  the  same  number  from  both  terms  ? 

XXV.  Pbofosition. — Prove  that  division,  in  each  of  the  four  general  classes 
of  numbers,  may  be  performed  by  subtraction. 

XXVI.  PEOPOSinoN.— Prove  that  in  dividing  one  of  two  dissimilar  fractions 
by  the  other,  the  two  fractions  are  actually  reduced  to  similar  fractions. 

XXVn.  Proposition.— Prove  that  the  division  in  Proposition  26  consists 
in  dividing  the  numerator  of  the  equivalent  dividend  by  the  numerator  of  the 
equivalent  divisor;  and 

XXVm.  Pbofosition. — Prove  that  thcsteps  in  the  two  preceding  Proposi- 
tions (26»  27)  are  accomplished  by  multiplying  the  dividend  by  the  reciprocal 
of  the  divisor. 

wix  Show  that  the  sum  of  the  sum  and  the  difference  of  two  numbers 
is  twice  the  greater  number ;  and 

XXX  That  the  difference  between  the  sum  and  the  difference  of  two  num- 
bers is  twice  the  less  number. 


vwi  What  is  the  difference  between  any  of  the  fimdamental  piooesses 
in  decimal  numbers  and  the  corresponding  processes  in  compound  numbers  ? 

ygyrr  in  dividing  by  units  of  any  order  greater  than  ones,  what  is  done 
with  the  figures  cut  off  from  the  right  of  the  dividend^in  the  written  work  ? 

TCTtTrm  Show  that,  in  practioe,  either  frictor  may  be  used  as  a  multiplicand ; 
but  that  when  one  factor  is  concrete,  that  frictor  is  the  iogicai  multiplicand. 

How  is  the  value  of  a  proper  fraction  affected 

XXXIV.  By  adding  the  same  number  to  both  terms  ? 

XXXV.  By  subtracting  the  same  number  from  both  terms? 
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XZXvi.  Show  that  a  fraotion  ezpresaaa  either  nnezeouted  division ;  or, 
the  quotient  of  an  executed  division. 

XXXVII.  Proposition. — Prove  that  the  difference  between  two  fractions 
— the  numerator  of  each  of  "which  is  1, — equals  the  difference  betvreen  their 
denominators  divided  by  the  product  of  their  denominators. 

XXXVin.  PBOPOsrnoN. — Prove  that  the  value  of  a  complex  fraotion  equals 
the  value  of  a  simple  fraction  whose  numerator  equals  the  product  of  the 
extreme  terms  of  the  complex  fraction  (upper  numerators  and  lower  denomi- 
nators), and  whose  denominator  equals  the  product  of  the  middle  terms. 

XXXTX.  Proposition. — Prove,  without  using  fractions,  that  the  number  of 
decimal  places  in  a  product  equals  the  number  in  the  factors. 

XL.  Proposition. — Prove  that  the  product  of  each  of  two  or  more  fractions 
multiplied  by  a  multiple  of  their  denominators^  is  an  integer. 


XLI.  Proposition. — ^Prove  that  writing  the  first  figure  of  each  partial  prod- 
uct directly  under  the  figure  of  the  multiplier  used,  is  writing  units  of  like 
order  in  the  same  column. 

Using  the  same  multiplier  in  each  instance, — 

XLII.  Show  that  the  sum  of  the  products  of  two  or  more  numbers  by  any 
multiplier  equals  the  product  of  their  sum  by  the  same  multiplier ;  and 

XLIII.  That  the  difiierence  of  the  products  of  tvro  numbers  by  any  multi- 
plier equals  the  product  of  their  difiiorenoe  by  the  same  multiplier. 

XLTV.  Proposition. — ^Prove  that  if  the  dividend  is  a  fraotion  and  the  di- 
vision is  exact,  the  divisor  must  also  be  a  fraction. 

XLV.  Proposition. — ^Prove  that  the  product  of  two  proper  firaotlons  is  less 
than  the  quotient  of  either  fraction  divided  by  the  other. 

XLVX  Proposition. — ^Prove  that  the  sum  of  the  partial  dividends  and  the 
final  remainder  equals  the  given  dividend. 

XLVn.  Proposition. — Prove  that  one  half  the  sum  of  two  numbers  plus 
one  half  their  difference  equals  the  greater  number ;  and 

XLVIIL  Proposition. — Prove  that  one  half  the  sum  of  two  numbers  minus 
one  half  their  difference  equals  the  less  number. 

What  uses  are  made 
XLIX.  Of  each  of  the  six  cases  in  the  reductions  of  compound  numbers  ? 

L.  Of  each  of  the  reductions  of  decimals,  and  of  the  reductions  of  decimal 
cozrenoy  ? 
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CHAPTEK  V. 

COMMERCIAL    CALCULATIONS,- 
NOT  INVOLVINQ   MEASUREMENTS  OR   PERCENTAGE. 


SECTION  I. 

ARITHMETICAL  EQUATIONS. 

The  tue  of  azitfametlcal  eqnationB  greatly  fiicilitateft  oompntatioiie  in  bnai- 
nees  affidn.  Henoe,  pupilB  ahonld  master  their  transfoxitiationB  and  reduotlona. 

286.  Define  an  arithmetical  equation  (39). 

An  arithmetical  equation  consists  of  two  members ;  each  member  con- 
sists of  one  or  more  terms ;  and  each  term  may  consist  of  factors,  of 

equal  parts,  or  of  both  factors  and  equal  parts. 

287*  Any  computation  indicated  by  symbols  of  operation  may  be 
considered  as  one  member  of  an  equation,  and  the  result  of  the  com- 
putations as  the  other  member. 

a.  The  numben  of  an  equation  are  separated  by  the  sign  =  ;  and 
The  term  of  the  members  are  separated  by  the  signs  +  or  — . 

&•  ThQ  facUyn  of  a  term  are  connected  by  the  sign  x  ;  and 
The  equal  parti  of  a  term  are  connected  by  the  sign  +. 

r  =  shows  divisions  of  equations  into  memben, 
i.  e.\-\-  and  —  show  divisions  of  members  into  terms, 

I  X  and  -T-  show  divisions  of  terms  iaio  factors  and  equal  parte, 

'    The  equation,  8-5-44-6x7-4-3  —  28 -r-7x3  +  6  =  10 

is  read  "8-4-4,  plus  6x7-4-3,  minus  28  -r-  7  X  3,  plus  6  =  10." 

The  tenns  of  this  equation  and  their  values  are  as  follows : — 
Termfls      8-^-4  +   6x7-5-3   —  28 -5-7x3  +   6   =   10 

V ^ /  N y /  V  V  .^ 

Talness  2        +  14  —  12  +   6   =   10 

288.  To  find  the  value  of  a  numerical  expression  consisting  of  two 
or  more  terms, — 

Rule. — ^L  Compute  the  value  of  each  term  separcUely. 
XL  Unite  the  values  of  the  tenns  as  indicated  by  the  siffns  that  precede  them. 
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Pboblems. 
Separate  into  terms  and  prove  equality  of  meinberB  in 

1.  7  X  6  X  8  -  64  -f.  16  X  40  —  12  +  17  X  3  =  159 

2.  20  +  18  X  3  -^  6  X  11  -  160  ^  2  +  11  =  4  X  3  X  6  —  16  -^  3 

3.  17  x2  +  8-^4x6-5-8x  20  =  2X2X2X2X2  +  2X2X2X2X2 

4.  117  -  84  -H  7  -  36  X  4  -r-  9  -  (6  X  3  -h  2)  X  4  =  9 

5.  3  X  7  X  12  -^  4  X  13  X  5  -^  0  =  225  X  4  -f.  45  X  62  X  21  -f-  48 

Find  the  second  member  in 

6.  (72-46)  +  (24~8)x6x(14  +  6)-f.l0-46x4+(12x3-.8)x2  =  (f) 

7.  8  +  6x6- 12 -^3  +  8x  14 +16 -14 -5-7x6  +  8  =  (?) 

8.  (8  +  6)  X  6  -  12  -5-  (3  +  8)  X  (14  +  16)  -  14  -H  7  X  (6  +  8)  =  (?) 

9.  8  +  (6  X  6  -  12)  -J-  (3  +  8  X  14)  +  (16  -  14)  ^  (7  X  6  +  8)  =  (?) 
10.  (8  +  6)  X  (6  -  12  -i-  3)  +  8  X  14  +  (16  -  14)  -7-  (7  X  6)  +  8  =  (?) 


11.  8  +  6x6  — 12-^3  +  8X14  +  16  — 14-^7x6  +  8  =  (?) 

12.  (8  +  6)  X  6  +  [l4  -^  (7  X  F+T)  -  12  -1.  (3  +  8  X  14  +  16)]  =  (?) 
Supply  the  missing  number  in 

13.  46  -f-  2  —  18  X  4  -^  6  +  72  X  6  .=-  8  +  (?)  =  80 

14.  (36  -  27)  X  (18  -5-  3  +  4)  +  (?)  +  21  -h  7  X  (6  X  6  -  9)  =  200 

15.  27  +  (9  X  4  +  7)  -  (62  -  41)  X  (16  +  8)  -5-  (?)  =  26 

16.  37  X  2  X  (?)  -  (84  +  37  X  3)  =  16  X  (3  X  6  -  2)  +  100 

Show  that 

17.  140  -  12  -  15  -  84  =  146  -  (12  +  16  +  84) 

18.  324  — 07  X  2  +  84-5-7—8x6x2  =  324 -(67x2  — 84-5-7+8x0x2) 

19.  845  —  (32  X  5  +  84  X  7  —  38  X  6  -5-  2  +  16  X  7)  = 
846  —  32  X  6  —  84  X  7  +  38  X  6  ^  2  -  16  X  7 

1,  That  the  signs  of  factors  are  not  affected  by  introducing 
or  rejecting  signs  of  aggregation. 

2,  That  the  signs  of  terms  are  not  affected  by  introducing 
or  rejecting  signs  of  aggregation  preceded  by  +. 

3,  That  the  signs  of  terms  are  reversed  by  introducing  or 
^  rejecting  signs  of  aggregation  preceded  by  — . 


Show 

by 

examples 
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SECTION  II. 
CURRENCY,  and  ACCOUNTS  AND  BILLS. 

I.  CURRENCY. 

289*  Money  is  the  universal  equivalent  of  commercial  values* 

290*  Currency  is  money  or  its  equivalent,  commonly  used  in  buy- 
ing and  selling. 

291m  Coin  is  metal  stamped  with  certain  characters,  by  authority  of 
government,  to  give  it  a  fixed  legal  value. 

292.  BuUion  is  gold  or  silver  in  the  bar  or  lump. 

a.  The  circtUaiing  tnedium  of  a  country  is  the  money  of  that  country. 

,    b»  Paper  tnoney  is  a  substitute  for  coin.    It  has  no  intrinsic  value. 
The  paper  money  of  the  United  States  consists  of— 

1.  Treaeury  Notes  issued  by  the  goyemment,  and  known  as  greenbacks; 

2.  Certificates  of  Deposit  issued  by  the  government,  and  known  as  silver 
certificates  and  gold  certificates;  and 

3.  Bank-^otes  issued  by  national  banks. 

c«  Fine  gold  or  fine  silver  is  pure  metal.  Fine  gold  and  silver  being  soft, 
rapidly  diminish  by  abrasion.  Tiiey  are  consequently  compounded  with  a 
baser  metal,  or  aUoy,  thai  hardens  Uie  compound  and  renders  it  more  suitable 
for  coin. 

293.  The  coins  of  the  United  States  are  of  gold,  silver,  nickel,  and 
bronze. 

i;  The  gold  eoina  are  the  twenty-dollar,  ten-dollar,  five-dollar,  and  two- 
and-one-half -dollar  pieces. 

2.  The  silver  ooln  are  the  dollar,  half-dollar,  quarter-dollar,  and  dime. 

3.  The  nlekel  ooln  is  the  five-cent  piece. 

4.  The  broBZO  eohi  is  the  cent. 

a.  Coins  in  circulation,  but  not  now  coined  :— 


Nickel.— Three-cent,  one-cent 
BroBZO.— Two-cent 


Gold. — ^Three-dollar,  dollar. 

SHv^r.-— Twenty-cent,  half-dime,  three-cent 

b.  The  gold  and  silter  coins  are  nine  tenths  fine  and  one  tenth  alloy;  and  the 
nickel  coins  are  one  fourth  nickel  and  three  fourths  copper. 
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c.  The  alloy  of  gold  coin  is  composed  of  equal  parts  of  silver  and  copper.  The 
alloy  of  silver  coin  is  pure  copper. 

d.  The  intrinHe  value  of  a  coin  is  the  value  of  the  finer  metal.  The  alloy 
in  coin  is  not  considered  of  any  value. 

e.  The  weight  of  United  States  gold  coins  is  25.8  grains  to  the  dollar ;  of  the 
silver  dollar,  412^  grains ;  of  subsidiary  silver  coin  (fractions  of  a  dollar)  885.8 
grains  to  the  dollar ;  and  of  the  nickel  five-cent  piece,  T7.16  grains. 

/•  The  standard  fineness  of  French  coins  is  the  same  as  of  the  coins  of  the 
United  States. 

294»  Legal  tender  is  money  which,  if  offered  in  payment,  is  a  legal 

satisfaction  of  a  debt. 

Pboblbms. 

What  is  the  weight  of  fine  silver 

1.  In  36  half-dollars  ?      |      ;?•  In  18  silver  dollars  ? 

3.  What  is  the  weight  of  $100  in  gold  coin  and  75  silver  dollars? 

4.  What  is  the  weight  of  the  fine  silver  in  100  dollars  of  gold  coin 
and  75  silver  dollars  ? 

5»  Which  of  the  United  States  gold  coins  contains  116.1  gr.  of  fine 
gold  ?  

11.   ACCOUNTS  AND   BILLS. 

2BS*  Merchandise  is  personal  property  of  any  kind,  bought  or  sold 
in  the  ordinary  coarse  of  trade. 

296*  An  account  current  is  a  formal  written  statement  of  debts 
and  credits  between  two  parties. 

297*  An  item  is  a  single  debt  or  credit  of  an  account.  When  it  re- 
lates to  merchandise,  it  includes  quantity,  price,  and  cost. 

298m  A  statement  is  a  transcript  of  that  part  of  an  account  from, 
and  including  the  balance  of,  the  last  preceding  statement. 

299*  An  abstract  of  ticcaunt  is  a  summary  or  copy,  that  gives  total 
amounts  of  separate  transactions  without  the  items. 

300.  A  bill  of  goods  is  a  written  statement  given  by  the  seller  to 
the  buyer.  It  should  contain  the  name  of  the  place  and  the  date  of 
the  purchase,  the  names  of  buyer  and  seller,  a  list  of  items  with  their 
prices,  and  the  total  cost. 
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163 


301m  An  invoice  is  a  bill  of  merchandise  sold  at  wholesale  or  con- 

sigDed  to  an  agent. 

a.  A  freight  bill,  shipper^a  biU,  or  hill  of  lading,  is  an  itemized  list 
of  freight  delivered  to  a  common  carrier  for  transportation. 

(Sec  Supplement,  page  849.) 

&•  ^'duplicate  bill  or  invoice  is  a  copy  of  an  original  bill ;  it  should  alwajrs 
be  marked  duplicate  on  its  face. 

c*  To  receipt  a  bill  the  seller  or  creditor  writes  at  the  bottom  of  the  bill, — 
Beeeived  payment,  and  signs  his  name. 

302.  Signs  and  Abbbbtiations 
Commonly  ttaed  in  dccountSy  bills,  and  business  correspondence. 


oft  or  acct,,  account 
ami,,  amount. 
bal.,  balance. 
Bo\  boughtw 
.Oo,,  company. 
Contra,  opposita 


Cr,,  credit  or  creditor. 
Dr,,  debit  or  debtor. 
F,  0,  B.,  free  on  board. 
int.,  interest. 
inst,,  this  month. 
prax.,  the  coming  month. 


Mdae.,  merchandise. 
pc.,  piece  or  pieces. 
P^If^t,  payment 
Fd.,  paid. 
reed,  or  ree'd,  received. 


C.O.D.,  collect  on  delivery.       uU.,  the  past  month. 

jf,  number,  when  placed  before  a  number ;  pounds,  when  placed  after  a  number. 
e,g.  ^  19  is  No.  19;  and  19^  is  19  lb. 

The  abbreviations  of  denominations  of  compound  numbers. 

Pboblbms. 

BILLS  OF  FURCHASB. 

Extend  all  items,  and  make  the  footings  in  these  bills. 

€•  Bill,  charged  in  accoiint. 

FmLADA.,  Pa,  Mar,  9,  1S85, 
Mr.  Gbo.  Shippbn 

Bought  of  John  Wanamakbb. 
TerffM,— On.<^  at  20  da. 


Cam» 

pc- 

' 

iffS9 

6 

American  printSy  Sl\  SS',  35^,  SO'y 

40*,  @  6^, 

*2S 

2 

Cassimere,  38'y  -47*, 

@  *i^^ 

ifu 

S 

S 
2 

N:  T,  MiUs  muslin,  SO^  4S',  4^*, 
Alpaca,  35',  35^,  43',  38, 
Cotton  flannel,  45',  60,  5-4', 
American  black  silk,  47',  64*, 

@  iM 

@  70^, 
@  20^, 

@    $l**y 

The  small  figures  at  the  right  indicate  fourths.    e,g,  81^  is  81}  yds. 
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303.  The  only  parties  who  may  legally  receipt  a  bill  are  the  party 
who  sells  the  goods  or  some  person  daly  authorized  to  receipt  for  him. 

For  forms  of  receipting  bills^  see  bills  numbered  7,  8,  and  9. 


7*  Bill,  receipted. 

New  Tobx,  Jfor.  9, 1885, 

Messrs.  Jones  &  Thompson,  Scranton,  Pa., 

JBaught  qfS.Y.  Habdwarb  Co. 

Thmu, — Casb. 


10 

6 

'9 

10 


daz.  adz-eye  nail  hammers^  1,  *^V^^>  ^>  *^^>  ^>  *^/^> 
«    trimmers'  «         /,  «|,  ^,  %  3^  % 


"    bricklayers^ 


"    coopers'  "         5,  lu^,  4  tii^,  5,  Ajt, 


-{^5 


75 


iZeccf.  payment, 


N.  Y.  Habdwabe  Co. 


Note.— 1,  Ai^,  2,  4a^,  8,  •J^  means  8  doz.  No.  1  @  $11"  per  doz..  4  doa. 
Kg.  2  @  |8",  etc. 

8.  Bill,  receipted  by  cashier. 

CmcAQO,  III.,  Map  11, 1887. 


A.  C.  Petebson  &  Co. 


J36*t  of  Richmond^  Bbuce  &  Co. 


Com 

Piecet 

No,  yd. 

Priee 

Amount 

*86 

10. 

LoweU  sheetings — 
S^^    33      29»    30^ 
28^     36*    32^     29» 

35' 

31' 

6if 

*H 

IS 

Fancy  shirtings — 
S7»    29^     28^     32^ 
3V     28'    30»    31 
29'    32^     28 

28' 
31' 

■ 

80 

Hec^  payment  by  note  at  90  days. 

BiCHHOND,  Bbuce  A  Co.^ 
per  A.  L,,  Cashier, 
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9.  Bill  fiar  Ckrvioefl,  reoeiptad  by  (dark. 

Dbnyer,  Col.,  May  21, 1837. 


Mr.  John  R.  Cobnell 


To  Wm.  H.  Jenkiks, 


Dr, 


.  To  6  days'*  labor  hauling  atone  and  sandy  @  $2,     10 
"  Si  "      use  of  team  in  hauling,  @  tS,     1050 

Reed,  payment  J  May  28, 1887. 

Wm,  H.  Jexkii^^s, 
per  S.  Poole. 

10m  Btatement  of  Aooonnt. 


20 


50 


Mr.  Hbkby  Phillips 


St.  Louis,  Mo.,  Feb,  SI,  1887. 
In  ^  with  Johnson  &  Habding,        Dr. 


1887 

* 

• 

. 

Jan, 

20 

To  mdse.f  as  per  bill  rendered, . 

1,975 

— 

Ftb. 

IS 

((         <(         tt      t<        a             it 

1,550. 

•  * 

. 

a 

19 

<f          u         i<      it        a              tc 

Cr. 

S80 

^H^M 

S,905 

■ 

1887 

Jan. 

20 

By  tiote  @  SO  da., 

1,000 



u 

22 

"   cash. 

800 



lib. 

19 

te         tt 

SOD 

■ 

u 

20 

"    noU  @  60  da., 

Balance  due. 

1,000 

-^ 

S,100 

— 

805 

!!•  Aooount  Ciixrent. 

T    n    -n  ^^^  ObLBANB,  BsC.  1,  1887. 

J.'B.  Pbtebson 

In  accH  vdth  C.  S.  Holton  A  Co. 


1887 

1/ov.l 

«      5 

"  15 
'*  18 
«  25 
«  SO 


To  boL  due  on  aecH  rendered  Oct.  SI,  /87, 
«  10flfsugar®7i^;iiftea®80^;2^cqfe6®S0f, 

By  cash. 

To  i  bar.  flour,  $2IJ.;  2  iff  rice®  9^;  Ipk.  potatoes,  25^, 
''5^  butter  ®  26^;  12ii(f  ham  ®  16^, 

By  cash,  $S£i;  order  on  F.  C.  Ca^  to  balance,  $S?A, 


Dr, 


S 
1 


17 
75 


S\18 
26 


Or. 


7S6 
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Put  the  following  narrativea  into  the  form  of  bills : 

12,  Baltimobe,  Md.,  Aug.  29 j  1886.  Mrs.  E.  C.  Harris  bought  of  R. 
C.  Snow  Sd  Co., — 3  cans  tomatoes  @  16f^ ;  \  ba.  of  potatoes  @  80^ ;  3  doz. 
^ggs  @  20^ ;  1  doz.  lemons  45^ ;  2  lb.  crackers  @  10^ ;  1  lb.  coffee  36^ ; 
l-iV  i^-  dried  beef  @  25^ ;  3||  lb.  batter  @  26^ ;  1  can  cloves  15^.  Paid 
in  full  to  George  Ellis,  Snow  &  Co.*s  delivery  clerk. 

13.  Oct.  11,  1887.  Mr.  Elliot  Shepard  of  Kansas  City,  Mo.,  bo't  of 
Minor  and  Hamilton  of  New  York  City, — 8  pr.  ladies'  French  kid  shoes  @ 
$281A  per  doz. ;  1^^  doz.  gent's  Oxford  ties  @  $17M;  2^^  doz.  children's 
pebble-goat  spring-heel  Cong,  shoes  @  $12;  7  pr.  ladies*  opera  slippers 
@  $24  per  doz.     Paid  by  draft  at  10  da. 

14*  Albany,  N.  Y.,  June  8^  1886,  Henry  Jones  bought  of  Whitney  A 
Co., — 10  doz.  pr.  cotton  hose  @  $1-^;  5  doz.  lace  neckties  @  $5;  4  doz. 
lace  pouches  @  |3;  2  doz.  leather  belts  @  $3i-i;  l  pc.  Irish  linen,  40 
yd.,  @  50^ ;  2  pc.  bleached  linen  damask,  61  yd.,  @  45^ ;  1  pc.  jaconet, 
30  yd.,  @  25^ ;  3  pc.  cottonade,  03  yd.,  @  30^ ;  and  2  pc.  brown  duck,  65 
yd.,  @  23^. 

15.  Omaha,  Nbb.,  Jan.  11  ^  1888.  William  Smith  &  Co.  bought  of 
Henry  Bates  &  Bro., — 4  bar.  Minn,  flour  @  17;  10  bar.  spring-wheat 
flour  @  $61^-;  20  bar.  superior  extra  flour  @  $7A^;  24  bar.  superfine 
flour  @  $511;  12  pkg.,  1,325  j^,  ®  4}^;  and  7.38  tons  of  ground  feed 
@  $1211. 

16.  Boston,  MAsa,  April  lly  1887.  H.  L.  Gleason  bought  of  Jordan, 
Marsh  &  Co.,— 16  pc.  fancy  prints  34»,  29S  42,  38«,  36«,  30»,  40*, 
37»,  33*,  39,  31»,  41%  32»,  86«,  35*,  34,  @  4|^;  12  pc.  seersucker 
46»,  44»,  45,  411,  38«,  48*,  40»,  47«,  39«,  43*,  44«,  42%  @  llj^;  and 
8  pc.  sheeting  26»,  28^  33«,  31 S  30,  2'7«,  33*,  29»,  @  14^.  H.  L. 
G)eason  gave  his  note  @  60  da.  in  payment. 

17*  San  Fbancisco,  Cau,  June  10, 1887.  Harvey  L.  King  bought  of 
Henry  L.  Dodge  &  Co.,— 3  bar.  of  sugar  283  —17= 266,  254 — 16^  =  237^, 
271  — 18  =  253,  @  7^^;  4  sacks  of  coffee,  net  84,  80^  82',  87,  @  13^^; 
and  3  chests  Y.  H.  tea,  net  38,  40*,  35*,  @  39^^. 

18.  Make  a  duplicate  of  bill, — ^problem  13. 
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SECTION   III. 

AVERAGE. 

304^  A  fnean  or  medial  number  is  a  number  that  expresses  the 
yalne  of  an  eqnal  part  of  the  sum  of  two  or  more  unequal  numbers. 

30Sm  Average  is  the  process  of  finding  a  mean  or  medial  number. 

a.  Average  is  used  to  find  the  mean  value,  quantity,  or  quality  of  a  unit  of  a 
mixture  or  compound  composed  of  ingredients  or  elements  of  different  unit 
values,  quantities,  or  qualities. 

b.  Average  is  also  called  ailigaiian  medial  or  medial  aUigatUm. 
306*  The  process  of  average  is  based  upon  this 

Axiom. — A  tohoUj  farmed  by  uniting  un/egual  parUy  may  be  divided 
into  equal  parts. 

Ex.  1.  What  is  the  average  weight  of  5  bales  of  Pbocess. 

cotton,  weighing,  respectively,  378  lb.,  456  lb.,  612  lb.,  AS 6^^' 

482  lb.,  and  390  lb. ?  ^22 

JL8  2 
Ex.  2.  Find  the  average  length  of  the  S90 

pieces,  and  the  average  price  per  yard,  6)2  2 18  lb. 

of  3  pc  of  Eng,  broadcloth,  43f  yd.  each,         Average  weight,  ^^8.6  lb. 
@  $2.50  ^  yd. ;  2  pc.  of  Fr.  broadcloth, 
44.5  yd.  and  39.25  yd.,  @  $3.16  If'  yd. ;  and  1  pc.  of  Amer.  broadcloth, 

35  yd.,  @  $2.13^  ^  yd. 

Full  Solution. 

Spc.,  48}  yd.  ea.  18 li  yd.  @  $2.50  $8 2 8.1 2^ 

^  ''{igiAt/^  ^^i    "    "    ^--^^  26i.66 

1  ''         *  85      "    "    2.1 8i  74.72^ 

6pe.  260  yd.  $66  7.60 

250  yd  -i-  6  =^  4 If  yd.,  average  length; 
$667.50-^250^  $2.6  7,  average  price  per  yd. 

{1.  The  average  of  two  like  numbers. 
2.  The  average  of  three  like  numbers. 
8.  The  average  of  any  number  of  like  numbers. 
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Ex.  3.  If  336  lb.  of  Maracaibo 
coffee  @  \0\^y  288  lb.  of  Rio  @ 
lliV^>  306  lb.  of  Java  @  18|^,  and 
7  bu.  of  Canada  peas  @  $1.35  ^  ba. 
of  60  lb.  are  ground  and  mixed,  at 
what  price  per  lb.  must  the  ''  pure 
ground  coffee  ^  be  sold  to  gain  ^ 
as  much  as  the  ingredients  cost? 


Full  Solution. 

3Seib.@10^f,  $94.02 

288           Ufy,  32.22 

306           18i,  66.61 

420              2i,  ;       9.46 


1,360  lb.  $132.30 

Add prqfits  (=^  cost),      3 3.0  7 j 

l,360Jh.B€afor  $llS6.37i 

$166.37i  ^  iy^^O  =  ij^i^  ;|p^  ». 

4.  Point  out  the  steps  found  in  the  solution  of  Ex.  2  not  f ound  ia  the 
soluiion  of  Ex.  1. 

5.  State  the  method  for  finding  the  average  or  mean  value,  quantity, 
or  quality  of  two  or  more  ingredients,  when  the  value,  quantity,  or 
quality  of  each  is  given. 

Find  the  average  of  Pboblems. 


1 

2 

5 

7 

S 

085 

H 

and^ 

113H 

472.45  gal. 

1 3  mi.  62  rd.  8  ft.  4  ID. 

467 

68tWf 

87.075 

72   115  15 

4: 

5 

Q 

309.5 

319  10   6 

46.328 

326  da. 

'  2,976  lb. 

8.231 

7   208      11 

354.9 

219 

8,054 

4,000 

168       13   8  ; 

8.76 

93 

818 

632.3$ 

319  16   3 

Find  the  average  price  per  unit 

9.  Of  oats  %  35^,  42^,  28^,  36^,  54^,  and  37^^  ^  bu. 

10.  Of  apples  @  $2.10,  $1.75,  $2.25,  $1.62|,  and  $3.15  ^  bar. 

11.  Of  sugars  @  7\^,  6f^,  5^,  8^^,  5^^^,  6f ^,  '^^,  and  n\f^  ^  lb. 

12.  Oi  teas  @  $1.95,  72^,  80^,  65^,  50^,  42^,  and  87^^  ^  lb. 

IB.  Of  flour  %  $4.65,  $7.12|,  $9.15,  $6.50,  $5.75,  and  $8.25  l|f^  bar. 
14t.  Of  horses  @  $231.25,  $162.50,  $475,  and  $337.50  per  head. 

15.  Of  land  @  $62|,  $77},  $100,  $115{,  $180,  and  $15  per  acre. 

16.  The  register  of  a  certain  graded  school  shows  the  attendance  for 
one  week  to  be  as  follows:  Monday  685,  Tuesday  710,  Wednesday  756, 
Thursday  772,  Friday  730.    What  is  the  averagei  daily  attendance? 
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17*  The  contents  and  yalnation  of  the 
several  parcels  of  land  in  a  certain  farm 
are  here  given.  What  is  the  average 
value  per  acre  of  the  whole  farm  ? 

Abstract  of  my  hank  account  for  one  week. 


85   A.  meadow 
62    "   pasture 
70^  "   grain  land 
45    "   swamp 
52^  "   woodland 


@l  72 


u 

48 

ii 

a 

106  J 
3d| 
120 

Dajf 

Mon. 

Tues. 

Wednes. 

Thurs. 

Fri. 

Sat. 


D0poHUd 

$729.50 
486.25 
632.70 
756.— 
567.19 
932.36 


Drtw  out 

$415.25 
234.81 
300.— 

362.50 
511.72 


fioteficM 


What  is  the  daily  average 
18.  Of  deposits?   |   19.  Of  sums  drawn  out?   |   20.  Of  baUmoes? 

Mefflorandttm  of  seven  lots  of  batter 
bought  by  Jones  &  Co.,  Oct.  38, 1887. 

21.  What  was  the  average  weight        12  tubs        56  lb.  ea.    @  31|^ 
of  the  tubs  ? 

22.  What  was  the  average  price 
per  tub  ? 

23.  What  was  the  average  price 
per  pound  ? 

Find  the  averages  of  rain-fall  in 
the  time  named, 

24.  Daily,  for  the  days  in  which 
rain  fell. 

25.  Daily,  for  all  the  days  in  the  t 

27*  A  grocer  mixed  71  gal.  of  N.  O.  molasses  @  65f(,  96  gal.  of  Porto 
Rico  molasses  @  81  j^,  and  a  barrel  of  water ;  he  sold  the  mixture  at  \ 
more  per  gal.  than  it  cost  him.    At  what  price  per  gal.  did  he  sell  it? 

28.  A  wholesale  dealer  in  clothing  filled  an  order  for  36  light-weight 
overcoats  @  $7.25,  30  coarse  overcoats  @  $4.90,  52  fine  overcoats  @ 
$18.50,  and  39  heavy  ulsters  @  $9.87^.  What  was  the  average  pricie  of 
the  coats  ? 


7 

.      61 

28 

15 

b^ 

30 

8 

48J 

33i 

10 

54^ 

29i 

21 

50 

27J 

11 

52i 

26i 

Monltht 

Rainy  Daif 

Depth  nf  tUUnnfaU 

Mar. 

13 

8.03  in. 

Apr. 

22 

11.4 

May 

19 

9.65 

ee  months.      ] 

26. 

Monthly. 

{ 
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Memoranda  of  temperature  for  the  cold  week  in  January,  x8— . 


A,M, 

P.M. 

Day9 

»:00 

6:00 

10:00 

2:00 

6:00 

10:00 

SUD. 

+   8% 

+  12.5° 

+  16° 

+  22.26° 

+  10° 

0 

Mon. 

-10.5  + 

-16 

—  12.25 

-  4 

+    2 

—   5 

Tues. 

"-14 

—22.25 

—  18 

-  7.5 

—  16 

24 

Wed. 

-27.6 

-34 

—  26.5 

—20 

-12 

—  10 

Thurs. 

—  10 

—   8.5 

—  4 

0 

+   4 

+    4 

Fri. 

+  6 

+  10 

+  15 

+  18 

+  16 

+  14.5 

Sat. 

+  16 

+  22 

+  30 

+36 

+  32.6 

+  40 

*  H-,  above  zero ;   — ,  below  zero. 
29 "35*  What  was  the  average  for  each  day  of  the  week  ? 
36' 41.  What  was  the  average  for  each  hour  of  observation? 

42.  What  was  the  average  for  the  week  ? 

The  workmen  in  an  edge-tool  factory  are  3  forgers  @  $3  ^  day,  5 
helpers  @  $1.25,  3  welders  @  $2.25,  2  formers  @  $2.50,  4  grinders  @ 
$2.75,  2  polishers  @  $2,  and  2  packers  and  shippers  @  $1.50. 

43.  How  many  workmen  are  employed  ? 

* 

44.  What  are  their  average  daily  wages  ? 

The  meats  used  in  six  months  in  a  Saratoga  hotel  were  as  follows : 

Be<r  Pork  VwU  MvMon.  Lamb  FUh  PtmUrp 

May  1,050  lb.  675  lb.  512^  lb.  466  lb.  381^^  lb.  300  lb.  293J  lb. 

June  1,105  612^  632  510  442^  378  350 

July        067|  328  597  483|  456  400  437^ 

Aug.       813  271  617i  626}  482  407  500 

Sept       702^  310  416|  501  448^  368  488j^ 

Oct.         889  419  332^  369  391  297^  341 

What  was  the  average  number  of  pounds  of  meat  used 
45 '50.  Of  all  the  kinds  for  each  month? 
51' 67*  Of  each  kind  per  month? 

68.  Of  all  the  kinds  per  month  for  the  six  months  ? 

69.  A  board  is  2  ft.  8  in.  wide  at  one  end  and  1  ft.  1  in.  at  the  other. 
What  is  its  average  width  ? 

60«  The  heights  of  a  railroad  embankment  at  seven  equi-distant  points 
are  9  ft.  4  in.,  21  ft.  10  in.,  38  ft.  6  in.,  54  ft.  1|  in.,  47  ft.,  22  ft.  4  in., 
and  12  ft  3  in.    What  is  its  average  height? 


Find  the  ! 
average  | 
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The  pay-roll  of  a  railroad  contractor  for  one  week  showed  5  hands 
employed  0^  h.  per  day  for  5  days  @  $1.15  ^  day,  7  hands  11  h.  per  day 
for  4  days  @  $1.25,  12  hands  8^  h.  per  day  for  6  days  @  $1.40,  and  32 
hands  10^  h.  per  day  for  7  days  @  $  .93}. 

Allowing  10  hoars  for  a  day's  work, 

f  61'6Sm  Of  days  worked  per  man  for  the  week. 

66.  Of  time  actually  worked  per  day  per  man. 

67*  Of  daily  wages. 

68.  What  is  the  cost  per  bushel  of  a  quantity  of  ground  feed  the 
ingredients  of  which  are  25  bu.  of  oats  @,  35^,  15  bu.  of  barley  @  62^^, 
and  31  bu.  of  com  @  75^  ? 

A  miller  sold  5  lots  of  flour  as  follows : — 436  bar.  @  $5.25,  650  bar.  @ 
$4.87^,  175  bar.  @  $5.50,  390  bar.  @  $6.37^,  and  280  bar.  @  $5.75. 

f  69»  The  number  of  barrels  per  lot. 

Average  h  70.  The  price  per  lot. 

^  71»  The  price  per  barrel. 

72^  A  surveyor  finds  that  at  one  station  or  corner  of  a  survey  the 
needle  is  influenced  by  local  attraction,  and  different  trials  of  the  bear- 
ing of  the  same  course  give  readings  as  follows : — S.  34^  56'  E.,  S.  35° 
1'  E.,  S.  34""  58'  £.,  and  S.  35""  R  What  is  the  average  reading  of  the 
compass  ? 

73»  An  exploring  party  took  observations  to  determine  their  latitude, 
with  the  following  results :— North,— 47**  22'  17",  47°  22'  20",  47°  22'  22", 
47°  22'  19",  and  47°  22'  24".  The  conditions  of  the  third  observation 
were  twice  as  favorable  as  the  others.  What  should  be  recorded  as  the 
true  latitude  ? 

74.  A  sea-captain  has  three  chronometers,  each  set  at  Greenwich  time 
when  he  left  port.  After  being  some  weeks  at  sea  he  finds  that  they 
vary  slightly.    How  will  he  determine  the  time  ? 

75.  Write  a  problem  to  illustrate  problem  74. 
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SECTION  IV. 

PRICE,  QUANTITY,  AND    COST. 

307 •  In  basinesB  transactions  involving  .the  money  value  of  property 
or  labor,  three  elements, — price,  quantity,  and  cast, — are  considered. 

When  two  of  these  elements  are  known,  the  unknown  element  may  be 
found  by  coniputation. 

308.  A  cwnmercial  unit  is  either  a  fixed  number,  or  a  definite 
quantity  considered  in  connection  with  money  value. 

309.  Price  is  the  value  of  a  commercial  unit. 

310.  Quantity  is  the  number  of  units  or  parts  of  a  commercial  unit 
of  a  commodity. 

311.  Cast  is  the  value  of  a  quantity. 

a.  1  horse,  1  dozen,  1  hundred,  1  pound,  1  ton,  1  yard,  are  commercial  units. 

b.  Commercial  units  are  also  called  units  of  price. 

c.  When  quantity  is  expressed  in  other  than  commercial  units,  it  must  be  re- 
duced to  commercial  units  before  making  the  computation. 

312.  Demonstrate  the  truth  of  the  following 

11.  Price  X  quantity  =  coat 
IL  Cost  -^  quantity  =  price. 
m.  Cost  -i-  price  =  quantity. 

What  process  is  employed  in  computing 

1.  Cost?      I      2.  Price?       ]       3,  Quantity? 

J^  From  244,  II,  1,  and  267 f  II,  2,  show  that,  in  computing  price  or 
cost,  quantity  must  always  be  considered  an  abstract  number. 

Show  that  quantity  must  be  expressed  in  commercial  units 

6,  In  Formula  I,  before  multiplying; 

6,  In  Formula  U,  before  dividing; 

7.  In  Formula  III,  after  dividing. 

Name  five  commodities  the  commercial  unit  of  each  of  which  is 
8.  A  hundred.  |  9.  A  thousand.  |  10.  A  ton.  |  11,  A  dozen.  |  12.  A  gross. 


PBIOB,  Q  UANTTTT,  AND  COST.  1 78 

Pboblbms. 

State  (1)  what  elements  are  given,  (2)  what  element  is  required,  and 
(3)  how  it  is  found,  with  reasons  for  the  process,  in  each  of  the  3  prob- 
lems following : — 

1.  Find  the  cost  of  215.31  tons  of  steel  at  $162.50  per  ton. 

2.  Find  the  price  of  silk  hats  that  cost  $51.75  per  case  of  12  hats. 

3.  Find  the  number  of  lap-robes  that  can  be  bought  for  $1,032  at 
$2 1.5a  each. 

Reduce  the  following  quantities  to  units  of  price : — 

4.  8,275  feet  of  lumber,  sold  by  the  C. 

5.  21,462  square  feet  of  roofing,  put  on  by  the  square. 

6.  6  barrels  of  eggs,  containing  1,050  eggs  each,  bought  by  the  dozen. 

7.  3,854,125  bricks,  made  by  the  M. 

8.  16,385  pounds  of  hay,  bouglit  by  the  ton. 

9.  31,728  lead-pencils,  sold  by  the  gross. 

lO.  100,000  clothes-pins,  sold  by  the  great  gross.  . 

313.  Pboposition. — Provey  using  illustrcUive  examples,  that  pricey 
quantity^  and  coety  correspond  respeetivdy  to  multiplicandy  mtUtipliery 
and  product 

314m  Deduce  brief  rules  or  formulae  for  finding  cost,  price,  and 
quMtity  J    ,j^„^^  ^^  ^^^  of  price  is  100. 

II.  When  tlie  unit  of  price  is  lyOOO. 
III.  "When  the  unit  of  price  is  the  net  ton. 

•n-  js  ^1         J.    e  Pboblbms. 

Fmd  the  cost  of 


11.  38J  yd.  @  $2.15. 

12.  A  lb.  @  $  .81i. 

13.  3  qt.  1  pt.  @  $2f  ^  gal. 

14.  5  bu.  3  pk.  @  $5.56i  ^  ba. 

15.  4,968  IW  @  $8.50  ^  cwt 

16.  678  pickcto  @  $1.75  ^  C. 


17.  13,964  hop  poles  @  $9^  ^  M. 

IS.  78,215  bricks  @  $7.50  ^  M. 

19.  954  lb.  of  coal  @  $5.25  ^  T. 

20.  16,720  lb.  of  iron  @  $67i  ^  T. 

21.  3,060  pens  @  62^^  ^  gross. 

22.  825  pails  @  $i:80  ^  doz. . 
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"  23.  95  bar.  of  sugar  is  $1,095.35  ; 
24:.  743  youDg  cattle  Ih  113,931^; 
The     25.  2,146  drain  tiles  is  $64.38; 
cost     20.  1,675  lb.  of  ground  feed  is  $14.07; 
of  \  27.  12,382  roofing  slates  is  $278.59^; 

28.  3,640  grape  roots  is  $67.34; 

29.  13,460  lb.  of  phosphate  is  $222.09 ; 

30.  5,278  lb.  of  hay  is  $55.42 ; 

Find  the  quantity,  in  units  of  price 

31.  Of  wheat  "j 

32.  Of  molasses         I    that 

33.  Of  fruit  trees 

34.  Of  dressed  beef 

35.  Of  lumber 

36.  Of  shingles 

37.  Of  ice 

38.  Of  land  plaster  ^ 


"  per  bar.  ? 

what 

per  head? 

is 

per  C? 

the 

per  C? 

price  < 

per  M? 

per  M? 

perT.? 

.perT.? 

can 

be 

bought 

for 


$6,108  at  9d|^  per  bn. 
$144  at  64^^  per  gal. 
$125^  at  $16|  per  C. 
$607.25  at  $8.76  per  C. 
$214.90  at  $25  per  M. 
$117.90  at  $3.60  per  M. 
$258.75  at  $3.75  per  T. 
L  $72^  at  $4i  per  T. 


39.  When  the  price  of  wheat  in  Chicago  is  $1.1 2^  per  bu.,  what  is  the 
cost  in  Chicago  of  23  car-loads  of  wheat  of  650  bushels  each  ? 

40.  What  is  the  cost  of  the  same  wheat  delivered  in  New  York,  freight 
22^  per  cental  ? 

41.  Last  year  a  merchant's  gas  bill  was  $171.36,  at  $2.25  per  1,000 
feet.    For  how  much  gas  did  he  pay  ? 

42.  A  Troy  shirt  manufacturer  received  $400  for  linen  shirts  at  $16f 
per  dozen.    How  many  dozen  shirts  did  he  sell? 

43.  A  hosiery  manufacturer  paid  $430.25  for  Saxony  yarn  at  82^  per 
pound.    How  many  pounds  did  he  buy  ? 

44.  A  merchant  paid  $708.75  for  135  dozen  pairs  of  ladies'  gloves. 
What  was  the  average  price  per  pair? 

4A.  The  bricks  for  my  house  cost  me  $288.75  @  $8.33^  per  M.    How 
many  bricks  did  I  buy  ? 
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46.  A  cooper  paid  $3,226.52  for  117,328  barrel  staves.  What  was  the 
price  per  M  ? 

47*  Find  the  cost  of  375  feet  of  oak  plank  at  $15.75  per  M. 
4Sm  Find  the  cost  of  24f  gross  of  lead-pencils  at  Z\\^  per  doz* 

49.  A  wood-turner  receives  18ff(  per  hundred  for  turning  chair  legs, 
and  he  turns  120  per  hour.  How  much  can  he  earn  in  a  week,  if  he 
works  10  hours  per  day  ? 

50.  A  hotel-keeper's  meat  bill  for  a  month  was  $88.55  for  770  lb.  of 
meat.    What  was  the  average  price  per  cwt  ? 

51.  At  85f(  per  ton,  what  is  the  freight  op  4,680  lb.  of  household  goods? 

52.  A  printer  received  $4.42^  for  a  lot  of  quarter-sheet  hand-bills,  at 
$1.50  for  the  first  hundred,  and  45^  per  hundred  for  the  remainder  of 
the  lot.    How  many  hand-bills  did  he  print  ? 

53.  The  mailing  clerk  in  the  office  of  a  newspaper  receives  $10.95  for 
mailing  32,850  papers  weekly.    How  much  is  that  per  hundred  papers  ? 

54.  $34,320  for  132,000  raibroad  ties  is  how  much  per  C  ? 

55.  If  .45  of  a  ton  of  hay  cost  $9.90,  what  is  the  price  per  ton  ? 

56.  A  laborer  received  $17.91  for  splitting  rails  at  60^  per  C.  How 
many  rails  did  he  split  ? 

57*  What  is  the  value  of  46,950  cu.  ft.  of  ship  timber  at  $19.50  per  M  ? 

58.  An  iron  founder  paid  $99.45  for  7  T.  15  cwt.  1  qr.  4  lb.  of  pig-iron. 
What  was  the  price  per  ton  ? 

59.  At  $3.25  per  C,  how  many  broom  handles  can  be  bought  for  $79.56  ? 

60.  How  much  is  the  freight  on  102,400  lb.  of  merchandise  from  Bos- 
ton to  New  Orleans,  at  $5.25  per  ton  ? 

61.  A  show-case  maker  paid  $13.64  for  243}  ft.  of  black  walnut  lum- 
ber.   What  was  the  price  per  M  ? 

62.  A  paper  maker  paid  $160.38  for  rags  @  ^^  per  lb.  How  many 
tons  of  rags  did  he  buy  ? 

63.  An  upholsterer  paid  $36.75  for  Spanish  moss  at  $25  per  ton.  How 
many  pounds  did  he  buy  ? 
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•  •  ■  •  * 

RATIO   OR   COMPARISON. 

,    31S»  MnUio  is  the  relative  value  (determined  hj  division  or  sabtrac- 
tion)  that  exists  between  any  two  nneqnal  like  numbers. 

The  relative  value  is 

a.  Camparaiive  Ratio,— i,e,,  the  quotient  of  the  former  number  divided 
by  the  latter ; 

b*  ArithmeHeal  JRatiOf—i.e.,  the  difference  between  the  numbers; 

c.  Oeametricai  JSolio^— «.d.,  the  quotient  of  the  latter  number  divided  by 
the  former. 

316m  In  expressing  a  comparative  ratio  the  terms  used  are 
i.  CoupUt^ — i.e,y  the  two  numbers  connected  by  the  sign  of  ratio  (see 
page  13); 
2,  Antecedent, — i,e.^  the  first  term  of  a  couplet; 
S.  Consequent, — i.e,y  the  second  term  of  a  couplet. 
The  couplet  8 :  14  is  read  "  8  is  to  14,''  or  "  the  ratio  of  8  to  14." 

NoTB.—For  dlsonssion  and  appUcations  of  arithmetical  and  geometrical  ratios,  see  pogea 
834,338. 

317m  Comparison  is  the  method  of  finding  a  comparative  ratio. 

318m  Pbiitciplb.— ^0;?Zy  numbers  of  the  same  unit  value  can  be  com- 
pared, 

319m  Pbopositions  I -VI. — State  in  three  prepositions^  and  demon- 
strate eachy  the  Propositions  (page  146),  so  modified  as  to  apply  to  com- 
parative ratio 

IlLUBTRATIVS  EXAlfPLES. 
(S«o  Solutions,  next  pegt.) 


3.  .6  is  how  many  times  .04? 

4.  15  h.  is  what  part  of  2  da.  ? 


1.  Compare  12  with  60. 

2.  Compare  }  with  |^. 

5.  What  is  the  relative  value  of  $875  to  |52|  ? 

6.  What  is  the  relative  value  of  $52^  to  1.875  ? 
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Akalttical  Soltttionb. 

(1)  12  H-  60  =  H  =  i  :  licnce^  1^  is  i  of  60. 

(2)  i-4-H=-ixH  =  ^;  hence,  f  is  at  times  H. 

(3)  .6  -H  .04  =  ^  =  15 ;  hence,  .6  is  15  times  .04. 

(4)  2dft.  =  48h.,  and  15h. -^48h.  =:|{=r  A;  hence,  15  h.  are  ^' of  2  da. 

(5)  $875  -f-  f52|  =  16| ;  hence,  $875  are  16|  times  |52|. 

(6)  |52i -r  $875  =  A ;  l^ence,  $52i  are  A  of  $875. 

^  -  Problems. 

Compare  the  cost 

1.  Of  3  pairs  of  shoes  with  4  pairs  of  shoes. 

2.  Of  4  pairs  of  shoes  with  3  pairs  of  shoes. 

3»  Of  10  bushels  of  apples  with  25  bushels  of  apples. 
4»  Of  25  bushels  of  apples  with  10  bushels  of  apples. 
5.  Of  20  sheep  with  45  sheep.    |   6.  Of  45  sheep  with  20  sheep. 


Compare 

7.  6  with  36. 

8.  36  with  6. 

9.  72  with  1,728. 

10.  144  with  21. 

11.  .375  with  .8125. 

12.  .0729  with  9.9. 

13.  .9  with  .215. 

14.  36.15  with  .0735. 


15.  54.2  with  3.07. 

34.  1  is  what  part  of  3|^  ? 
d5.  15  is  what  part  of  f^? 


What  part 

16.  Of}  is  i? 

17.  Of  13iis  J? 
W.  Of  it  is  5i? 
19.  Of  d2lf  is  56  ? 
;^0.  Of  41}is  104|? 

21.  Of  i  IS  .21  ? 

22.  Of  .S52  is  2||? 
;?3.0f  $9.31iis$.68f? 
24.  Of  $93.12iis$385.03i? 


Express  the  comparative  ratio 

25.  Of  36  bn.  and  15  bu. 

26.  Of  112  lb.  and  196  lb. 

27.  Of  31i  gal.  and  42  gal. 

28.  Of  14  wk.  2  da.  and  6  wL  3  da. 

29.  Of  f  mi.  and  f  rd. 

30.  Of  3  A.  and  9.6  sq.  rd: 

31.  Of  Srfg  gro.  and  15f  doz. 

32.  Of  5  jr.  10  mo.  and  2  jr.  3  mo. 


33.  Of  964^  ba.  and  516  bn.  6  qt 

36.  What  part  of  7.5  is  .0075  ? 

37*  What  part  of  |  of  3|  is  |  of  36  ? 

38,  39.  A  man's  salary  is  $1,500  a  year,  and  he  spends  $800.    What 
part  of  his  salary  does  he  spend  ?    What  part  of  it  does  he  save  ? 

40,  41.  I  bought  a  horse  for  $175,  and  sold  him  for  $115.    For  what 
part  of  the  cost  did  I  sell  him  ?    What  part  of  the  cost  did  I  lose  ? 

M 
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4:2.  If  a  piece  of  work  can  be  done  in  9  days,  what  part  of  the  work 
can  be  done  in  5  days  ? 

43,  44.  I  bought  20  yards  of  silk  and  used  17^  yards.  What  part  of 
the  silk  did  I  use  ?    What  part  of  it  had  I  left  ? 

45.  68^  yards  are  what  part  of  lldf  yards  ? 

46.  What  is  the  comparative  ratio  of  the  couplet  86 :  34  ? 

47.  What  is  the  comparative  ratio  of  2  ft.  4  in. :  9  ft.  6  in.  ? 

48.  64  bu.  3  pk.  5  qt.  are  what  part  of  973  bu.  2  pk.  3  qt.  ? 

49.  973  bu.  2  pk.  3  qt. :  64  bu.  3  pk.  5  qt.  =  what  ratio  ? 

50.  A  and  B  own  a  herd  of  2,028  cattle,  and  A  owns  780  of  them. 
What  part  of  the  herd  does  each  own  ? 

51.  In  problem  50  what  is  the  comparative  ratio  of  A's  number  of 
cattle  to  B's  ? 

52''54.  Compare  the  respective  quantities,  prices,  and  values  of  156f 
bushels  of  wheat  ®.  $1.06^^  and  587.93f  bushels  of  corn  @  8f. 

55.  A  farm  is  divided  among  three  heirs,  the  oldest  receiving  256|| 
A.;  the  second  189.61  A.;  and  the  youngest  193  A.  72f  sq.  rd.  What 
part  of  the  farm  does  each  receive  ? 

56.  In  problem  55  what  is  the  comparative  ratio  of  the  share  of  the 
youngest  to  the  share  of  the  oldest  ? 

57.  I  owe  13,500  on  a  house  that  cost  me  $7,500.  What  part  of  the 
cost  have  I  paid  ? 

58.  Two  men  can  do  -^  of  a  piece  of  work  in  1  day,  and  one  of  them 
can  do  twice  as  much  as  the  other.  What  part  of  the  whole  work  can 
each  do  in  1  day  ? 

59.  Four  men  hire  a  pasture  for  the  season.  The  first  man  pastures  8 
horses  5^  months ;  the  second  pastures  7  horses  6  months ;  the  third,  12 
horses  ^  months;  and  the  fourth,  16  horses  3.9  months.  What  part  of 
the  rent  should  each  pay  ? 
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SECTION   ri. 
ANALYSIS. 

Define  andlyBis  (Art.  34), 

320.  The  soiution  of  problenns  by  analysis  is  a  general  method, 
including  both  the  reasoning  and  the  process ;  it  is  independent  of 
special  rules. 

Oive  the  reasons  and  the  process  for  finding  any  number,  when  there 
is  given 


5.  -^  of  it. 

6.  I  of  it 

7.  i  of  it 


9.  ^g  of  it 

10,  fj  of  it 

11.  .01  of  it 
1^.  .812  of  it 


13.  6  times  f  of  it 

14.  9  times  -^  of  it 

15.  Si  times  r^  of  it 

16.  i  of  i  of  it 

20.  If  of  12  times  the  number, 
^i.  rf^  of  6f  times  the  number. 
.  i  of  3^  times  f  of  the  number. 


1.  i  of  it 

2.  i  of  it 
S.  i  of  it 
4.  +  of  it         S.  f  of  it 

17.  ^  of  .16  of  the  number. 

18.  .6  of  .045  of  the  number. 

19.  ^  of  5  times  the  number. 

£S,  4  times  f  of  6^  times  -^  of  33  times  the  number. 

321*  In  solying  problems  by  analysis,  the  reasoning  and  computa- 
tion are  commonly 

1st.  J^om  the  given  number  to  a  unit  of  the  same;  then 
2d.  JProm  this  unit  to  the  required  number. 

Ex.  1.  $1,836.25  is  f  of  the  yearly  rent  of  an  iron  foundery.    For  how 
much  per  year  does  the  foundery  rent  ? 

Analytical  Pbocbsb. 


ExFLAHATiON. — Ist  Betuofufor  proeei», — 
I  of  the  rent  is  (  as  much  as  f  of  it ;  and 
the  whole  rent  is  8  times  as  much  as  |  of  it ; 
t.  e. ,  the  whole  rent  is  8  times  (  of  f  of  it 

2d.  AppUcaOon  of  retuaiu  to  proeen. — \  of 
the  rent  is  (  of  f  of  it,  or  \  of  $1,886.25.  which 
is  $867.25 ;  and  the  whole  rent  is  8  times  ^ 
of  it,  or  8  times  $867.25,  which  is  $2,988. 


%ly836.25^5-tS67.26 
8x  $367.25  =z$2,938 

Common  Pbocbss. 
f  Xi-  Of  $1,836.25=1  $2,938 
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Ex.  2.  The  distance  between  New  York  and  Chicago  increased  by  ^ 
of  itself  is  1,292  miles.    What  is  the  distance  ? 

Explanation. — l^X,Bta9on»foTproces»,  Analytical  Process. 

— Any  number  increased  by  ^  of  itself  is  i^44'444--Ar  =  44- 

U  of  the  number.    ^  of  any  number  ia  ^V  ^  ^nt  ^   •        /  I^    /y  ?     • 

of  H  of  that  number ;  and  the  number  is  1,2  9  2  mi. -i- 1  7  =z  7  6  mu 

13  times  ^  of  itself ;  t. e.,  the  number  is  13x76  mi.  z^988  mi. 

13  times  ^  of  |}  of  the  number. 

2d.  AppUeation  of  recuons  to  process.—^  Common  Process. 

of  the  distance  is  ^  of  {i  of  it,  or  ^  of     ^x^^  of  1,29  2  mi.  =  988  ml 
1,293  miles,  which  is  76  miles ;  and  the 
whole  distance  is  18  times  ^  of  it,  or  13  times  76  miles,  which  is  988  miles. 

Ex.  3.  If  32  sheep  cost  $114,  how  much  will  168  sheep  cost? 

Explanation. — 1st.  IUa9onsfor  process.^ 
1  sheep  costs  ^  as  much  as  82  sheep,  and  Analytical  Process. 

168  sheep  cost  168  times  as  much  as  1  sheep ;  $114-^-82=$  3.5  64; 

i.  e.,  168  sheep  cost  168  times  ^  of  the  cost  i/fo^aor/i^       ^  tzoo  Rn 

of  32  sheep  lb  8  X  f^3.6  b^  =  l&y  ^.OU 

2d.  AppUeation  of  reasons  to  process.— ^  of  rnwiirnw  PRonwn 

$114,  the  cost  of  32  sheep,  is  $3.56},  the  price  common  rRocEss. 

of  1  sheep;  and  168  times  $8.66},  the  price  ±fs,  x^  of  $lH=z  $598.50 
of  1  sheep,  is  $598.50,  the  cost  of  168  sheep. 

Ex.  4.  If  9  coopers  make  27  barrels  in  2  hours,  how  many  barrels  will 
30  coopers  make  in  15  hours? 

Explanation.— 1st.  Seasons  for  process,— {From  Analytical  Process. 

the  given  number  to  a  unit  of  the  same).    In  any  a,  ^f  27  bar  —  9  bar 

given  time  1  cooper  will  make  J, as  many  barrels  *   •'  ' 

as  9  coopers  will  make ;  and  in  1  hour  1  cooper  will  i  <>f  ^  ^^^'  ==  -^i"  ^^^« 

make  )  as  many  barrels  as  he  will  make  in  2  hours.  30  x  li  bar.  =  4 5  bar. 

(From  a  unit  of  the  given  number  to  the  number  ^-       i  n  hr^     —.  rt  n  h^ 

of  units  in  the  required  number).     In  1  hour  80  io  x  40  Oar.  ^  bl D  Oar. 

coopers  will  make  80  times  as  many  barrels  as  1 

cooper  will  make ;  and  in  15  hours  any  number  of  coopers  will  make  15  times  as 
many  barrels  as  they  will  make  in  1  hour ;  t.  e.,  in  15  hours,  30  coopers  will  make  15 
times  30  times  |  of  )  of  as  many  barrels  as  9  coopers  will  make  in  2  hours. 

2d.  AppUeation  of  reas(ms  to  process.-^ln  2  hours  1  cooper  will  make  (  as  many 
barrels  as  9  coopers  will  make  in  the  same  time,  or  i  of  27  barrels,  which  is  3  barrels ; 
and  in  1  hour  he  will  make  |  as  many  barrels  as  in  2  hours,  or  i  of  3  barrels,  whigh  is 
1 J  barrels.  In  1  hour  30  coopers  will  make  80  times  as  many  barrels  as  1  cooper  will 
make  in  the  same  time,  or  30  times  li  barrels,  which  are  45  barrels  ;  and  in  15  hours 
they  will  make  16  times  as  many  barrels  as  in  1  hour,  or  15  times  45  barrels,  which 
are  675  barrels. 

Common  Process.— ^li  x  ^  X  i  of  t  of  27  bar.  =  675  bar. 
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322»  By  using  the  comparative  ratios  of  like  giyen  numbers  in  mak- 
ing computations,  the  analytic  process  may  often  be  shortened. 

Compare  the  following  solutions  of  Ex.  4  with  the  preceding  solution 

of  the  same  example  : 

_  .      ^  Analytical  Process. 

Explanation. — Ist.  Beawm  for  proeew.  — 

The  required  number  of  barrels  depends  upon    (V-  —)  ^  x27  bar.  =    90  bar, 
(1)  the  relative  number  of  coopers,  and  (2)  the  JJi  \c  QO  bar  —875  bar 

relative  number  of  hours. 

Since  80  coopers  are  V  or  ^  times  9  coop-  Shorter  PROCEsa 

ers,  in  any  given  time  they  will  make  ^  as 

many  barrels  as  9  coopers  will  make  in  the       ^  X  Y  X  ^  ^^-  =  075  bar, 
same  time. 

Since  15  hours  are  ^  times  2  hours,  any  given  number  of  coopers  will  make  ^ 
times  as  many  barrels  in  15  hours  as  they  will  make  in  2  hours. 

2d.  AppUcoHon  of  reasons  to  process. — ^  times  27  barrels  (that  9  coopers  will  make 
in  2  hours)  are  90  barrels  that  dO  coopers  will  make  in  2  hours ;  and  -^  times  90  bar- 
rels (that  80  coopers  will  make  in  2  hours)  are  675  barrels  that  80  coopers  will  make 
in  15  hours. 

Pboblbms. 


Find  the  number 
4»  f  of  which  is  627^  more  than  ^  of  it. 
Sm  4  of  which  is  1,054.41. 
6.  .32  of  which  is  90  less  than  .4375  of  it. 


Find  the  number  which 
Im  Minus  i  of  itself  is  684. 

2.  Plus  i  of  itself  is  13,472. 

3.  Plus  ^  of  itself  is  2,256. 

7.  Which  is  7  times  ^  of  15  yd.  2  ft.  9  in. 

8.  Which  is  195  more  than  ^,  ^,  and  \  of  itself. 

9.  \i  of  which  is  $1,323.05  more  than  ^  of  it. 
10,  rff  of  which  is  f  of  8^  times  185  gal.  2  qt. 

11»  31j  times  f  of  which  is  15.25  more  than  24f  times  ^  of  it. 

12,  At  55^  for  two  quarts  of  mi^ple  simp,  how  much  will  2^  gallons  cost? 

13,  Two  men  paid  $7.50  for  the  use  of  a  horse.     One  of  them  drove 
bim  75  miles,  and  the  other  90  miles.     How  much  should  each  man  pay  ? 

14,  If  an  8-lb.  sack  of  N.  Y.  dairy  salt  costs  5^,  what  is  the  price  per 
bushel  at  the  same  rate  ? 

15*  Two  men  buy  a  barrel  of  beef  for  lll^,  and  one  of  them  pays  $5. 
How  many  pounds  of  the  beef  should  each  man  have  ? 
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16.  If  53  men  can  do  a  piece  of  work  in  60  days,  42  men  can  do  the 
same  work  in  how  many  days  ? 

17*  If  the  shadow  of  a  post  6  feet  high  is  4  ft.  6  in.  long,  what  is  the 
height  of  a  tree  whose  shadow  is  125  ft.  long  at  the  same  time? 

18.  Three  farmers  send  their  batter  to  market  together,  E  sending  475 
lb.,  F  325  lb.,  and  G  250  lb.  The  butter  was  sold  for  |360.93|,  and  the 
expenses  were  $40.68f .     How  much  were  the  net  receipts  of  each  ? 

19.  If  15  barrels  of  flonr  will  last  54  persons  3  months,  how  many 
barrels  will  last  21  persons  6  months? 

20.  A  owns  12  Sec,  B  9  Sec,  and  C  the  remainder  of  a  Township  of 
Western  land.  They  sell  the  land  at  $1.25  per  acre  above  cost.  How 
much  is  each  one's  share  of  the  profits  ? 

21.  In  a  safe  are  a  certain  number  of  half -eagles,  six  times  as  many 
dollars,  and  twice  as  many  dimes  as  dollars.  The  whole  number  of  coins 
is  570.    How  much  money  is  in  the  safe  ? 

22.  A  fruit-dealer  bought  oranges  at  the  rate  of  15^  per  doz.,  and  sold 
them  at  the  rate  of  3  for  a  dime.  His  profits  were  |72»  How  many 
boxes  of  24  doz.  oranges  each  did  he  buy? 

23.  A  calf  eats  3  times  as  much  hay  as  a  sheep,  a  horse  2  times  as 
much  as  a  calf,  and  a  cow  1^  times  as  much  as  a  horse.  If  a  horse  eats 
24  pounds  of  hay  per  day,  worth  $12.50  per  ton,  how  much  will  it  cost 
for  the  hay  for  50  sheep,  20  cows,  10  calves,  and  3  pairs  of  horses,  from 
Nov.  1st  to  April  1st? 

24.  Two  men  build  a  store,  one  of  them  working  8^  h.  per  day  for  30 
da.,  and  the  other  9  h.  45  min.  per  day  for  22  da.  What  part  of  the 
work  does  each  man  do  ? 

25.  M's  age  equals  ^  of  |  of  N's  age,  and  the  sum  of  their  ages  is  78 
years.    What  is  the  age  of  each  ? 

26.  The  sum  of  ^  and  ^  of  a  certain  number  is  2  more  than  ^  of  the 
number.    What  is  the  number? 

27.  Divide  123  into  two  parts,  one  of  which  diminished  by  5  shall 
equal  the  other  diminished  by  {•  of  itsell 
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28.  Divide  the  namber  246  into  two  parts,  one  of  which  increased  by 
12  shall  eqaal  \  of  the  other. 

29.  If  6  men  or  9  boys  can  do  a  certain  piece  of  work  in  5  days,  in 
how  many  days  can  3  men  and  2  boys  do  the  work  ? 

30.  A  manufacturer  pays  boys  bO^  per  day,  women  $1  per  day,  and 
men  $1.50  per  day,  and  his  pay-roll  is  $198  per  week.  He  employs  twice 
as  many  women  as  men,  and  twice  as  many  boys  as  women.  How  many 
persons  does  he  employ  ? 

3X*  The  total  length  of  3  pieces  of  carpeting  is  185  yards.  The  second 
piece  is  f  as  long  as  the  first,  and  \  as  long  as  the  third.     What  is  the 

« 

length  of  each  piece  ? 

32.  At  6  o'clock  a.m.  the  Eastern  Local  Mail  train  leaves  St.  Louis,  and 
runs  at  the  rate  of  24  miles  per  hour  for  3  h.,  when  the  rate  of  speed  is 
increased  1  mile  per  hour.  At  8  o'clock  A.M.  the  Fast  Mail  follows  at 
the  rate  of  31f  miles  per  hour  till  12  o'clock  noon,  when  the  rate  of  speed 
is  increased  to  33^  miles  per  hour.  Find  the  time  at  which  the  Fast 
Mail  will  overtake  the  Local  Mail. 

33.  From  the  conditions  of  the  preceding  problem,  find  the  distance 
from  St.  Louis  at  which  the  Fast  Mail  passes  the  Local  Mail. 

34.  Divide  270  lb.  of  maple  sugar  among  three  persons,  giving  to  the 
second  \2^  lb.  less  than  to  the  first,  and  2lf  lb.  more  than  to  the  third. 

3li.  M  can  walk  a  mile  in  15  minutes,  and  N  can  walk  the  same  dis- 
tance in  4  min.  30  sec.  less  time.  How  many  yards  the  start  must  N 
give  M,  that  the  two  may  finish  the  mile  at  the  same  instant  ? 

3B.  Three  men  can  paint  a  church  in  2  weeks.  If  after  they  have  worked 
7  days  one  of  the  men  quits,  and  the  other  two  finish  the  painting  in  9  days 
more,  how  much  of  the  work  does  the  man  do  who  works  only  7  days  ? 

37*  Divide  4,560  into  three  such  parts  that  the  third  part  shall  be  two 
times  as  great  as  the  second,  and  the  second  shall  be  40  more  than  two 
times  the  first. 

38.  Three  bricklayers  received  $862.50  for  building  the  walls  of  a 
school-house.  R  and  S  did  \  of  the  work,  S  and  T  f  of  it,  and  R  and 
T  W  of  it.     What  part  of  the  work  did  each  man  do  ? 
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89m  In  problem  88,  to  how  much  of  the  money  was  each  man  entitled  ? 

The  value  of  a  hat  factory  equals  the  value  of  the  manufactured  stock 
and  the  cash  on  hand.  The  value  of  the  manufactured  stock  equals  the 
cash  on  hand  ($3,625)  and  ^  of  the  value  of  the  factory.    What  is  the  value 

40,  Of  the  manufactured  stock  ?      |      41,  Of  the  factory  ? 

42.  A  boy  in  filling  a  barrel  with  water,  spilled  ^V  ^^  ^^  ^^^^  ^^  At- 
tempted to  put  into  the  barrel.    How  many  gallons  of  water  did  he  spill  ? 

4S.  A  contractor  sold  840  cd.  of  green  wood  and  195  cd.  of  dry  wood 
for  $l,100f,  receiving  50JJ  more  per  cd.  for  the  dry  wood  than  for  the 
green.     What  was  the  price  per  cord  of  each  kind  of  wood  f 

44.  In  two  orchards  are  490  apple-trees,  and  in  one  of  the  orchards 
are  85  trees  less  than  ^  as  many  as  there  are  in  the  other.  Hpw  many 
trees  are  there  in  the  larger  orchard  ? 

45,  46.  D  and  £  build  a  stone  wall ;  for  9  days  work  by  D  and  11^ 
days  work  Jby  E  they  receive  (89.90 ;  and  for  8.2  days  work  by  D  and 
5.6  days  work  by  £  they  receive  (21.72.  How  much  does  each  man 
earn?    What  are  the  daily  wages  of  each? 

47 •  f  of  -^  of  W's  age  equals  \  of  Y's  age,  and  the  sum  of  their  ages 
is  99  years.    What  is  the  age  of  each  ? 

48.  I  bought  a  house  and  lot,  and,  after  making  repairs  at  an  expense 
of  $620,  I  sold  the  property  for  one  fourth  more  than  I  paid  for  it, 
thereby  losing  $82.50.    What  did  I  pay  for  the  property  ? 

49.  L  can  do  a  certain  piece  of  work  in  7  days,  and  M  and  N  can  do 
the  same  work  in  5  days.  In  how  many  days  can  the  three  working 
together  do  it  ? 

50.  A  real-estate  agent  has  5  farms  for  sale.  \  of  all  the  land  is  in 
the  first  farm,  \  in  the  second,  ^  in  the  third,  ^  in  the  fourth,  and  160 
acres  in  the  fifth.    How  many  acres  of  land  has  he  to  sell? 

51.  Four  men  are  employed  to  dig  a  drain.  The  first,  second,  and 
third  can  dig  it  in  9  days  ;  the  first,  second,  and  fourth  in  9^  days ;  the 
first,  third,  and  fourth  in  8^  days ;  and  the  second,  third,  and  fourth  in  8 
days.   Which  one  of  the  men  can  do  the  work  in  the  least  number  of  days  ? 
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SECTION  Vtl. 
REVIEW. 

323.  TEST  QUESTIONS. 

I.  State  five  baflineas  traxuHiotioiui  to  whioh  average  ia  applied. 
H.  Show  that  a  commerolal  tmit  it  alao  a  unit  of  piloe. 
m.  Dietingiiiah  between  an  item  and  an  invoice. 

IV.  Which  metal  it  the  alloy  in  nickel  ooinB  ? 

V.  "What  it  the  order  of  computation  in  the  eolution  of  problema  by 
analyais? 

VI.  "What  are  the  essentialB  of  a  bill  of  purchase  ? 

Vn.  'Why  must  quantity  always  be  considered  an  abstract  number  in 
problems  involving  quantity,  pxice,  and  cost  ? 

VUl  Show  that  a  comparative  ratio  is  the  reciproccd  of  an  inverse  ratla 

CS.  Ftom  the  definition  of  a  bill  of  purchase,  write  a  definition  of  a  bill 
of  sale. 

Z.  How  can  the  general  principles  of  division  be  made  applicable  to  ratio  ? 


XL  "Wherein  do  a  statement  and  an  abstract  of  accoiuit  differ  ? 

zn.  When  is  the  cost  less  than  the  price  ?     When  greater  ? 

Xin.  Distinguish  between  an  accoiuit  current  and  an  abstract  of  account. 

ZIV.  What  is  the  customary  commercial  unit  in  this  State  for  transac- 
tions in  lumber  ?     In  stone  ?     In  salt  ? 

XV.  Rule  form  for  bill  or  invoice  to  show  case  or  package,  number  of 
pieces,  number  of  yards  in  each  piece,  price,  and  total  yards  and  cost. 

XVX  Which  coin  is  finer,  English  or  United  States  ? 

XVIL  How  may  a  bill  be  receipted  without  the  seller  or  creditor  writing 
his  name  after  the  'words  acknowledging  payment  ? 

XVm.  Distinguish  between  a  comparative  ratio  and  a  geometriccd  ratio. 

XIX.  Whet  is  the  intrinsic  value  of  a  20-dollar  gold  piece,  'when  an  ounce 
of  fine  gold  is  worth  $20.62^  ? 

XX.  When  may  the  footing  of  an  account  and  the  balance  of  an  account 
be  the  same? 
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324.  BLACKBOARD  OUTLINBS. 


A.  ARITHMETICAL  EQUATIONS. 

3. 
I.  Terms 


■{:: 


4. 


5. 


B.  CURRENCY,  and  ACCOUNTS  AND  BILLS. 


I.  Currency. 


Terms.  « 


1. 
2. 
3. 
4. 


^  II.  Accounts 
and  BQU, ' 


11. 
12. 
18. 


C.  AVERAGE. 
l._ 


L  Terms.  ^ 


2. 


a.. 


D.  PRICE,  QUANTITY.  AND  COST. 


I.  Terms. 


1. 
2. 


8.. 


E.  RATIO  OR  COMPARISON. 


ri. 


L  Terms. 


a.. 
h.. 
c. 


2.. 
3.. 
4. 


5. 


F.  ANALYSIS. 
L  Terms. 


t 


5.. 
6.. 


a. 
h.. 
c. 


15. 
16. 


II.  Axiom. 


II.  Rule. 


7.. 

a. 

0.. 
10.. 


17.. 


a.. 


ri.. 


II.  FORMULiB.  <  2. 


3. 


n.  Princiful 


n.  Process. 


CHAPTER  VI. 
POWERS   AND    ROOTS 


SECTIOy  I. 

INVOLUTION. 
I.   DEFINITIONS  AND   PRINCIPLES. 

32S»  Define  a  power  (i^i).  Define  a  root  (142). 

326m  InvoluHon  is  the  process  of  finding  powers  from  roots. 

327*  An  eocpanent  is  a  number  placed  at  the  right  and  above  a 
root,  to  indicate  the  required  power  of  the  root.    ' 

a.  The  fifth  power  of  7  =  7*  =  7x7x7x7x7  =  16,807; 

the  third  power,  or  cube,  of28  =  28'=2dx28x23  =  12,167. 
QmveneHy,—!  is  the  fifth  root  of  16,807 ;  28  is  the  cube  root  of  12,167. 

h*  The  exponent  indicates  the  number  of  times  the  root  is  to  be  used  as  a  factor. 

c.  Powers  are  indicated  by  exponents ;  indicated  powers  are  expanded  by 
multiplication. 

d.  The  root  itself  is  commonly  called  the  flr$t  power;  its  exponent  (^)  is 
seldom  written. 

328.  Ex.  1.  What  is  Process. 

the  7th  power  of  8?  S  x  8  x  S  x  S  x  8  x  8  x  8  =  2,097,152 

The  written  expression  in  the  foregoing  process  is  an  arithmetical 
equation  (39) ;  it  may  be  varied  by  introducing  signs  of  aggregation 
{38,  IV)  as  follows  :— 

(8  x  8)  X  (8  x  8)  x  (8  x  8)  x  8  =  8*  x  8*  x  8*  x  8*  =  8'  =  2,097,152;  or 

(8  X  8  X  8)  X  (8  X  8  X  8)  X  8  =  8*  x  8*  x  8*  =  8*  =  2,097,152 ;  or 

(8  X  8  X  8)  X  (8  X  8  X  8  X  8)   =  8'  X  8*  =  8*  =  2,097,162;  or 

(8  X  8  x  8)  X  (8  X  8)  X  (8  X  8)  =  8*  X  8*  X  8'  =  8*  =  2,097,152;  or 

(8  X  8)  X  (8x8x8x8x8)    =8*x8*  =  8' =  2,097,152. 

In  each  of  these  five  equations  the  sum  of  the  exponents  of  the  aggre- 
gations is  7y  which  equals  the  exponent  of  the  required  power.    Again, — 

8*x8*  =  8'  +  *  =  8*;  5»x5'x5*  =  5*;  19»  x  19*  x  19»  =  19*^    Hence. 
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Principlk  I.  Any  poioer  of  a  root  equals  the  product  of  any  bneer 
powers  of  the  same  root,  the  sum  of  whose  exponents  equals  the  eai^f^onent 
of  that  power, 

Ex.  2.   Expand  16*,— i.c.,  Process. 

find  the  4th  power  of  15.  16  x  15  x  15  x  15  =  5  0,625 

Since  15  =  8  x  5,  the  process  may  be  written 


8x5x8x5x8x6x8x5  =  50,626 ;  or,  grouping  like  factors, 

8x8x8x3  X  5x6x5x5  =  8*  x  6*  =  60,626.     Again,— 

3*  X  5»  X  ?•  =  105'  ;  2*  x  8*  x  7*  =  42*  ;  4»  x  9*  =  86*.     Hence, 

Pbinciplb  II.  Any  power  of  a  root  equals  the  product  of  the  like 
powers  of  any  set  of  factors  that  produce  the  root. 

Problems. 

In  solving  these  problems,  use  short  methods  of  multiplication  and  combinations 
of  powers  or  factors,  when  they  shorten  the  work  of  computation. 

1.  What  is  the  6th  power  of  7  ?      |      2.  Expand  18*. 

3,  Prove  by  computation  that  the  product  of  the  8d  and  4th  powers 
of  6  is  the  7th  power  of  5. 

4,  Find  the  d2d  power  of  2,  using  only  five  multiplications. 

5,  Find  the  cube  of  86  from  the  cubes  of  its  factors. 

6,  Express  all  the  combinations  for  the  6th  power  of  7.     (See  Ex.  1.) 

Expand  I  ^;  ^^; 
Complete  and  learn  the  following  table : 


9.     31* 

It.  24* 

13.  .6^° 

15.  2.66* 

17.  {HY 

10.  136« 

12.  2.7* 

M.  11* 

-^«.  (i)' 

18.  (♦)« 

Roots 

Squares 

Cubes 

1 

2 

.2 

8 
.3 

4 

5 

6 

7 

8 

0 
.0 

Roots 

Squares 

Cubes 

.1 

.4 

.6 

.6 

.7 

.8 

329*  The  least  and  the  greatest  integer  that  can  be  expressed  by  one 
figure  are  respectively  1  and  9 ;  and  the  least  and  the  greatest  decimal 
that  can  be  expressed  by  one  figure  are  respectively  .1  and  .9;  hence,  if 
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1  and  Oy  and  .1  and  .0  be  raised  to  the  same  power,  the  results  will  show 
the  least  and  the  greatest  limit  to  the  number  of  places  produced  by 
raising  to  that  power  a  number  expressed  by  any  one  figure. 


1«  =  1 
1»  =  1 
1*  =  1 
1«  =  1 


.!•  =  .01 
.1*  =  .001 
.1*  =  .0001 
.1*  =  .00001 


.9*  =        .81 

.9'  =  .729 
.9*  =  .6661 
.9*  =  .69049 


9*  =  81 
9'  =  729 
9*  ==  6,661 
9*  =  59,049 

Comparing  roots  with  their  powers,  we  see  that 

(1)  The  second  power  of  an  integer  expressed  by  one  figure  contains 
one  or  two  places ;  the  third  power  contains  one  to  three  places ;  the 
fourth  power,  one  to  four  places ;  the  fifth  power,  one  to  five  places ; 
and  so  on. 

(2)  The  second  power  of  a  decimal  expressed  by  one  figure  contains 
two  places;  the  third  power  three  places;  .the  fourth  power,  four  places; 
the  fifth  power,  five  places ;  and  so  on.     Hence, 

Principlb  in.  The  limits  of  the  number  of  places  in  any  power  of  any 
integer  eacpressed  by  one  figure^  are  one  and  the  number  expressed  by  the 
eacponenJt  of  the  power.    And 

Pbinciple  IV.  Hie  limit  of  the  number  of  places  in  any  power  of  any 
decimal  expressed  by  one  figure^  is  the  number  eoqyressed  by  the  exponent 
of  the  power. 

330m  The  least  and  the  greatest  integer  that  can  be  expressed  by  two 
figures  are  respectively  10  and  99 ;  and  the  least  and  the  greatest  decimal 
that  can  be  expressed  by  two  figures  are  respectively  .01  and  .99. 


10"  =  100 
10*  =  1,000 
10*=  10,000 
10^  =  100,000 


99"=  9,801 

99'=  970,299 

99*=      96,059,601 
99^  =  9,509,900,499 


.01"=  .0001 
.01'=  .000001 
.01*=  .00000001 
.01*  =.0000000001 


.99'=  .9801 
.99'=  .9'?0299 
.99*=  .96059601 
.99*  =.9509900499 


Comparing  these  roots  and  powers  with  the  like  powers  of  roots  ex- 
pressed by  one  figure  (329),  we  see  that  each  figure  after  the  left-hand 
figure  in  the  root  produces  as  many  additional  places  in  the  power  as 
equal  the  ones  in  the  exponent.    Hence, 
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Pbikciple  V.  The  limits  of  the  number  of  piaces  in  any  required 
power  of  any  root  are  the  limits  of  the  same  power  of  a  root  eapressed 
by  onefgure,  plus  as  many  places  as  are  iftdicated  by  the  product  of  the 
exponent  by  the  number  of  places  less  one  in  the  root. 


Exercises. 
How  many  figures  will  be  required  to  write 


The  square 


1.  Of  28  ? 

2.  Of  68? 


3.  Of  152? 

4.  Of  807  ? 


The  cube 

5.  Of  17? 

6.  Of  46  ? 


7.  Of  200  ? 

8.  Of  530  ? 


The  fourth  power 


9.  Of  9  ? 
10.  Of  20? 


11.  Of  61  ? 

12.  Of  624  ? 


To  express  the  expanded  equivalents  for  the  following  indicated  powers : 


13.  37'? 

14.  15*? 


15.  12®? 

16.  22'? 


17.  56*? 

18.  8*M 


19.  .7*? 

20.  .OM 


21.  1.1*? 

22.  .67*? 


4.1'? 
24.    6.59*? 


II.   SQUARES  AND   CUBES  OF   DECIMAL   NUMBERS. 

33 !•  To  determine  the  parts  that  make  up  the  square  of  a  root  ex- 
pressed by  two  figures,  we  will  square  34  by  different  processes. 

34  =  30  +  4,  or  3  tens  and  4  ones ;  34*  =  30  +  4*  =  (30  +  4)  x  (30  +  4). 

General  Process. 


Pr(^^  Second  Process.       TnniD  Proce6& 


34  =     SO-k-Ji, 
S4  =     ^0+4 


=   SO  +-^ 
=   SO  +4 


=  (tern  +<m«) 
^  (tens  -\-one8) 


IDS   =   900'\-120         =    SO^-^ 
1S6=  120+16= 


(S0X4)        =    teiw*  + 
(S0X4H4'= 


(tens  X  ones) 
(tensxanes)  +<wie«* 


2,156=   900+240-^16=    SO* +  gy.{S0x4)+4'=    Uns*  +  2  x(ten$xanes) +ones* 

In  the  first  process  34  is  squared  by  the  ordinary  method  of  multi- 
plication, with  this  exception, — the  digits  of  the  multiplier  are  taken  in 
order  from  left  to  right. 

In  the  second  process  the  products  of  the  units  of  the  different  orders 
are  written  separately,  and  the  additions  are  indicated. 

In  the  third  process  the  parts  of  each  of  the  factors  that  form  the 
different  parts  of  the  power  are  kept  separate,  and  both  the  mnltiplicar 
tions  and  additions  are  indicated. 

The  General  Process  is  the  third  process  expressed  in  words. 
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The  final  result  obtained  by  each  of  the  first  three  processes  is  forma- 
lated  in  the  General  Process,  and  is  expressed  in 

PsiNciPLB  VI.  The  square  of  any  number  regarded  as  tens  and  ones  is 
composed  of  the  square  of  the  tens,  plus  ttoo  times  the  product  of  the  tens 
and  the  ones,  plus  the  square  of  the  ones. 


Applying  Prin- 
ciple yi  in  squar- 
ing the  number 
U,  the  work  may 
be  written  in  ei- 
ther of  the  forms 
following : 


First  Pbocess. 

30'=    900 

2X(30X4)=    240 

4'=       16 


Second  Process. 

3  tens'  = 
2X  {3  tens  X  4  ones)  = 

4  ones'  = 


16 


34'  -1,156 


34'  =1,156 

332m  To  determine  the  parts  that  make  up  the  cube  of  a  root  ex- 
pressed by  two  figures,  cube  34  by  a  contitiuation  of  the  third  process 
and  of  the  general  process  {331). 

In  continuing  these  processes,  always  combine  the  mulUplier  with  its  like  factor 
(if  any)  in  each  term  of  the  multiplicand,  and  indicate  the  multiplication,  by  a 
change  in  the  exponent  of  that  factor. 

Thibd  Process. 
Root  or  1st  power,  30-^-4  = 

30+4  = 


General  Proceb& 


tetiM-\rones 
tens+ones 


so' +(30x4)       = 
(30x4)+4'  = 


Square, 


30*+gX(30x4)+4'  = 
30+4  = 


tens'      +((e7i8Xones) 
(tens  X  ones) +ane8' 

tens'  +gx{tenMX<meB)+ones' 

tens+OTies 


30'+ifx{30'x4)+      (30X4')        =Uns'+2x(tens'xones)+      (tensxones') 
(30'  x4)+gx(S0x4')+4^=: (tens'  X  anU)  +i  x  (tens  x  (me8')+ones' 

Cube,  30'+3x(30'  x4)+3x(30x4')+4'z=ztens^  +3x(ten8' xones)+3x(ten$xane8')+ones' 

The  final  result,  as  shown  in  the  General  Process,  is  expressed  in 
Pbinciplk  YII.  The  cube  of  any  number  regarded  as  tens  and  ones  is 
composed  of  the  cube  of  the  tens,  plus  three  times  the  product  of  the 
square  of  the  tens  and  the  ones,  plus  three  times  the  product  of  the  tens 
and  the  square  of  the  ones,  plus  the  cube  of  the  ones. 

First  Process.  Second  Process. 

30' =  2  7,000  3  tens'=27^^>^ 

3X{30'X4)  =  10,800    3X{3  tens' X 4  ones)  =  108^  ^ 
3X{30X4')=    1440 

4'= U 

34'=39,304 


Applying  Prin- 
ciple Vll  in  cub- 
ing the  number 
84,  the  work  may 
be  written  in  ei- 
ther of  the  forms 
following: 


3x{3tef}sX4ones')=    144^ 
4  ones'  =         64 


34'=39,304 
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III.   GENERAL   FORMULAE   FOR  SQUARES  AND  CUBES. 

333,  The  formulse  for  the  squares  and  cubes  of  decimal  numbers  re- 
garded as  tens  and  ones  are, — 

1.  For  aquarea : — tens'  +  2  X  tens  x  ones  +  ones'  {331,  Prin.  VI). 

2.  Per  cubes : — tens'  +3  x  tens'  x  ones+3  x  tens  x  ones' +ones'  (332,  Prin. 

VIl). 

Substituting  t  for  tens  and  o  for  ones  in  the  formulsB  given  above, 
we  have,  for  the  expansion  of  indicated  squares  and  cubes  of  decimal 
numbers  regarded  as  tens  and  ones,  the  following 


General   (    I.  Per  squares : — t'  +  2xtxo  +  o' 
Formula.  ( li.  Pbr  oabes:— ^^  +3xt'xo-{'3xtxo'+o' 
These  formuto  will  be  used  in  the  theoiy  of  square  and  cube  roots. 

Ex.  2.  Expand  34'. 


Ex.  1.  Expand  84». 
Fbocbssbs. 
34=i30  +  4  =  3  tens -f  -J  ones 

FormuUI.  34'  =:t' +  2xtX0-\'0' 

1.  Full  Pbocess. 

t'==30'z=     900 
2xtXo=:2X30X4=    240 

O'  =  4'  z=z 16 

Hence,    34'z=zl,16  6 

2.  Shobt  Process. 

t'  =i3'  =    9^^  *«*»<«• 
2XtXo  =  2x3X4=^    24^  um 


0' 

=  4'=       16  on. 

Hence, 

34'  =lyl^6 

3.  Process  bt  Equations. 

34^  =  t' 

+  2xtXo  +  0' 

=  ;?(?*  + 

2X  30x4  +  4' 

=  900  +  240  +  16 

^1,156 

PROCESSEa 

34^30  +  4z=z3  tens  +  4  ones 

1.  Full  Process. 

t'  =  30'=27fi00 
3Xt'X  0  =  3  X  30' X  4  =  10,800 
3XtXo'  =3X30X4'=    1,440 

64 


s  ^  is  ^ 


o'=4 


Hence,    34' =39,304 
2.  Short  Process. 

3xt'Xo  =  3X3'x4  =  108y^^   hiumd. 

3XtXo'  =3X3X4'  =     144^    tent 

64   ^"^ 


o'=4^=^ 

8 " 


Hence,    34' —39,304 

3.  Process  bt  Equations. 

34'  =  t'  +  3Xt'Xo  +  3XtXo'  +  o'' 

=  30'  +  3X30'X4+3X30x4'  +  4' 
=  27,000+ 10,800  + 1,440  +  64 
=  39,304 
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Apply  proper  f ormalie  and  expand  the  indicated  powers  in  the  following 

Pboblbms. 


19.  13" 


20.  64' 


21.  67" 

22.  92" 


23.  n" 

24.  46' 


25.  31" 

26.  76" 


31.    114"  lUaUtoOI+iOIMf. 

OA    o  o»rt       ft  vT—  /BS  t*»*  o'  hondredUif  +  T  odm  of 
a^.  3.27         "«-\   hundwdtlia. 


;»r.  6.6" 

28.  2.3" 
55,  21.8" 
34.  .142" 


J?9.  .86" 
50.  .48" 
36.  68.6" 
56.  409" 


Prove  the  following 

Pbopobitionb. 

I.  AUpowen  of  1  are  1. 

n.  AUpaeera  of  roots  greater  than  1  are  greater  than  their  roots. 

UL  All  powers  of  roots  less  than  1  are  less  than  their  roots. 

rV.  There  must  he  as  many  ciphers  in  the  final  period  of  a  perfect 
power  ending  with  ciphers,  as  there  are  ones  in  the  exponent. 


SECTION  II. 

EVOLUTION. 

I.    DEFINITIONS,  AND   EVOLUTION    BY   FACTORING. 

334*  JEvoiuiion  is  the  process  of  finding  roots  from  powers. 
Evolution  is  commonly  called  extraction  of  roots. 

33S»  The  radical  sign  (V)  ^^  the  sign  placed  before  a  number,  to 
denote  that  a  root  is  to  be  extracted. 

a.  An  indea>  Is  a  number  placed  in  the  opening  of  the  radical  sign,  to  indicate 
the  root  to  be  extracted.    Thus,— 

Vl26,  Vm,  are  read,  "  the  cube  root  of  126."  and  **  the  fifth  root  of  848." 

b.  The  index  of  the  square  root  is  commonly  omitted.    Thus,— 

^49  is  read  "the  square  root  of  49." 

e.  A  fradionai  exponent  is  also  called  an  index.  Thus,  83^  is  read  "the 
square  of  the  fifth  root  of  82,"  or  "  the  fifth  root  of  the  sqtiare  of  82."  In  this 
example  the  fraction  f  is  a  fractional  exponent  or  index. 

N 
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336»  A  perfect  power  is  a  number  that  has  an  exact  root. 

337*  An  imperfect  power  is  a  number  that  U^s  not  an  exact  root. 

a.  A  number  may  be  a  perfect  power  of  a  root  of  one  degree  and  an  imperfect 
power  of  a  root  of  some  other  degree.  Thus»  64  is  a  perfect  power  of  a  root 
of  either  the  second,  thud,  or  sixth  degree,  but  an  imperfect  power  of  a  root 
of  the  fourth  or  the  fifth  degree. 

&•  Perfect  powers  are  also  called  roHotuU  numbers,  and  imperfect  powers 
are  called  radicals  or  surds^ 

338»  The  square  root  of  a  number  is  one  of  two  equal  factors  that 
produce  the  number. 

339*  The  cube  root  of  a  number  is  one  of  three  equal  factors  that 
produce  the  number. 

340*  Since  6  x  5  =  25,  5  is  the  square  root  of  25 ;  and  since 
54  X  54  =  2,916,  .54  is  the  square  root  of  2,916.  Also,  since  4  x  4  x  4  =  64, 
4  is  the  cube  root  of  64 ;  and  since  54  x  54  x  54  =  157,464,  54  is  the 
cube  root  of  157,464.  ^ 

Ex.  1.  5  X  5  =  25 ;   7  X  7  =  49 ;   25  x  49  =  1,226  r=  5*  X  7*  =  35« 

Ex.2.   2x2x2  =  8;    3x8x3  =  27;   8  X  27  =  216  =  2*  x  3' =6* 

Converself/y — 

Ex.  3.    Vl,225  =  V26  X  49  =  V{5  X  5)  X  (7  X  7)  =  5  X  7  =  36 
Ex.  4.    -V^^  =  a/S  X  27  =  V(2  X  2  X  2)  X  (3  X  3  X  3)  =  2x3  =  6 

From  the  foregoing  examples  is  deduced 

Pbinciplk  I.  JBaeh  prime  factor  of  the  root  of  a  perfect  power  is  a  fac- 
tor in  the  power  as  many  times  as  there  are  ones  in  the  index  of  the  rook 

Ex.  5.  What  is  the  cube  root  of  1,728  ? 

PaocBss. 
1,728=  {2x2x2)  x(^x2x2)x{SxSxS)\   2x^x8^12 

Steps.  Ist,— Resolye  1,728  into  its  prime  factors; 

2d,— Separate  the  factors  into  groups,  each  consisting  of  as  many  like  factors  as 
are  indicated  by  the  index  of  the  root,— viz.,  8. 

8d,— For  the  required  root,  find  the  continued  product  of  one  factor  from  each  group. 
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i.  V4,900 
^.  V5,184 
3.  v^46,656 


Problems. 

4.  ^5^2,704  I     7.  V207.86 

5.  V  5308416  '     «.   i/21.952 
0.   Vl*>348,907      I     d.   V.6084 


10.  i/16,681.376 

12.  Vii^SS 


Ex.  6.  Vai  =  \/4  X  16  =  VI X  via  =  2x4  =  8 

Ex.  7.  V2T6  =  Vs  X  27  =  {/S  X  v^27  =  2x3  =  6 

From  the  foregoing  illustrative  examples  is  deduced 

Pbinciple  II.  Any  root  of  a  perfect  power  equals  the  product  of  Wee 
roots  of  the  rational  factors  that  produce  the  power. 

Ex.  8.  Apply  Principle  II  in  finding  the  square  root  of  1,296. 

Akalttical  Pbocess. 

V1J96  =^^/^x^x81  =  ^/l^x  VI  X  Vsl  =^2  x2  x9  =  36 

ExpiaANATiON.— 1  divide  1,296  by  the  perfect  square,  Pbocxss. 

or  rational  factor,  4 ;  the  result,  824,  by  the  rational  .  . 

factor  4 ;  and  obtain  the  rational  factor  81.   I  then  write     1,^96  \  3^4  \  8 1 
the  roots,  2,  2,  and  9,  of  these  rational  factors  in  a  line, 
and  find  their  continued  product,  86,  which  is  the  re- 
quired root 


2    X    2x9  =  36 


Ex.  9.  Find  the  cube  root  of  74,088. 

Btefs.  Ist,— Divide  by  rational  factor  8; 

2d, — Divide  result  by  rational  factor  27 ; 

8d,— Extract  cube  roots  of  rational  factors,  8, 
27,  848; 

4th,— Find  product  of  the  roots,  2,  8, 7.  Result,  42. 


Process. 
74y0S8\9,26l\343 


8 
2     X 


3x7  =  4 


Apply  Principle  11  in  extracting  the  indicated  roots  in  the  following 

Problems. 

19.   (/. 260047 


13.  V  8,969 

14.  Vl  1,026 

15.  V.1764 


16.  V  12.25 

17.  1^42,875 
IS.  V  216,000 


20.  ^/9Mi 

21.  vta 


22.  vrm 
«5-  Vim 


24.  V2,460| 
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11.    NUMBERS  OF  PLACES  IN   ROOTS  OF  DECIMAL  NUMBERS. 

34:1.  It  is  evident  that  587  =  58  tens  +7  ones,  109  =  10  tens  and  9 
oneSy  3,245  =  324  tens  and  5  ones,  and  so  on. 

It  is  also  evident  that  .25  =  2  tens  and  5  ones  of  hundredths,  .587  =  58 
tens  and  7  ones  of  thousandths,  .3245  r=  324  tens  and  5  ones  of  ten-thou- 
sandths, and  so  on.  Also,  that  2.5=2  tens  and  5  ones  of  tenths,  58.7=58 
tens  and  7  ones  of  tenths,  5.87  =  58  tens  and  7  ones  of .  hundredths,  and 
60  on.     Hence, 

Any  decimal  number  expressed  by  more  than  one  figure  may  be  re- 
solved into  two  parts,  viz. :  onea^  expressed  by  the  right-hand  figure; 
and  tens;  expressed  by  all  the  figures  at  the  left  of  ones. 

342.  From  329,  Prin.  Ill,  IV,  and  330,  Prin.  V,  are  deduced  the 

following 

Impobtakt  Facts. 

« 

I.  Hie  number  of  places  in  any  required  root  of  an  integer  can  be  de- 

terminedj  by  pointing  off  the  integer  into  periods  of  as  many  places  each 

as  are  indicated  by  the  index,  counting  from  the  ones  toward  the  left. 

The  left-iiaud  period  may  be  either /utf  or  partial;  t.  e.,  it  may  or  may  not  con- 
tain as  many  places  as  are  indicated  by  the  index. 

IL  7^6  number  of  places  in  any  required  root  of  any  decimal  can  be 

determined,  by  pointing  off  the  decimal  into  periods  of  as  many  places 

each  as  are  indicated  by  the  index,  counting  from  tenths  toward  the  right. 

All  decimal  periods  must  hefuU;  i.e.,  each  must  contain  as  many  places  as  are 
indicated  by  the  index. 

III.  The  number  and  kinds  of  places,  integral  or  decimal,  in  any  re- 
quired root  of  any  mixed  decimal  number  can  be  determined,  by  pointing 
off  the  number  into  periods,  as  stated  in  JFhcts  I  and  IL 

IV.  The  required  power  of  the  left-hand  figure  of  the  root  is  f<mnd 
wholly  in  the  first  or  left-hand  period  of  the  number;  of  the  first  two  fig- 
ures of  the  root,  in  the  first  two  periods  of  the  number;  of  the  first  three 
figures,  in  the  first  three  periods ;  and  so  on. 

V.  Any  power  of  the  first  figure  of  a  root  is  the  greatest  like  power 
found  in  the  first  period  of  a  power  of  the  same  degree. 
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Ex.  1.   How  many  integral  places  are  there  in  the  cube  root  of 

75,850,946,733,343  ? 

Procrss. 
EzFLAKATiON.— Beginning 

at  ones  and  pointing  the  num-     7S' 350' 9  46' 7  S  3' 3  ^3.     Hence^  6  places. 

ber  off  into  periods  of  three 

figures  each  (the  number  indicated  by  the  index),  I  have  five  periods,— four  full  and 

one  partiaL    Hence,  there  are  five  places  in  the  root 

Ex.  2.  What  is  the  first  figure  of  the  required  root  in  example  1  ? 

Having  determined  the  figures  that  compose  the  first  period  of  the  power,  we  see 
by  inspection  that  the  greatest  integral  cube  number  in  the  left-hand  period  (75)  is  64; 
and  the  cube  root  of  64  is  4.    Hence,  4  is  the  first  figure  of  the  required  root 

Process. 

8'e5'43'78\93'4e'26' 
Hetice,  7plac€8y — 4  integral  and  3  decimal. 

2'  =iJ^  and  3'  =  9;  hence, 
2  is  the  first  figure  of  the  required  root. 

Problems. 

Find  the  number  of  integral  places,  and  the  first  figure  of  the  re- 
quired root, 

In  the  square  root  •< 


Ex.  3.  How  many  places  are 
there  in  ^8,654,3 78. 934625, 
and  what  is  the  first  figure  of 
the  required  root? 


27.  Of  148,225 

28.  Of  99,325 


29.  Of  7,215,019 

30.  Of  40,300,805 


In  the  cube  root 


{ 


33.  Of  1,860,867 

34.  Of  1,331,000,000 


25.  Of  784 
20.  Of  6,849 

31.  Of  1,331 

32.  Of  91,125 
3S.  In  the  4th  root  of  148,225.     |     30.  In  the  6th  root  of  99,325. 

37.  In  the  5th  root  of  187,642,875,945,815,438,125. 

Find  the  number  of  places  of  each  kind — ^integral  and  decimal — and 
the  first  figure  of  the  required  root,  in 

38.  The  square  root  of  7,835,468.9344.      40.  Vl 8,675.93462376. 

39.  The  cube  root  of  18,643,257.94856.      41.  1/345.861432789463172. 

Demonstrate  the  following 

Pbopositioks. 
L  All  roots  of  1  are  1. 

II.  All  roots  of  powers  greater  than  1  are  less  than  their  powers. 

III.  All  roots  of  powers  less  than  1  are  greater  than  their  powers. 
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SECTION  III. 

EXTRACTION   OF   SQUARE   ROOT. 

Tha  praotloal  applioatloiui  of  square  and  onbe  roots  are  mnoh  more  nn- 
marons  than  those  of  roots  of  higher  degreea  Also^  a  knowledge  of  the 
pdnoiples  upon  whloh  the  eztraotion  of  square  and  onbe  roots  is  based 
Is  necessary  to  a  thorongh  understanding  of  the  pzinoiples  and  laws  that 
99v«ni  roots  of  higher  degrees.     Henoe^  these  two  subjeots  require  special 


All  roots  expressed  by  one  figure,  and  their  squares  and  cubeSy  will  be 
found  in  the  completed  table  {328).  When  expressed  by  two  or  more 
figures,  the  methods  of  determining  the  number  of  figures,  and  the  first 
figure,  have  already  been  shown  {330). 

343.  34"=  (30+4)"=  30«  +  2  X  (30x4) +4*=  900  +  240  +  16  =  1,156. 
Pointing  off  this  power  into  two-figure  periods,  11'56,  and  comparing 
the  parts  with  the  power,  it  will  be  seen 

(1)  That  the  second  power  (9)  of  the  tens  (3)  of  the  root  is  wholly  in 
the  first  period  of  the  power  (11). 

(2)  That  the  product  of  2  times  the  tens  (3)  and  the  ones  (4),  t.  €., 
(2  X  3  X  4  =)  24  is  wholly  in  that  part  of  the  power  expressed  by  the  first 
period  of  the  power  minus  the  square  of  the  tens  of  the  root  (11  —  9  =  )  2 
with  the  tens  (5)  of  the  second  period  of  the  power  annexed,  25 ;  and 
26  —  (2  X  3  X  4  =  24  =)  1. 

(3)  That  the  second  power  (16)  of  the  ones  (4)  is  wholly  in  that  part 
of  the  power  expressed  by  the  25  minus  2  times  the  product  of  the  tens 
(3)  and  the  ones  (4)  of  the  root,  •*.  6.,  (2x3  x  4=24,  and  25—24=)  1,  with 
the  ones  (6)  of  the  second  period  annexed,  16 ;  and  16  —  4"  =  0.    Hence, 

344.  Important  Facts. 

I.  TTie  product  of  two  times  the  tens  and  the  ones  of  the  square  root 
of  a  decimal  number  is  ushoUy  in  the  number  formed  by  subtracting  the 
square  of  the  tens  from  the  first  period  of  the  power ^  and  to  the  remainder 
annexing  the  tens  of  the  second  period  of  the  power. 
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n.  The  9quare  of  the  ones  is  whoUy  in  the  number  formed  by  subtract- 
ing the  product  of  two  times  the  tens  and  the  ones  from  the  preceding 
minttend,  and  to  the  remainder  annexing  the  ones  of  the  second  period 
of  the  power. 


Pbocbsi. 


t'=6'  = 


36 


2xt  =  2x6=:il2)  88 

84 


2XtXo=2x6X7= 


o'  =  7'  = 


49 
49 


34S.  Ex.  1.  Extract  the  square  root  of  4,489. 

A1TALT8I& — Separating  the  number  hito 
periods  of  two  figures  each,  I  find  that 
the  root  will  be  expressed  by  two  figures 
(342,  I). 

Since  the  square  of  the  tens  of  the  root 
is  wholly  in  the  first  period  of  the  giyen 
number  or  power,  and  is  the  greatest  square 
in  that  period  {342),  I  write  86  (the  great- 
est square  in  44)  under  44;  and  6  (the 

square  root  of  86)  for  the  tens  of  the  root.     Subtracting  86  from  44,  and  to  the  re- 
mainder annexing  the  tens  of  the  second  period,  I  have  the  minuend  88. 

This  number  wholly  contains  the  second  part  of  the  power,  or  the  part  that  is 
composed  of  the  two  factors  (2  x  the  tens  and  the  ones)  I344f  I).  Two  times  the 
tens*  or  12,  being  one  factor  of  88,  the  other  factor  is  found  by  dividing  88  by  (2  x  the 
tens  =)  12,  which  gives  7  and  a  remainder.    Hence,  I  write  7  for  the  ones  of  the  root. 

(2  X  tens  x  ones  =)2x6x7=:84  Subtracting  84  from  88  and  to  the  remain- 
der annexing  the  ones  of  the  second  period  of  the  power,  I  have  the  minuend 
40  {344,  II). 

(Ones'  =)  7'  =  49,  which  I  subtract  from  49,  and  all  of  the  given  number  has 
been  used. 

Hence,  67  is  the  required  root 


Ex.  2.  Extract  the  square  root  of  610.09. 

OuTLiNS  OF  Analysis.  —  Three 
periods, — two  integral  and  one  deci- 
mal ;  hence,  three  places  in  the  root, 
— two  integral  and  one  decimal. 

Greatest  square  in  first  period,  4 ; 
first  figure  of  root,  (1/I  = )  2. 

First  figure  of  root  regarded  as 
tens,  2 ;  first  divisor,  (2x2=)  4 ; 
second  figure  of  root»  4 ;  first  remain- 
der with  tens  of  second  period  of 
power  annexed,  21;  2  x  tens  x  ones, 
16;  second  renudnder  with  ones  of 
second  period  of  power  annexed,  60. 


Pbocbss. 


t'  =  2'  = 
2Xt=^2x2=4 

2xtxo=2x2x4= 

o'  =  4^  = 
2xt  =  2x24=48)  340 

2XtXo=2x24X7=^         336 


6'10:09\^4.7 
4  


o^^7^=^ 


49 
49 
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Ones',  16;  third  remainder  with  tens  of  third  period  of  power  iMinexed,  840,— 
which  becomes  a  dividend  in  finding  the  units  of  the  next  order  (or  the  Uiird  figure) 
of  the  root. 

First  two  figures  of  root  regarded  as  tens,  24 ;  second  divisor  (2  x  ^  = ),  48 ;  third 
figure  of  root,  7 ;  2  x  tens  (24)  x  ones  (7),  886 ;  first  remainder  with  ones  of  third 
period  of  power  annexed,  49 ;  square  of  ones,  49 ;  no  remainder. 

Hence,  required  root,  24.7. 

Pbocsss. 
Ex.  3.  Extract  the  square  root  of  f}f .  ^/lii  —  ''^^^  —  19- 

84:6»  Steps  in  ExTRAcnNG  Squabs  Boot. 
I.  Separate  the  number  into  periods  of  tuiofigwreB  eacK 

n.  Mnd  tens  of  root;  mbtract  square  <^  tens  fromfirH  period;  and 
form  dividend. 

in.  Divide  by  two  times  tens  of  rooty  for  ones  of  root;  subtract  two 
times  tens  times  ones  of  root;  form  new  std>trahend;  and  subtract  square 
of  ones  of  root. 

If  there  is  a  remainder,  regarding  that  part  of  the  root  now  found  as 
tens  of  the  required  root, 

IV.  JFbrm  new  dividend  and  new  divisor^  and  proceed  as  with  Jlrst 
dividend  and  first  divisor  for  units  of  next  and  each  succeeding  place 
in  the  root. 

a.  If  any  dividend  is  less  than  the  corresponding  divisor  :— 

Write  a  cipher  in  the  root,  and  for  a  new  dividend  annex  to  the  difsidend  the 
ones  figure  of  the  period  used, 

6.  If  there  is  a  remainder  after  ail  the  periods  have  been  used  :— 

Annex  periods  of  decimal  ciphers,  extend  the  toork  to  any  required  degree  of 
exactness,  and  torite  +  after  the  root  obtained,  to  indicate  thai  it  is  not  exact, 

c.  If  the  right-hand  decimal  period  contains  but  one  figure  :— 
Make  it  a  fuU  period  by  annexing  a  decimal  cipher. 

d.  To  extrsict  the  square  root  of  a  fraction : — 
Extract  the  square  root  of  each  term  separately, 

€.  To  extract  the  square  root  of  a  mixed  fractional  number  :— 

Fir^  reduce  it  to  a  mixed  decimal  number  or  to  an  improper  fraction. 

In  extraction  of  roots,  the  decimal  point  is  disregarded  after  the  numb^  is 
separated  into  periods. 
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Pboblems. 

Im  Supply  the  omitted  parts,  and  write  putlines  of  the  completed 
process  of  extracting  the  square  root  of  10,485.76. 

Extract  the  square  root  of 


Process. 

l'0i'85J76 

1 

22 

2y~6 

r= 

0 

A 

= 

0 

zzz 

20yj8 

^ 

40 

85 

^z 

i 

^z 

204]  817 

= 

816 

16 

— 

16 

1024 


2.  5,329 

3.  205,209 

4.  6,270,016 

5.  7,824,192 
€.  .00394384 

Find  the  value  of 
12.  V2 


13.  ^/bl2 


14.  V330,626 

15.  -/.910116 


16.  V4,515.84 


7.  .46537 

8.  177.1561 

9.  9.94351 

10.  43H 

11.  Hi 

17.  a/s.  164164 

18.  V^^ 


20.  \/86^ 

21.  V327|| 


SHORT   METHOD. 

347 •  In  the  following  method,  three  steps  of  the  general  method  are 
omitted  without  increasing  the  difficulties  of  the  process. 

Ex.  1.  Extract  the  square 
root  of  4,489. 

The  process  by  the  general  J^Ji!89  I  6  7 

method   is    fully   explained   in 
345. 

In  the  process  by  the  general 
method  it  will  be  seen  that  the 
factors  (2  and  6)  of  the  divisor 
(12)  and  the  first  two  factors 
(2  and  6)  of  the  subtrahend  (84) 


Pbocbssbs. 
1.  Bt  the  Oenebal  Method. 


t'  =  6'^ 

2  xt=i2  X  6  =  12)  88 
2xtxo  =  2  x6x7=:  84 


0*=:7'  = 


49 
49 


are  the  same,  and  that  the  ones  (7)  of  the  root  is  the  third  factor  of  84.  The  process 
may  therefore  be  shortened  by  omitting  the  equation  2xtxo  =  2x6x7,  and  mul- 
tiplying the  diyisor  13  (=  2  x  6)  by  the  ones  (7)  of  the  root  and  writing  the  product 
(84)  directly  under  the  88.    (See  next  page.) 
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2.  First  Contbaction. 


Shobt  Pbocbss. 


2X  t  =  2x6  =  12)  88 

84 


H'89\67 
36 


t':=6'  = 


jH'89\67 
36 


o'  =  7'  = 


49 

49 


2Xt^2X6=12\  88:9 

~84^ 

49 


7X12  = 

*  =  7'  =: 


It  will  also  be  seen,  on  examination,  that  all  of  the  power  remaining  after  the 
square  of  the  tens  (86)  has  been  subtracted,  is  880 ;  that  84  tens  (=  840)  of  this  re- 
mainder is  the  second  part  subtracted  (t.  e,,2xtxo), and  that  48  (t. «., o*)  is  the  third 
part  subtracted.  The  sum  of  840  and  49  is  889.  The  process  may  therefore  be  still 
further  shortened,  by  adding  the  two  subtrahends  (840  and  49)  and  subtracting  their 
sum  from  the  remainder  obtained  by  subtracting  the  square  of  the  tens  of  the  root 
from  the  power.    See  Short  Process,  and  the  process  Ulustrated  on  page  199. 


PBOCB88. 


Ex.  2.  Extract  the  square  root  of  610.09. 

SnoGEsnoK.  —  Carefully  compare  the 
corresponding  steps  in  the  process  on 
page  199  and  the  process  here  given,  and 
determine  the  reasons 

(1)  For  omitting  from  the  full  process 
the  equation  2xtxo, 

(2)  For  the  use  of  the  x  in  the  partial 
remainders  16  and  886. 

(3)  For  not  writing  the  sums  of  16  x 
and  16,  and  886  x  and  49. 

348m  Write  out  the  steps  in  the  short  method  of  extracting  square 
rooty  on  the  plan  given  in  346. 


6'10:09 

24.7 

4 

t*=2': 

=  4  J  21:0 

16* 

m 

o'  =  4' 

=         16 

gXt  =  2X24. 

=  48}  S40\9 
S3  6* 

o'  =  7' 

49 

Extract  the  sqaare  root 

22.  Of  6,476. 

23.  Of  45.0241. 

24.  Of  .655025. 

25.  Of  imM- 

26.  Of  954. 


Pboblems. 

Find  resalts,  correct  to  three  decimal 
places,  of 


27.  a/SSO- 

28.  V'7,744. 

29.  'v/327.61. 

30.  V-C. 


31.  -1/1,000. 

32.  vm- 

33.  -v/5f 

34.  y/Z. 
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SECTION  IV. 
EXTRACTION   OF  CUBE  ROOT. 

349.   34»  =  (30  +  4)» 

=  30*  +  3  X  (30*  X  4)  +  3  X  (30  X  4*)  +  4* 
=  27,000  + 10,800  +  1,440  +  64  =  39,304. 

PointiDg  off  this  power  (39,304)  into  three-figare  periods,  39'304,  and 
comparing  the  parts  with  the  power,  it  will  be  seen  \ 

(1)  That  the  cnbe  (2?)  of  the  tens  (3)  of  the  root  is  wholly  in  the  first 
period  of  the  power  (39). 

(2)  That  the  product  of  3  times  the  square  of  the  tens  (3)  and  the 
ones  (4)  is  wholly  in  that  part  of  the  power  expressed  by  the  first  period 
of  the  power  minus  the  cube  of  the  tens  of  the  root  (39  —  27  =)  12  with 
the  hundreds  (3)  of  the  second  period  of  the  power  annexed  (123);  and 
123  —  (3  X  3*  X  4  =)  108  =  15. 

(3)  That  the  product  of  3  times  the  tens  (3)  and  the  square  of  the 
ones  (4)  is  wholly  in  that  part  of  the  power  expressed  by  (123  —  108  =) 
15  with  the  tens  (O)  of  the  second  period  of  the  power  annexed  (150) ; 
and  150  —  (3  X  3  X  4*  =)  144  =  6. 

(4)  That  the  cube  of  the  ones  (4)  is  wholly  in  that  part  of  the  power 
expressed  by  (150  —  144  =)  6  with  the  ones  (4)  of  the  second  period  of 
the  power  annexed,  64 ;  and  64  —  4*  =  0.     Hence, 

Important  Facts. 

L  The  product  of  three  times  the  square  of  the  tens  and  the  ones  of  the 
cube  root  of  a  decimal  number  is  whoUy  in  the  number  formed  by  sub- 
traeting  the  cube  of  the  tens  of  the  root  from  the  first  period  of  ^  power  y 
and  to  the  remainder  annexing  the  hundreds  of  the  second  period  of  the 
power. 

IL  The  product  of  Hires  times  the  tens  and  the  square  of  the  ones  is 
ushcUy  in  the  number  formed  by  subtracting  the  product  of  three  times  the 
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sqtmre  of  the  tens  and  the  ones  from  the  preceding  minaendy  and  to  the 
remainder  annexing  the  tens  of  the  second  period  of  the  power. 

III.  The  cube  of  the  ones  is  MohoUy  in  the  number  formed  by  sttbtr  acting 
the  product  of  three  times  the  tens  and  the  square  of  the  ones  from  the  last 
preceding  minuend,  and  to  the  remainder  annexing  the  ones  of  the  second 
period  of  the  power. 

850.  Ex.  1.  Extract  the  cube  root  of  103,823. 

Analysis. — Separating  the 
number  into  periods  of  three  Process. 

figures  each,  I  find  that  the  103'82S  \  J^l 

root  will  be  expressed  by  two  ^  <*=:4*=  64 

^^^'  3Xt^  =  3x4'-48)  398 

Since  the  cube  of  the  tens     ^x  t^  X  o  =  5X4*  X  7=  336 

of  the  root  is  wholly  in  the  ro  o 

first  period  of  the  power  and  ox  ^ 

is  the  greatest  cube  in  that     3XtXo    =3X4X7    =  688 

period  {8^2, Y),  I  write  64,  343 

the  greatest  cube  in  108,  un-  ^j^-^s^  3  43 

der  103 ;  and  4,  the  cube  root  -^— 

of  64,  for  the  tens  of  the  root. 

Subtracting  64  from  108,  and  to  the  remainder  annexing  the  hundreds  of  the  second 
period  of  the  power,  I  have  898. 

This  number  (898)  wholly  contains  the  second  part  of  the  power— or  the  part  that 
is  composed  of  the  two  factors  8  x  tens'  and  ones  {840, 1). — 3  times  the  square  of  the 
tens,  or  48,  being  one  factor  of  898,  the  other  factor  is  found  by  diyiding  898  by  48, 
which— making  allowance  for  the  remaining  parts  of  the  power — gives  7  and  a  re- 
mainder.   Hence,  I  write  7  for  the  ones  of  the  root. 

(8  X  tens*  x  ones  =}  3  x  4*  x  7  =  886.  Subtracting  886  from  the  first  minuend 
898,  and  to  the  remainder  annexing  the  tens  of  the  second  period  of  the  power,  I 
have  622,  the  second  minuend  (849,  II). 

(3  X  tens  x  ones*  =)  8  x  4  x  7*  =  688.  Subtracting  588  from  the  second  minu- 
end 622,  and  to  the  remainder  annexing  the  tens  of  the  second  period  of  the  power,  I 
have  848,  the  third  minuend  {849,  III). 

(Ones*  =)  7*  =  848.  Subtracting  848  from  the  third  minuend,  there  is  no  remain- 
der, and  all  of  the  given  power  has  been  used. 

Hence,  47  is  the  required  root 

Ex.  2.  Extract  the  cube  root  of  51,686.703125;  write  analysis  of  the 
process  through  the  first  two  places  of  the  root,  and  outlines  of  analysis 
through  the  remaining  two  places  of  the  root. 
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Process. 

6r686.103126 
t^z=3'=z  27 

3xt'=i3  x3'  z:z27jTT6 
3xt'  xoz=3x3*  X7-  189 


3xtxo'  =  3x3  x7'  =: 


578 

441 


1376 
o*  =  7*=  343 

3xt^  =3x37'  =:4107j  1033  7 
Xt'  X0  =  3  x37'  x2=z  8214 


Xtxo'  =  3x37x2'  = 


21230 

444 


o     —  #v      — 


207863 
8 

3xt' =  3x372' =  415152}  2078651 
3xt'  xo  =  3x372'  x5=  2075  760 


3xtXo' =  3x372x5'  = 

o'  =  5'  = 

Ex.  3.  Extract  the  cube  root  of  iVAVg' 

The  cube  root  of  a  fraction  equals  the  cube 
root  of  its  numerator  divided  by  the  cube  root 
of  its  denominator. 


27912 
27900 


125 
125 

Process. 


3  7.25 


y^N^w  =  X4^^^  = 


V903379 


H 


SSI.  Stbps  in  Extracting  Cube  Boot. 

L  Separate  the  number  into  periods  of  three  Jigures  each. 

II.  Mnd  tens  of  root;  subtract  cube  of  tens  from  first  period;  and 
form  dividend. 

in.  Divide  by  three  times  square  of  tens  of  root j  for  ones  of  root;  sitb- 
tract  product  of  three  times  square  of  tens  times  ones;  form  second  sub- 
trahend; subtract  product  of  three  times  tens  times  square  of  ones;  form 
third  subtrahend;  and  subtract  cube  of  ones  of  root. 
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If  there  is  a  remainder,  regarding  that  part  of  the  root  now  found  as 
tens  of  the  required  root, 

lY.  Fonn  new  dividend  and  neto  divisoTy  and  proceed  as  toith  first 
dividend  and  first  divisor y  for  the  units  of  the  next  places  and  of  ecuA 
succeeding  place  in  the  root 

a*  In  extracting  the  cube  root  of  a  number,  if  any  subtrahend  is  greater  than 
the  corresponding  minuend : — 

Diminish  the  ones  of  the  root,  tmiU  a  complete  subtrahend  i$  Maintd  lees  than 
the  corresponding  minuend, 

h.  Adapt  remarks  a,  b,  e,  d,  e  of  square  root  (846)  to  cube  root 


Extract  the  cube  root 


Pboblbms. 


1.  Of  2,744 

2.  Of  658,503 

3.  Of  .941192 

4.  Of  5,929.741 

5.  Of  400,869,021 


€.  Of  938,313,739 
7.  Of  350.402625 
S.  Of  1,003,003,001 
9.  Of  22,069,810,125 

^0.  Of  Tumh^ 


^^-  Of  mmm 

12.  Of  .000000125 

IS.  Of  2,430,968,440.536 

14.  Of  58,414,878.582336 

15.  Of  219.256227 


SHORT   METHOD. 

852%  Ex.  1.  Extract  the  cube  root  of  103,823,  writing  the  full  process 
as  shown  in  350. 

Inspecting  this  process,  we  perceiye 

1.  That  in  obtaining  the  first  root  figure  one  subtraction  is  required,  and  in  obtain- 
ing a  subsequent  root  figure  three  subtractions  are  required 

2.  That  each  of  the  three  minuends  consists  of  the  remainder  obt^ed  by  the  last 
preceding  subtraction,  with  the  next  figure  of  the  power  annexed. 

SuoGEsnoN.  —  Carefully 
compare  the  corresponding  Short  Pbocess. 

steps  in  the  two  processes, 
and  determine  the  reasons 

(1)  For  omitting  the 
changing  of  the  equation  in 
the  full  process, 

8x«"xo  =  8x4"x7  =  886, 

to  the  equation  in  the  short 
process, 
(?  X  (2i9.  =  7  X  48  =  886. 


f*  =  ^*  = 


103'823 
6J^ 


47 


3Xt'  =  3X4^=48)  39  8:23 

oXdiv.  =  7X48=  336  ^>^ 

3XtXo'  =  3x4X7'=^  588^ 

343 


o*  =  7*  = 
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(2)  For  writing  the  three  sabtiahends,  adding  them,  and  subtracting  their  sum 
from  the  dividend  as  in  the  short  process,  instead  of  peiforming  the  three  subtrac- 
tions as  in  the  common  process. 

(3)  For  omitting  the  sum  of  the  three  subtrahends  (89,828),  see  350. 


Ex.  2.  Extract  the  cube  root  of  10,174,  correct  to  2  decimal  places. 


Ahalttical  Pbocess. 


o  X  divisor  =  1x12  = 
3XtXo'  =  Sx8X  1'  = 

0^  =  1^  = 


10'174,'000'000\21.e6  + 
8  


12}  21:74 
12^^ 

1 


3Xt^  =  SX21'=    1323}  9130:00 

OX  divisor  =  6X1323=  7938^y^ 

3xtXo' =3X21X6'=  2268^ 

216 


o'  =  6'  = 


f  i,  lit  dMdend, 
917Ut  ^  minuend. 

'  ParU  qf  ttt  mUftrdhmd. 

919,  Sd  rmnainder. 
9130,  td  dividend. 
91S000,  ad  minuend. 

'  ParU  qf  id  eubtrtihend. 
9e$0ht  Sd  remainder. 


96S0U000,  Sd  minuend. 


oXdivisor  =  6x  139968  = 
3XtX  0^  =  3X216X6'  = 

o'  =  6'  = 


839808^ xy 

233 28>^  [ Parte  qf  Sd  euhtrahend. 
216 


12089704    Final  remainder. 


OuTLiNBS  OF  Analtbis.— Two  integral  periods ;  hence,  two  integral  places  in  root 
Annex  two  decimal  periods  of  ciphers. 

Greatest  cube  in  first  period,  8;  first  figure  of  root,  (^/8=:)  2;  first  remainder, 
2 ;  first  dividend,  21. 

First  figure  of  root  regarded  as  tens,  2 ;  first  trial  divisor,  (8  x  2'  = )  12 ;  second 
figure  of  root,  1 ;  first  minuend,  2,174 ;  (8  times  tens'  times  ones  =)  1  time  ddvisor  = 
12  (hundreds),  first  part  of  first  subtrahend ;  8  times  tens  times  square  of  ones  =  6 
(tens),  second  part  of  first  subtrahend ;  cube  of  ones  =  1,  tliird  part  of  first  subtra- 
hend ;  subtracting  the  sum  of  three  parts  (1,261)  from  the  minuend  =  second  re- 
mainder, 918. 

Regarding  that  part  of  the  root  now  found  as  21  tens,  the  pupil  should  be  required 
to  continue  the  outlines  through  two  more  periods  according  to  the  outlines  here 
given  for  two  periods,  closing  with  this  statement :  "Two  decimal  periods  having  been 
used,  the  work  has  been  extended  to  the  required  degree  of  accuracy. 

"Hence,  21.66+  is  the  required  root,  and  12.089704  is  the  final  remainder." 
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3S8.  Write  oat  the  steps  in  the  short  method  of  extracting  cube 
root,  on  the  plan  given  in  351. 

Pboblkms. 

16.  Sapply  the  omitted  parts  in  the  incomplete  short  process  here 
given  of  extracting  the  cabe  root  of  51,686,7089125,  and  write  oatlines 
of  analysis  of  the  process. 


Process. 

5r686'70S'126 
27 


27]  246:86 

34s 


4107]  103S7\08 

8214^y^ 

44i^ 
8 


416162]  2078651\26 

2076760^^ 

27900^^ 

126 


8,726 


Extract  the  cube  root 

17.  Of  89,184 

18.  Of  970,299 
10.  Of  10,941.048 

20.  Of  .000019988 

21.  Of  256,895.581293 


Find  results,  correct  to  8  decimal 
places,  of 

27.  V871,164 

28.  V93,437.245 

29.  V46 1,002.0056 


22.  V2 

23.  V3 

24.  V5 

25.  {/7 


31.  S/SfiQ^^ 

For  roots  of  higher  degrees, 

see  Snppleineiit,  pages  418-415. 
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Find  the  fourth  power 


8S4:.  Problems. 

3.  Of  2» 

4.  Of  .03' 


(  1.   Of  3» 
(  2.  Of  5* 


5.  Of  (*)' 
C.  Of  W 


Expand   7.  .4».  |  8.  .9*.  |  9.  12'.  |  10.  1.2'.  |  li:  .12'.  |  12.  .012*. 

13.  Find  the  difference  between  4'  and  3*. 

14.  7'  X  7'  )^  7*  X  7*  is  equivalent  to  what  power  of  7? 
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^5^  ^^*^/^'  =  what  power  of  16  ? 

15 
16.  2.3''^  2.3*  =  what  power  of  2.3  ? 


17 •  What  is  the  sixth  power  of  4^? 
18.  9*]'  =  what  power  of  9  f 


10.   ^'^4^'^>^'  =  ^^*t  power  of  33  f 

20.  The  area  of  a  public  park  that  is  square  is  5  acres.  What  is  the 
length  of  each  side  ? 

21.  What  are  the  dimensions  of  a  square  floor  whose  area  is  540 
square  feet? 

22.  The  capacity  of  a  cubical  water  tank  at  a  BR.  station  is  18  cubic 
inches  less  than  9,078  gallons.    Find  the  inside  dimensions  of  the  tank. 

23.  To  pave  a  square  court  with  Belgian  pavement,  59,876,471  paving 
stones— each  an  8-inch  cube — ^are  required.   What  is  the  size  of  the  court  ? 

2^.  If  the  paving  stones  (problem  23)  were  piled  in  a  cubical  pile, 
what  would  be  its  size  ? 

25.  The  base  of  the  Great  Pyramid  of  Cheops  is  a  square  which  covers 
13  acres.    What  is  the  length  of  a  side  of  the  base  ? 

What  is  the  length  of  one  side  of  a  square  piece  of  land  that  contains 
20.  1  acre?    |    27.  17^  acres?    |    28.  2,304  square  rods? 

29.  A  merchant  sold  dress  goods  for  $37.82^.  The  number  of  yards 
sold  equalled  the  price  per  yard.    What  was  the  price  ? 

30.  Find  the  interior  edge  of  each  of  two  cubical  boxes,  one  of  which 
holds  a  gallon  of  water,  and  the  other  a  bushel  of  wheat. 

31.  Find  one  dimension  of  a  cube  whose  volume  is  27  times  that  of 
a  cube  2  feet  9  inches  on  each  edge. 

32.  The  entire  surface  of  the  6  equal  square  sides  of  a  box  is  373,248 
square  inches.    What  are  the  dimensions  of  the  box  ? 

33.  If  the  box  (problem  32)  is  made  of  1-inch  lumber,  what  is  its 
capacity,  in  bushels  ? 

34.  Last  year  the  aggregate  attendance  at  a  certain  school  was  38,025 
days,  and  the  average  daily  attendance  equalled  the  number  of  days  in 
the  school  year.    Wh^t  was  the  average  daily  attendance  ? 

35.  A  cubical  bin  in  a  grain  elevator  holds  28,400  bushels.  What  are 
its  dimensions,  inside  measurement  ? 

O 
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36»  A  grocer  shipped  126,736  eggs  in  barrels,  and  the  number  of  eggs 
in  a  barrel  was  equal  to  the  number  of  barrels.  How  many  barrels  of 
eggs  did  lie  ship  ? 

37»  The  pedestal  of  a  monument  is  a  cube  of  granite  whose  volume 
is  10  cu.  yd.  4  cu.  ft.  1,080  cu.  in.    What  is  the  area  of  one  of  its  faces  ? 

38*  A  general  placed  the  soldiers  of  his  division  in  a  square.  Being 
reinforced  by  8  times  the  first  number  of  men,  he  placed  the  whole 
number  in  a  square ;  and  then  being  reinforced  by  3  times  his  second 
number,  he  placed  the  total  number  in  a  square  that  had  300  men  on  a 
side.    How  many  men  had  he  at  first  ? 

39.  435,600  cabbages  are  growing  in  a  field,  and  the  number  of  rows 
equals  the  number  of  cabbages  in  a  row.  How  many  cabbages  are  in 
each  row  ? 

40.  What  is  the  length  of  one  edge  of  a  cubical  block  that  contains 
7  cu.  ft.  71  cu.  in.  ? 

41.  In  a  cornfield  are  55,696  hills,  and  the  number  of  hills  in  a  row 
equals  the  number  of  rows.    How  many  rows  are  there  in  the  field  ? 

42.  A  square  roof  is  covered  with  24,649  shingles,  laid  4  inches  to 
the  weather.    What  is  the  size  of  the  roof  ? 

43.  The  annual  expenses  of  a  club  are  (7,569,  and  each  member^s 
share  is  as  many  dollars  as  there  are  members.  What  is  the  number 
of  members  ? 

44.  A  lumberman  paid  156,406.25  for  a  valuable  tract  of  timber  land, 
the  price  per  acre  being  as  many  dollars  as  there  were  acres  in  the  tract. 
What  was  the  price  per  acre  ? 

45.  76  A.  18  sq.  rd.  18.75  sq.  yd.  of  land  is  divided  into  three  equal 
squares.     How  many  chains  and  links  does  a  side  of  each  measure  ? 

46-48.  A  merchant  paid  (911.25  for  a  case  of  dress  goods.  The 
numbers  expressing  the  cost  per  yard,  the  number  of  yards  in  a  piece, 
and  the  number  of  pieces,  were  equal.  How  many  pieces  were  there  ? 
How  many  yards  were  there?    What  was  the  price  per  yard? 

49.  Some  of  the  military  townships  in  the  State  of  New  York,  granted 
by  the  General  Government  to  soldiers  of  the  Revolution,  contain  64,000 
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acres  each.    What  is  the  length,  in  rods,  of  a  side  of  one  of  these  town- 
ships that  is  square  ? 

50.  What  is  one  dimension  of  a  cubical  pile  of  common  bricks  suffi- 
cient for  the  walls  of  a  house  22  feet  front,  36  feet  deep,  and  24  feet 
high  above  the  water-tables, — the  walls  to  be  1^  bricks  thick  for  the  first 
12  feet  in  height,  and  1  brick  thick  the  remainder  of  the  height,  allow- 
ing \  of  the  solid  contents  of  the  walls  to  be  of  mortar,  and  making  no 
allowance  for  openings  (windows  and  doors)  ? 

855^   TEST  QUBSTIONa 

Pnpili  ahoold  no^vir  be  required  to  carefully  prepare  twenty  questions^  in 
■ets  of  ten  each,  for  the  review  of  Powers  and  Roota 

356.   BLACKBOARD  OUTLINBa 

In  Saotioii  I  of  thia  oha|)ter  are  five  teziofl^  oeven  prinoi]ilei^  and  two  gen- 
end  formuto ;  in  Section  n  are  ten  teziofl^  two  pzinciplefl»  and  three  important 
ficta ;  in  Section  m  are  two  important  &ctfl»  and  the  steps  in  the  general 
method — and  also  in  the  short  method — of  extracting  square  root;  and  in 
Section  XV  are  three  important  fi^ts^  and  the  steps  in  the  general  method— 
and  also  in  the  short  method — of  eztreoting  cube  root 

The  papil  should  now  be  required  to  collect  these  terms^  pzinciples*  for- 
mula, fiEict%  and  stepsk  and  arrange  them  properly  as  blackboard  outlines  of 
Powers  and  Roota 
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RATIO,  PROPORTIONS,  AND   PROGRESSIONS. 

tt  is  nnfortanate  that  in  the  adenoe  of  Aiithmetio  Bome  tenns  are  oaed  In 
9  entirely  different  aenaea.  Xhia  ia  eapedally  true  of  the  terma  roHo  and 
aportionf  each  being  uaed  in  both  an  abatraot  aenae  and  a  oonorete  or 
slied  aenae.  The  pupil  muat  be  prepared  to  dietingulah  readily  in  which 
UM  theae  terma  are  uaed. 


SECTION   I. 

RATIO. 

3S7m  Define  comparative  ratio  (31iS). 

3S8»  The  Hgn  of  ratio  is  the  colon  ( : )  placed  between  two  numbers. 

rhus,  8 : 4  expresses  the  ratio  of  8  to  4,  and  is  read, — "  the  ratio  of  8 
4 ;"  «  8  is  to  4 ;"  or  «  8  divided  by  4.'* 

a.  A  caupiei  is  two  numbers  coDDected  by  the  colon  to  express  raUa 

6«  In  its  abstract  sense,  ratio  means  the  meaBure  of  relation,  and  is  sometimes 
called  direct  ratio.    In  this  sense  ratio  is  always  simple. 

Thus,  the  ratio  of  8  to  4  is  2 ;  of  $8  to  $4  is  2 ;  of  8  ft.  to  4  ft.  is  2. 

c.  In  its  concrete  sense,  ratio  means  a  couplet. 

3S9*  The  terms  of  a  ratio,  or  couplet,  are  the  numbers  compared. 

rhe  antecedent  is  the  first  term ;  the  consequent  is  the  second  term. 

<j^.  In  expressing  the  ratio  of  12  to  4,-12:4  is  a  couplet ;  12  and  4  are  the  terms; 
12  is  the  antecedent ;  and  4  is  the  consequent. 

6.  The  antecedent  is  the  number  to  be  measured  or  compared ;  and 

The  consequent  is  the  unit  or  standard  with  which  the  antecedent  is  meas- 
ured or  compared. 

c*  Batio  is  found  by  dividing  the  antecedent  by  the  consequent,^ 

dm  Ratio  may  be  expressed  in  the  form  of  a  fraction  by  making  thjs  antecedent 
the  numerator  and  the  consequent  the  denominator. 

Some  arithmeticians  teach  that  ratio  is  found  by  dividing  the  consequent  by  the  antece- 
t,  and  erroneously  name  the  process  "  The  French  MdhodJ*^  A  mf^jorlty  of  the  French 
hematicians  use  *<  The  EnglUh  Meihod,^^  which  is  the  method  used  in  this  work. 


2.  r 


/ 


Th 


9t 


1 


RATIO. 


213 


EXBBCISES. 

Write — ^first  as  a  couplet  and  then  as  a  fraction — ^the  ratio  of 


1.  10  to  5 

2.  17  to  9 

3.  8  to  26 

4.  5  to  7 


5.  7  to  5 

6.  8  to  12 

7.  f  to  I 

8.  f  to  H 


9.  t  toi 

10.  4|  to  18| 

11.  25i  to  t 

12.  f  to  5| 


13.  .3  to  .16 

14.  .97  to  345 

15.  .001  to  .0005 

16.  18.2  to  .07 


17.  3.105  to  2.1 

18.  84.125  to  4.875 

19.  18  bn.  to  45  ba. 

20.  .45  ft  to  31  ft 


21.  1i  lb.  to  40  lb.  I  22.  9  da.  to  13  b.  42  rain. 


The  use  of  the  term  r(Uio  in  the  concrete  sei^e  has  led  to  the  expres- 
sions simple  ratio  and  compound  ratio.    Using  the  term  in  this  sense, 

860%  A  simple  ratio  is  a  single  couplet ; — ^as  9:5;  and 

3S1*  A  cwnpcund  ratio  is  two  or  more  couplets  the  products  of 
whose  corresponding  terms  form  a  single  couplet; — as 

(4:3)  X  (6:5)  =  (4  x  6):  (3  x  5)  =  24: 15;  or 

*-H  =24:15;  or    j'H  =  f  x  4  =  U  =  24: 15. 
6:5  J  *  6:5  J        »      »       t» 

362»  An  inverse  ratio  is  the  reciprocal  of  a  true  or  direct  ratio. 
Thus,  the  direct  ratio  of  15  to  3  is  5 ;  the  inverse  ratio  of  15  to  3  is  \y — 
the  reciprocal  of  5. 

a.  InTerse  ratio  is  sometimes  called  reciprocal  ratio. 

h.  An  inverae  or  reciprocal  ratio  can  be  found,  by  dividing  the  consequent  of  a 
direct  ratio  by  the  antecedent 

c  The  ratio  of  similar  fractions  is  the  ratio  of  their  numerators. 

Pboblems. 
Find  the  ratio  expressed  by  each  of  the  following  couplets  :-^ 


1.  24^.8 

2.  27:3 

3.  144:24 


4.  810:90 

5.  256:8 
<J.  324:18 


7.  5:65 

8.  18:72 

9.  34:170 


10.  125:500 

11.  91:367 

12.  31 : 121 


IS.  16}: 100 

14.  90 :  7i 

15.  66}:8i 


10.  .6  :  .25     I     17.  8.6  :  172     |     18.  19.25  :  4| 

Reduce  each  of  the  following  couplets  to  its  lowest  terms : — 

Thus,  16:44  =  16-5-4:44-5-4  =  4:11. 
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19.  82 :  06 

20.  810:270 


21.  IBi: 150 


23.  62.5 : 1.25 


22.Zli:^i    ;94.  .875 : 6.25 


;95.04f:107| 
20.  26.5 :  4df 


27.  8.26 :7A 
;9^.  3,456: 13,184 


Find  the  ratio  expressed  in  each  of  the  following  couplets  (by  making 
the  fractions  in  a  couplet  similar),  and  prove  the  result : — 


^^^^ .  (  Finding  the  ratio,-f  :  ♦  =  H :  H  =  85 :  24  =  IH- 

'  (  Proving  the  process,— f  :|  =  f-?-|  =  f  x  f  =  ff  =  IH- 


SO.  *:A 


S2.  Y:V 


33.  3^:10 

34.  6|:25 


35.  44:8i 


5«.  9^:4 


3d.  }:7A 
40.  25^:^ 


363.  Ratio  may  exist  between 
numbers  that  can  be  reduced  to 
the  same  unit  value;  but  they 
must  be  reduced  to  like  numbers 
before  the  ratio  can  be  deter- 
mined. 


Thus, 

3  yd. :  9  in.  =  108  in. :  9  in.  =  18 ;— or 
8  yd. :  0  in.  =  8  yd.  :  J  yd.  =  12. 


Combine  into  a  compound 
ratio,  and  reduce  to  a  simple  h 
ratio  in  its  lowest  terms, — 


Find  the  ratio  of 


41.  4  yd.  to  3  ft. 

42.  2  in.  to  5  yd. 

43.  6cwttol2lb. 
.  8  h.  to  3  da. 


45.  4  wk.  to  20  min. 

46.  7  gal.  to  5  pt 

47.  4  ch.  to  36  ft 

48.  3  bn.  to  3  pk. 


49.  18  lb.  6  oz.  to  1  T.  670  lb. 

50.  3  mi.  157  rd.  2  yd.  to  65  rd.  1  yd.  2  ft. 

51.  3  yr.  5  mo.  20  da.  to  7  yr.  1  mo.  16  da. 

52.  3  bar.  16  gal.  1  qt.  to  9  gal.  3  qt  1  pt 

'53.  3:5,  4:6,  8:9,  5:12. 

54.  24:25,  17:0,  5:34,  18:8. 

55.  7:21,  15:63,  42:35,  18:28,  9:1. 

56.  5:17,  13:42,  34:66,  3:11,  88:21. 


Reduce  to  a  single  couplet  in  its  lowest  terms, — 
57.  (18:7)  X  (81:36)  x  (24:27) 


58.  3:126  X  93:31  X  15:60 

(4:13 
61.  <    9:    5 

(  39 :  64 


59.  84  :  35  X  70  :  21  X  5  :  2  X  30  :  14 
^0.  (i:|)x(t:i)x(i:f)  x  (i:*) 


03. 


45  to  86 

12  to  35 

129  to  18 


•      14  ft :  9  in. 
04A  16  yd.: 3  mi. 

1  mi.  88  rd. :  5^  ft 


Find  the  in- 
verse ratio  of 


65.  3:7 
00.  8:15 


08.  8:19 

09.  \.^ 


07.  I7;4i70.  13|:40 


71.  60:7i 

72.  66f  :131 


74.  .65:39.5 

75.  5  bu.:7  qt 


73.  9.1 :  .13     76.  45  min. :  3  da. 
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364»  Since  the  ratio  is  the  quotient  of  the  antecedent  divided  by  the 
conseqneni, 

The  antecedent  equals  the  product  of  the  consequent  multiplied  by  the 
ratio.    And. 
77^  consequent  equals  the  quotient  of  the  antecedent  divided  by  the  ratio. 

Find  the  antecedent,  when 


77 •  The  consequent  is  5  and  the  ratio  is  13. 
78m  The  consequent  is  17  and  the  ratio  is  11. 

Find  the  consequent,  when 

81.  The  antecedent  is  72  and  the  ratio  is  0. 

82.  The  antecedent  is  41 4  and  the  ratio  is  23. 


79.  Consequent  26,  and  ratio  7. 

80.  Consequent  37^,  and  ratio  .25. 

83.  Antecedent  1.206,and  ratio  72. 

84.  Antecedent  3,1 84,  and  ratio  .76. 


365»  Applications  of  the  General  Pbinciples  of  Division. 

L  Multiplying  multiplies 

(1)  The  dividend    )  I  the  quotient  ) 

(2)  2%«  numerator  >  by  any  number  \  the  fraction  \  by  that  number, 

(3)  The  antecedent )  ( the  ratio       ) 

ii  Dividing  divides 

(1)  The  dividend    )  C  the  quotient  \ 

(2)  Hie  numerator  >  by  any  number  \  the  fraction  V  by  that  nutnber. 

(3)  The  antecedent  )  {  the  ratio       ) 

iii.  Multiplying  divides 

(1)  ITie  divisor  )  I  the  quotient ) 

(2)  The  denominator  >  by  any  number  <  the  fraction  >  by  that  number. 

(3)  The  consequent     )  (  the  ratio       ) 

iv.  Dividing  multiplies 

(!)  The  divisor  I  i  the  quotient ) 

(2)  The  denominator  >  by  any  number  \  the  fraction  >  by  that  number. 

(3)  The  consequent     )  ( the  ratio       ) 

V.  Multiplying  or  dividing  does  not  change 

(1)  Both  dividend  and  divisor  \  I  the  quotient. 

(2)  Both  numerator  and  denominator  >  by  the  same  number  <  the  fraction. 

(3)  Both  antecedent  and  cofuequent  )  (  the  ratio. 
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SECTION  II. 
PROPORTION. 

366t  Proportion,  in  its  abstract  sense,  is  an  equality  of  ratios. 

r*' 

Comparing  nutnbers  determines  rcUio,  or  rekUian; 
Comparing  ratios  determines  proportion,  or  equality. 

367 •  The  sign  of  proportion  is  the  double  colon  (::)  written  be- 

tween  two  ratios.     It  is  read  "as**  or  "equals." 

a.  The  ratios  of  9 : 8  and  12 : 4  ore  equal.    This  equality  may  be  expressed  by 
the  sign  =  or  by  the  double  colon. 

Thus,  9:8  =  12:4;  or  9:8::12:4 

&•  The  expression  9  : 8  : :  12  : 4  is  read  in  full,—"  the  ratio  uf  9  to  8  equals  tlie 
ratio  of  12  to  4 ;''  but  oidinarily  it  is  read  "  9  is  to  8  as  12  is  to  4." 

I.   SIMPLE   PROPORTION. 

368»  A  simple  propertUnhf  in  its  concrete  sense,  is  an  expression  of 
the  equality  of  two  simple  ratios. 

Four  numbers  (t.  e,^  two  couplets)  are  required,  to  express  a  simple 
proportion.    These  numbers  are  classified, — 

1.  As  antecedents  and  consequents^  —  when  considered  parts  of  the 
couplets  that  fonn  the  proportion  ; — 

2.  As  extremes  and  means, — when  considered  pails  of  the  proportion 

without  regard  to  the  couplets. 

a.  The  antecedents  )  ,  _^,  ^,     (  first  and  third  terms. 

V  in  a  proportion  are  the  < 

&•  The  consequents  )  (  second  and  fourth  terms. 


e.  The  extremes  )    ^  ^.     i  first  and  fourth  terms. 

V  of  a  proportion  are  the  < 

d.  The  "ineans      \  (  second  and  third  terms. 


In  the  proportion  6  :  9  : :  10  :  15,  which  terms 


1,  Are  antecedents  of  ratios  ? 

2,  Are  consequents  of  ratios  ? 


S,  Are  the  extremes? 
i.  Are  the  means  ? 


The  fourth  term  of  a  simple  proportion  b  also  called  Vba  fourth  proportional. 

369»  Three  terms  of  a  simple  proportion  being  known,  the  fourth  or 
unknown  term  can  be  found  by  computation. 
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Writing  the  proportion   18  :  6  : :  21  :  7  in  the  fractional  form  and 
making  the  fractions  similar — keeping  the  factors  separate — ^we  have 

18.    21       18X7      21X6 


•  • _^ '  •  • 


tt         7         6X7         7X6 
The  factors  18  and  7  of  the  numerator  of  the  first  similar  fraction  are 
the  extremes  of  the  given  proportion,  the  factors  21  and  6  of  the  nu- 
merator of  the  second  similar  fraction  are  the  means,  and  the  products 
of  the  two  sets  of  factors  are  equal.    Hence,  in  any  proportion, 

Principle  I. — The  product  of  the  extremes  equals  the  product  of  the  means. 

The  unknown  or  missing  term  of  a  proportion  is  commonly  found  by  one  of  the 
three  methods  following. 

First  Method. 

370*  Applying  Prin.  I,  369,  to  the  proportion  18  :  6  : :  21 :  7 ;  18x7 

=  6  X  21,— we  obtoin  18  =  ?ii^;   and  7  =  ^Jill.     Also  6  =}12il. 

7     *  18  21     ' 

and  21  = .    Hence, 

6 

(  Divide  the  product  of  the  means  by  the 

1.  To  find  either  extreme  : —  •(         .  . 

1.  xo  una  wvuor  »«««»        |     ^^^^  extreme. 

_        .      ^  (  Divide  the  product  of  the  extremes  by  the 

2.  Td  find  either  mean :—  ]        .^^  ^^/^  -^  -^ 

(     given  mean* 

Second  Method. 

371*  By  the  definition  of  a  proportion,  it  is  evident  that 

The  ratio  of  the  first  couplet  equals  the  ratio  of  the  second  couplet. 

In  the  incomplete  proportion  3:0::  — :  36,  the  third  term  of  the 
proportion,— I. «.,  the  first  term  of  the  second  couplet — is  missing ;  but 
in  the  first  couplet  3  is  ^  of  9,  therefore  the  miseing  term  is  ^  of  36. 
Hence, 

To  find  the  "^<«^"g  tenn : — Ifind  the  ratio  of  the  given  couplet;  if  the 
other  given  term  is  an  antecedenty  divide  it  by  this  ratio;  if  a  consequent^ 
multiply  it  by  this  ratio. 

Third  Method. 

372*  It  is  evident  upon  inspection  that,  in  any  proportion 

7%e  ratio  of  the  antecedents  is  equal  to  the  ratio  of  the  consequents. 
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Thus,  in  the  proportion  6  :  20  : :  35  :  140,  the  ratio  of  the  antecedents 
(5  :  35)  equals  the  ratio  of  the  consequents  (20  :  140).    Hence, 

To  find  the  missing  term : — I^nd  a  number  that  has  the  same  ratio  to 

its  corresponding  term  (antecedent  or  consequent)  as  the  ratio  betioeen 

the  other  two  terms  taken  in  the  same  order, 

a.  In  general  applications  of  the  foregoing  methods  the  numbers  are  considered 
as  abstract. 

&•  The  Second  Method  (371)  most  nearly  conforms  to  the  principles  of  ratia 

373*   Ex.  Find  the  missing  term  of  the  propor-        Pboces8b& 
tion  3  :  15  : :  4  :  — .  1 

£xFLANATi027&— (1)  The  product  of  the  means,  15  and  4,      16  X  ^ 
divided  by  the  given  extreme,  8,  equals  20,  the  missing  term 
(370).    Or, 

(2)  The  ratio  of  the  complete  couplet,  8  :  15,  is  ^ ;  4,  the  an- 
tecedent of  the  incomplete  couplet,  divided  by  \  equals  20, 
the  missing  term  (371)*    Or, 

(3)  The  antecedents  (8  and  4)  of  the  proportion  are  given, 
and  their  ratio  is  } ;  15,  the  first  consequent,  is  }  of  20,  the  sec- 
ond consequent  and  missing  term  (372). 

Problems. 


3 


^20 


S:16:=zi 

3 

15  is  i  of  20 


By  each  of  the  processes  above  shown,  find  the  missing  term  in 


1.  5:25::9:  — 

2.  7  :  63  : :  — :  27 

3.  51:  — ::87:435 


4.  —: 468::  24:  288 

5.  12:  — ::18:i 
(?.  J :  f : :  .6 :  — 


7.  5  ba. :  —  bu. : :  $8 :  $56 

8.  3  lb.  5  oz. :  36  lb.  7  oz. : :  — :  55 

9.  85.5  :  4i : :  18  gal. :  —  gal. 


Using  the  shortest  method  for  each,  find  the  missing  term  in 


10.  — :  37  : :  441 :  63 

11.  —:. 49::  36:28 

16.  .45  :  ^ : :  17  bu. :  —  bu. 

17.  842  :  0,521 ::  421 : — 

18.  4,563:171::  — :  982 


14.  5:^::  — :| 

15.  7:41::  — :  82 


12.  36:  — ::  108: 12 

13.  42  lb. :  —  lb. : :  3i :  Ij 

19.  5  da. :  25  da. : :  71  oz. :  —  oz. 

20.  12.5  :  .625  : :  —  gr. :  100  gr. 

21.  12  bu.  3  pk. :  3  qt : :  $17  :  —  # 

22.  1  yr.  7  mo.  15  da. :  —  yr.  —  mo.  —  da. : :  $11.70 :  $34.10 

23.  5  yr.  4  mo.  17  da. :  2  yr.  11  mo.  2  da. : :  $184.80  :  $— 

37^»  From  problems  1  to  23,  this  section,  may  bo  deduced 
Principlb  n. — The  third  term  of  a  proportion  is  greater  or  less  than 
thefourihy  according  as  the  first  is  greater  or  less  than  the  second. 
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37 &•  A  mean  propoHianai  to  two  numbers  is  a  Dumber  to  which  the 

first  bears  the  same  ratio  as  the  mean  proportional  bears  to  the  second. 

Thus,  in  5 :  10 ::  10 :  20, 10  is  a  mean  proportional  to  5  and  20.  This  proportion 
is  also  written  5 :  10 :  20 ;  in  this  form  it  is  known  as  a  continued  proportion. 
The  last  term  of  such  a  proportion  is  called  tlie  tJUrd  proportional, 

376.  In  the  proportion  {375)  5: 10::  10:  20,  by  Principle  I  {369) 
10  X  10  =  6  X  20 ;  or  10*  =  6  x  20.  From  10*  =  6  x  20  we  obtain 
10  =  V5  X  20.    Hence, 

A  mean  proportional  to  two  given  tiumbers  is  the  square  root  of  the 
product  of  the  numbers. 

In  maldng  the  computations,  consider  the  numbers  as  abstract 

Ex.  1.  Find  the  mean  proportional  to  3  and  48. 

Procsss* 
ExFLAKATiOK. — Sluce  a  mean  proportional  to  two  nnmbers 

is  the  square  root  of  their  product,  I  find  the  product  of  8  and       ^  X  4^  =■  ^ ii 

48,  which  is  144,  and  then  extract  the  square  root  of  144.    The        '^  m  z=:  12 

result  is  12,  the  me^  proportional  required. 

The  proportion  may  be  expressed  as  a  continued  proportion,  8  :  12  :  48 ;  or  as  a 
simple  proportion,  8  :  12  : :  12  :  48. 

Ex.  2.  Find  the  third  proportional  of  8  :  24  :  — . 

Explanations.  —  (1)  Since  the  square  of  the  second  or 
mean  proportional  is  equal  to  the  product  of  the  extremes 
(».«.,  the  product  of  the  first  and  third  proportionals). — I 
square  the  second  proportional,  24,  and  obtain  576;  I  then 
divide  576  by  the  first  proportional,  8,  and  obtain  72,  the  third 
proportional. 

(2)  Since  the  ratio  of  the  first  proportional  to  the  second  is 
as  the  second  to  the  thurd  {375),  I  find  the  ratio  of  8  to  24, 
which  is  \ ;  then  considering  24  as  the  antecedent  of  a  second 
couplet  of  which  the  ratio  is  ^,  I  find  the  consequent  to  be  72,  the  third  proportional 
required. 

Pboblbms. 

Find  the  mean  proportional  to 


Processes. 

1 

24'  =  576 
576-^8=^72 

2 

8:2iz=,i 
24-^i=z  72 


24.  4  and  0 

25.  9  and  16 


26.  3  and  12 
;?7.  4andl6 


28.  1  and  i 

29.  2f  and  l^ 


30.  .15  and  7.35 

31.  1.805  and  8 


32.  i  and  If^ 

33.  91  and  17 


Find  the  third  proportional  in 


34.  8:16:  — 

35.  23:115:  — 


36.  19:133:  — 

37.  11:88:  — 


Find  the  second  proportional  in 


38.  7:  —  :  175 

39.  3:  —  :  1,323 


40.  100^:-:  4} 

41.  8i:  — :19i 
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42.  Find  the  length  of  a  line  that  is  a  mean  proportional  to  two  lines 
that  are  respectively  10  rods  and  160  rods  long. 

43.  Find  the  side  of  a  square  that  is  a  mean  proportional  to  two  other 
squares  whose  sides  are  respectively  11  feet  and  275  feet. 

377*  Use  abstract  numbers  and  demonstrate  the  truth  of  each  of 

the  following  ^ 

Pbopositions.* 

I.  Multiplying  both  terms  of  either  couplet  of  a  proportion  by  the  same 
number  does  not  destroy  the  proportion  (».e.,  does  not  destroy  the  equality 
of  the  ratios). 

II.  Dividing  both  terms  of  either  couplet  of  a  proportion  by  the  same 
number  does  not  destroy  the  proportion.  .    . 

.   in.  Multiplying  the  antecedents  in  a  proportion  by  the  same  number 
does  not  destroy  the  proportion, 

I Y.  Dividing  the  antecedents  in  a  proportion  by  the  yme  number  does 
not  destroy  the  proportion, 

y.  Multiplying  the  consequents  in  a  proportion  by  t/ie  same  number 
does  not  destroy  the  proportion, 

YI.  Dividing  the  consequents  in  a  proportion  by  the  same  number  does 
not  destroy  the  proportion, 

YII.  Multiplying  every  term  of  a  proportion  by  the  same  number  does 
not  destroy  t/ie  proportion. 

YUL  Dividing  every  term  of  a  proportion  by  the  same  number  does 
not  destroy  the  proportion. 

IX.  Inverting  the  terms  of  a  proportion  (i.^.^  taking  consequents  for  ante- 
cedents and  antecedents  for  consequents)  does  not  destroy  the  proportion. 

X.  Alternating  the  terms  of  a  proportion  (».«.,  taking  the  antecedents 
for  one  couplet  and  the  consequents  for  the  other)  does  not  destroy  the 
proportion. 

XI.  liaising  every  term  of  a  proportion  to  the  same  power  does  not 
destroy  the  proportion. 

XII.  Extracting  the  same  root  of  every  term  of  a  proportion  does  not 
destroy  the  proportion. 

*  These  sixteen  propositions  arc  sometimes  called  **  The  Dodrinet  of  Bropartiony 


SIMPLE  PROPORTION.  221 

Xin.  If  the  product  of  two  factors  equcUs  the  product  of  two  other  fac- 
torsy  either  set  offctctors  may  be  made  the  means  of  a  proportion  and  the 
other  set  the  extremes. 

XIV.  Any  two  couplets  that  are  each  in  proportion  to  a  third  couplet 
are  in  proportion  to  each  other. 

XV.  If  the  four  terms  of  a  proportion  are  multiplied  by  the  corre- 
sponding terms  of  another  proportion  the  products  form  a  proportion. 

XVI.  If  the  four  terms  of  a  proportion  are  divided  by  the  correspond- 
ing terms  of  another  proportion  the  quotients  form  a  proportion. 

378m  In  any  problem  in  simple  proportion,  three  terms  are  given  and 
a.fonrth  term  is  required. 

a.  Two  of  the  three  given  terms  must  be  like  numbers;  and  the  ratio  of  these 
two  terms  equals  the  ratio  of  the  other  known  term  and  the  required  term. 

bm  Making  a  statement  in  proportion  consists  in  arranging  the  three  given 
terms  so  that  two  of  them  form  one  couplet ;  the  remaining  term  and  tlie  re- 
quired term,  another  couplet ;  and  the  two  couplets,  a  proportion. 

Ex.  1.  When  5  tons  of  bay  cost  $20,  bow  much  will  8  tons  cost  ? 

Analysks. — The  required  term  in  the  proportion  is  ^^ 

the  cost  of  8  tons  of  hay ;  and  since  the  cost  of  5  tons 

is  expressed  in  dollars,  the  required  term  will  also  1x3     6  T. :  8  T.  : :  $^0 :  % — 
dollars ;  hence, I  write  f20,  the  cost  of  5  tons  of  hay,  5 :  20  =z  ^ 

for  the  third  term  of  the  proportion,  or  for  the  first  8  is  i  of  3  2 

term  of  the  second  couplet.  Hence  t82 

Since  the  cost  of  8.  tons  is  greater  than  the  cost  of  5 
tons,  the  fourth  proportional  will  be  greater  than  the  third  term,— hence,  I  write  5 
tons  and  8  tons  for  the  first  and  second  terms  respectively  of  the  first  couplet.    I  now 
have  the  incomplete  proportion,  5  T. :  8  T. : :  $20 :  $ — ,  in  wliich  are  given  two  means 
and  one  extreme,  to  find  the  other  extreme  or  fourth  proportional. 

Solving  the  proportion,  I  have  $32,  the  cost  of  8  tons  of  hay. 

Ex.  2.   In  bow  many  hours  will  a  Process. 

railroad  train  run  the  same  distance,  SO  mi. :  20  mi. ::  IS  h. :  —  A. 

at  the  rate  of  30  miles  an  bonr,  that  3  mi. :     2  mi. ::  15  h.:  —  h. 

another  train  will  run  in  15  boars  at  8  is  i^  of  16;  and 

the  rate  of  20  nulea  an  hour?  ^  *%^  ^/^  ^  ^,=  /? 

1 0  A.,  the  required  time. 
Akalybis.— Since  the  required  result  is 

time,  I  write  15  hours,  the  given  time,  for  the  third  term  of  a  proportion. 

Since  less  time  is  required  to  travel  the  same  distance  at  80  miles  an  hour  than  at 
20  miles  an  hour,  the  required  term  or  fourth  proportional  will  be  less  than  the  third 
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term ;— hence,  I  write  80  miles  and  20  miles  for  the  first  and  second  tenns  respect- 
ively of  the  first  couplet. 

Solving  the  proportion  (applying  377 ^  Prop.  I,  and  372)  I  have  10  hours,  the 
required  time. 

379*  Rule  fob  Making  Statements  in  Simple  Pbopoetion. 

I.  For  the  third  tenn: — Write  the  number  that  is  of  the  same  kind  as 
t/ie  required  term. 

II.  For  the  first  oonplet:  —  Write  the  other  two  numbers^ — the  greater 

for  the  second  term  wlien  the  required  term  is  to  be  greater  than  the  third 

term;  and  the  less  for  the  second  term  when  the  required  tenn  is  to  be  less 

than  the  third  term, 

a.  Before  solving  the  proportion,  the  terms  of  the  first  couplet  must  be  of  the 
same  unit  value. 

b»  Apply  propositions  (377)  to  simplify  proportions  and  shorten  processes. 

Peoblems. 

44.  If  a  horse  trots  3  miles  in  10  minutes,  how  far  can  he  trot  in  27 
minutes,  at  the  same  rate  ? 

45.  If  the  rent  of  a  farm  of  320  acres  is  $1,225,  what  should  be  the 
rent  of  a  farm  of  400  acres,  of  the  same  quality  ? 

46»  If  160  acres  of  land  produce  3,000  bushels  of  wheat,  216  acres 
of  land  of  the  same  quality  should  produce  how  many  bushels  ? 

47*  If  I  pay  a  mason  $52.50  for  171  days  work,  how  much  should  I 
pay  him  for  20^  days  work  ? 

48.  How  many  days  can  I  employ  the  mason  (Problem  47)  for  $60  ? 

49.  If  a  staff  5  feet  long  casts  a  shadow  7^  feet  in  length,  what  is  the 
length  of  a  pole  that  casts  a  shadow  79^  feet  long  at  the  same  time  ? 

50.  f  of  my  farm  is  worth  $1,008 ;  what  is  the  value  of  |  of  it  ? 

51.  At  85^  for  26  lb.,  what  is  the  cost  of  a  barrel  of  flour  ? 

52.  If  your  pulse  beats  9  times  in  7^  seconds,  how  many  times  does  it 
beat  in  a  minute  ? 

53.  If  90  men  consume  15  barrels  of  flour  in  2  weeks,  how  many  bar- 
rels will  the  same  men  consume  in  52  weeks,  at  the  same  rate  ? 
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64*  If  16°  on  the  equator  equal  1,106|4  miles,  what  is  the  equatorial 
circumference  of  the  earth  ? 

55m  Sound  travels  4,484  feet  in  4  seconds.  In  how  many  seconds  does 
it  travel  36,998  feet  ? 

56m  If  light  moves  601,000  miles  in  3^  seconds,  in  how  many  seconds 
will  it  pass  from  the  sun  to  the  earth — a  distance  of  93,000,000  miles? 

57*  C's  property  is  valued  at  $7,500  and  he  pays  $63.75  taxes. 
What  is  the  valuation  of  D's  property  if  his  taxes,  at  the  same  rate, 
are  $382.50  ? 

58m  If  $400  gain  $42  in  a  given  time,  what  sum  will  gain  $132.60  in 
the  same  time,  at  the  same  rate  ? 

59m  If  a  certain  quantity  of  food  lasts  60  men  8  days,  how  many  days 
should  the  same  quantity  last  80  men  ? 

60.  If  21  men  can  build  a  barn  in  13^  days,  in  how  many  days  can  7 
men  build  it  ? 

61m  A  man  borrows  $3,500  for  4  mo.  15  da.  For  how  much  time 
should  he  lend  $2,800  to  balance  the  favor  ? 

62m  A  certain  sum  of  money  will  buy  36  tons  of  coal  @  $3.25 ;  how 
many  tons  will  the^me  sum  buy  @  $4.50? 

63m  If  If  lb.  of  tea  are  worth  $1.12,  how  much  are  7f  lb.  worth? 

64m  If  f  yd.  of  cloth  cost  81^,  how  much  will  80  yd.  cost? 

65m  If  I  walk  8j>  mi.  in  2^  h.,  how  many  mi.  can  I  walk  in  8|  h.  ? 

66m  If  18(7.  is  worth  37^,  what  is  the  value  in  TJ.  S.  money  of  £5  sterling  ? 

67-  On  a  relief  map,  a  country  240  miles  long  is  represented  as  4  feet 
long.  A  mountain  15,480  feet  high  should  appear  how  high  on  the  same 
map? 

n.   COMPOUND   PROPORTION. 

380m  A  compound  proportion,  in  its  concrete  sense,  is  an  expression 
of  equality  between  two  ratios  one  or  both  of  which  are  compound. 

J  ;  J  [  : :  10  :  16  a^^j  jj  i  8  f  ' '  1  28  i  30  i*""®  compound  proportions. 
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381»  A  compound  ratio  is  redaced  to  a  simple  ratio  by  multiplying 
together  all  the  antecedents  for  a  new  antecedent  and  all  the  consequents 
for  a  new  consequent  {361).  Hence,  Principle  I  {369)  applies  to  com- 
pound proportion. 

382*  Since  the  product  of  all  the  terms  in  the  extremes  equals  the 
product  of  all  the  terms  in  the  means, 

Pbinciple  II.  Any  term  in  an  extreme  equals  the  quotient  of  the 
product  of  aU  the  terms  in  the  means  divided  by  the  product  of  aU  the 
other  terms  in  the  extremes.    And 

Pbinciple  III.  Any  term  in  a  mean  equals  the  quotient  of  the  product 
of  aU  the  terms  in  the  extremes  divided  by  the  product  of  all  the  other 
terms  in  the  means. 


383*  From  Principles  II,  III,  it  is  evident  that 
all  the  terms  but  one  in  a  compound  proportion  be- 
ing known,  that  term  can  be  found  by  computation. 


PBOCE88E& 

(1) 

4 


$\$ 


— :    8 

35 


Ex.  Find  the  missing  term  in  j  4  :  8  )     .  j  —  : 
the  compound  proportion,  (  6  :  0  )  '     (    7  : 

ExFLAKATiOK. — I  wflte  all  the  terms  of  the  extremes 
(4,  6,  8,  85)  as  factors  of  a  dividend,  and  all  the  given 
terms  (8,  9,  7)  of  the  means  as  factors  of  a  divisor. 

Cancelling,  I  obtain  5,  the  missing  term. 


$\$ 


$  6 


$  x9  xt 

$     9 


=  6 


Pboblems 
Find  the  missing  term  in  each  of  the  following  compound  proportions : 


68.  7:35 
0:27 


l::12:  — 
[::  — :72 


69.  81:    0 

50:25 


70.     3:4 

15:7}-::  — :14 

8:9 


71.  30 


a     il5: 


72. 

20: 

18: 

73. 

11: 

4: 

74. 

20: 

48: 

75. 

29: 

8:    5 
-:96 


12 
85 


20:18)      ^gg.jg 

-I 


48:14 
21^96 


76.  J:2i    L.i^._ 


78.  14:12 
.9:35 


.  .25:33j  )       (5.4:10. 
.8:.375r    (  —  :8.7 


16 
75 
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384^»  Ex.  If  18  men  in  12  days  of  8  hours  each  can  build  480  cubic 
feet  of  masonry,  6  men  in  24  days  of  10  hours  each  can  build  how 
many  cubic  feet? 

AifALTSU. — Since  the  required    -« 
term  is  cubic  feet,  I  write  480  cu.      ^  ^^^^ 
ft.  for  the  first  term  of  the  sec- 
ond ratio,  or  the  third  term  of 
the  proportion. 

The  required  number  of  cu- 
bic feet  depends  upon  three  ele- 
ments, viz.  :^1)  the  number  of 
men ;  (2)  the  number  of  days ; 
(3)  the  number  of  hours  per  da}*. 


6  men 
12  da.:  2^  da. 
8  h.:  10  h. 

1$ 


Pbocess. 


: :  Jf80  cu.ft,:  —  cu.Jt. 


t 


$*\2 

10 

i$0  cu.fi.    00    20cu.fi. 


I  therefore  arrange  the  num-  2y.10y.20  cu.fi.  =  J^OO  cu.fi. 

hers  representing  these  elements, 

in  pairs,  as  the  terms  of  the  compound  ratio.  Thus,  (1)  18  men  build  480  cu.  ft.,  6 
men  will  build  less,—* hence,  18  men  :  6  men.  (2)  Any  number  of  men  in  18  days 
build  480  cu.  fL,  in  24  days  they  will  build  more,— hence,  12  da. :  24  da.  (3)  Any 
numl)er  of  men  in  any  number  of  days  of  8  hours  each  build  480  cu.  ft.,  in  the  same 
number  of  days  of  10  hours  each  they  will  build  more, — hence,  8  h. :  10  h. 

Solving  the  proportion,  I  obtain  400  cubic  feet,  the  required  result. 

38Sm  RuLB  FOE  Making  Statements  in  Compound  Pbopobtion. 

L  For  the  tbizd  tenn:  —  Write  the  number  that  is  of  the  same  kind  as 
the  required  term. 

11.  For  the  oompound  ratio : — Write  each  tu)0  of  the  given  nwnbers  that 
are  of  the  same  kindy  as  a  couplet^  always  considering  ichether  a  result 
depending  upon  these  two  terms  alone  would  be  greater  or  less  than  the 
third  term;  and  if  greater^  write  the  greater  of  the  two  for  the  second 
term;  but  if  less,  write  the  less  of  the  two  for  the  second  term. 

a»  Apply  reoiarks  a,  b,  following  the  rule  for  making  statements  in  simple 
proportion  (379),  to  compound  proportion. 

bm  In  solving  problems  in  proportion  by  cancellation,  use  either  process  (383). 

c.  The  time  necessary  to  re-write  the  terms 
for  cancellation  after  the  compound  pro- 
portion has  been  written,  may  be  saved 
by  inclosing  the  tneans  in  a  rectangle, 
and  cancelling  any  term  or  any  factor  of 
any  term  in  the  rectangle  by  any  term 
or  any  factor  of  any  term  out  of  it. 

P 


12: 

"< 

Uo 

;  200 

18 : 

i5\: 

:\    8 

:     10 

8  : 

10] 

[  s 

:       4 
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Pboblems. 

80.  A  bin  16  ft.  x  7  f t.  x  0  ft.  contains  810  bushels  of  wheat.  How 
wide  is  a  bin  24  ft.  long  and  5  ft.  6  in.  deep  that  contains  1,215  bashels? 

81.  If  800  yd.  of  cloth  f  yd.  wide  make  100  suits,  how  many  similar 
suits  can  be  m^de  from  1,200  yd.  of  cloth  f  yd.  wide  ? 

82.  If  18  men  mow  10  acres  of  grass  in  4  days  of  10  hours  each,  in 
how  many  days  of  8  hours  each  can  12  men  mow  16  acres  ? 

83.  If  00  horses  eat  640  bushels  of  oats  in  40  days,  24  horses  will  eat 
how  many  bushels  in  16  days  ? 

84.  If  40  cattle  eat  280  bushels  of  com  in  112  days,  60  cattle  will 
eat  350  bushels  in  how  many  days  ? 

85.  If  12  men  can  dig  a  sewer  40  rd.  long,  8  ft.  deep,  3  ft.  wide,  and 
of  4  deg.  of  hardness  of  soil,  in  18  da.  of  8  h.  each ;  how  many  men  will 
be  required  to  dig  a  sewer  200  rd.  long,  10  ft.  deep,  4  ft.  wide,  and  of 
8  deg.  of  hardness  of  soil,  in  45  da.  of  10  h.  each  ? 

80.  A  reservoir  45  yards  long  and  8  feet  deep  holds  105,000  gallons. 
How  many  gallons  will  it  hold  when  its  length  has  been  increased  to  60 
yards  and  its  depth  to  10  feet? 

87 •  If  a  block  of  marble  10  feet  long,  2^  feet  wide,  and  16  inches 
thick,  weighs  900  pounds ;  what  is  the  weight  of  a  block  of  granite  12 
feet  long,  8  feet  wide,  and  8  inches  thick,  the  specific  gravity  of  the 
granite  being  1^  times  that  of  the  marble  ? 

88.  20  miles  of  railroad  were  to  be  finished  in  8  months,  by  120  men. 
One  half  of  the  time  has  expired,  and  only  8  miles  have  been  completed. 
How  many  additional  men  must  be  employed,  to  finish  the  road  at  the 
time  agreed  upon  ? 

89.  If  $39.06  is  the  interest  of  $270  for  2  yr.  5  mo.  18  da.,  $16.08  is 
the  interest  of  what  sum  for  1  yr.  8  mo.  24  da.  ? 

90.  If  8  men  can  lay  a  stone  walk  420  feet  long  and  6  feet  wide  in 
5  days,  12  men  will  lay  a  walk  of  the  same  width  and  275  feet  long  in 
how  many  days  ? 
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91m  If  $540  gain  $101.70  interest  in  3  yr.  1  mo.  20  da.,  at  6  per  cent, 
what  interest  will  $234  gain  in  2  yr.  7  mo.  3  da.,  at  7  per  cent  ? 

92.  If  325  reams  of  paper  are  required  for  2,000  copies  of  an  octavo 
book  of  360  pages,  bow  many  reams  will  be  required  for  an  edition  of 
5,600  copies  of  a  12mo  book  of  628  pages  ? 

93.  If  4  pipes  of  equal  size  will  fill  a  reservoir  68  ft.  x  22  ft.  x  12  ft. 
in  1  da.  0  h.,  in  what  time  will  3  pipes  of  the  same  size  fill  a  reservoir 
54  ft  X  19  ft.  X  10  ft.  ? 

94*  If  in  24  days  of  9  hours  each  15  bricklayers  can  lay  a  wall  320 
feet  long,  15}  feet  high,  and  1^  feet  thick;  in  how  many  days  of  10 
hours  each  can  24  bricklayers  lay  a  wall  400  feet  long,  I7i^  feet  high, 
and  2  feet  thick  ?  . 

m.   CAUSE   AND   EFFECT. 

With  many  teaober^  a  favorite  method  of  aolving  problema  in  proportion 
is  known  as  cause  and  effect.  Cause  and  effect  is  not  proportion;  it  is 
simply  a  method  that  in  many  instances  lessens  the  labor  of  making  state- 
ments in  proportion.  This  is  e8i>ecially  true  of  statements  in  oomponnd 
proportion. 

By  the  methods  of  statement  already  given,  the  third  and  fourth  terms 
of  a  proportion  are  always  simple ;  by  cause  and  effect  these  terms  may  be 
either  simple  or  compound.  Hence,  a  statement  by  cause  and  efliBot  better 
conforms  to  the  definition  of  compound  proportion  (380),  than  do  the 
methods  of  statement  already  given.  For  purely  mathematical  reasoning; 
however,  the  methods  378  and  384  are  to  be  prefiarred. 

386*  A  cause  is  that  which  produces  a  result  or  an  effect 

387*  An  effed  is  the  result  produced  by  a  cause. 

a.  Men  at  work  are  a  cause,  and  the  amount  of  work  they  do  is  the  effect    Ani- 

mals eating  are  a  cause,  and  the  quantity  they  eat  is  the  effect.  A  sum  of 
money,  the  time  it  is  loaned,  and  the  rate  of  interest  constitute  a  cause; 
and  the  interest  earned,  the  effect. 

b.  Causes  and  effects  may  be  made  interchangeable,  by  vaiying  the  statement  of 

a  problem.  Thus,  if  I  sell  4  barrels  of  flour  for  $22,  4  barrels  of  flour  are 
the  cause  and  $22  is  the  effect— t.  e.,  the  amount  the  4  barrels  produce ;  but 
if  I  buy  4  barrels  of  flour  for  $22,  the  $22  is  the  cause  and  4  barrels  of  flour 
are  the  effect— t.^.,  what  the  $22  produce. 
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388m  A  cause  or  an  effect  may  contain  one  element  or  more — i.e.,  it 
may  be  either  simple  or  compouncL  Thus,  in  problem  47,  page  222,  the 
money  paid  is  the  cause,  and  the  number  of  days  of  work  the  money  pro- 
cures is  the  effect;  while  in  problem  04,  page  227, the  work  done  depends 
for  its  cause  upon  the  number  of  men,  the  number  of  days  they  work, 
and  the  number  of  hours  per  day ;  and  the  work,  or  effect,  is  measured  or 
computed  by  its  dimensions — ».€.,  by  its  length,  breadth,  and  thickness. 

a.  Simple  causes  producing  simple  effects  may  be  made  applicatious  of  simple 
proportion ;  and  either  compound  causes  or  compound  effects,  or  both,  may 
be  made  applications  of  compound  proportion. 

bm  Causes  must  be  similar  in  order  to  be  compared; 'the  same  is  also  true  of 
effects.  Hence,  causes  must  be  taken  for  one  couplet  and  effects  for  the  other. 

Cm  In  making  a  statement  by  cause  and  effect,  the  first  cause  must  produce  the 
first  effect,  and  the  second  cause  the  second  effect. 

d.  When  either  the  two  causes  or  the  two  effects  are  the  same,  each  term  of 
the  couplet  may  be  made  unity. 

389*  Illustbahyb  Examples. 

Ex.  1.  When  5  tons  of  hay  cost  $20,  8  tons  will  cost  how  much  ?    (Page 

221,  Ex.  1.) 

ExpLAKATioN.— Since  $20  buy  6  Pbocess. 

tons  of  hay.  I  write  $20  for  the  first      -  .  ^  ,  . .  -     ^      /  „  ^ 

cause  and  6  T.  for  the  first  effect.        ^*^  ^^^^  *  "^^  ^^^^ ' '  ^*^  ^^^ '  ^^  ^^^^ 

Since  the  causes  must  be  like,  and  $20  :  $ —   ::  S  T.  :  8  1\ 
the  amount  required  to  purchase  8  Ji  "^  t^O 

tons  of  hay  is  unknown,  I  write  $—  ?Jl—  z=i  $32 

in  the  place  of  the  second  cause,  and  ^ 

8  T.  for  the  second  effect. 

Solving  the  proportion,  I  obtain  (32,  the  cost  of  8  T. 

Ex.  2.  If  a  railroad  train  running  20  miles  an  hour  run  from  Buffalo 
to  Albany  in  15  hours,  in  how  many  hours  will  a  train  run  the  same 
distance  at  the  rate  of  30  miles  an  hour?    (Page  221,  Ex.  2.) 

Explanation.— Since  the  distance 

to  be  run,  or  the  effect,  is  the  same  in  PBOCEsa 
each  instance,  I  represent  the  effects    Ut  cmtse  :  2d  cause  :  :  1st  effect :  2d  effect 

each  by  1  (388,  d).  ^q  ^i  :SOm%.l^.     . 

Since  the  distance  run  depends  15  h  : h      (■•••*••* 

upon  two  elements— the  rate  per  hour  on'>,i  i  R  h 

and  the  number  of  hours,— I  write  20  ^OX^  16  h.  _  ^Q  h, 

mi.,  the  rate  of  speed,  and  15  h.,  the  S  0 
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time,  for  the  first  cause ;  and  since  the  two  causes  must  contain  the  same  elements,  I 
write  80  mi.  and  —  h.  for  the  second  cause. 

Solving  the  proportion,  I  obtain  10  hours,  the  required  time. 

Note. — Obsenre  that  this  problem  prodaces  a  simple  proportion  when  stated  by  tbo 
ordinary  process  {378 f  Sx.  2),  and  a  compound  proportion  when  stated  by  cause  and 
elTect 

Ex.  3.  If  18  men  in  12  days  of  8  hours  each  can  build  480  cubic  feet 
of  masonry,  how  many  cubic  feet  can  6  men  build  in  24  days  of  10 
hours  each  ?  p^^^ 

mat  produces  4oU  cu.  it.  com*      -  «  ^^ 

bines  men,  days,  and  hours  per     -*  ^  ^^'^^  •'  ^  ^^^  ) 

day,  I  write  18  men,  12  da.,  and       1^  da.  :  ^4  da.  > ::  480  cu.Jt.  :  —  cu.ft. 

8  h.  for  the  first  cause,  and  480  8  h.  :  10  K    ) 

cu.  ft  for  the  first  effect  6  X  2  iX  10  X  480  m.  ft.        .  ^^ 

Since  the  same  elements  en-      — yj?  v  i  9  ^  r :=z  40  0  cu.  ft. 

ter  into  both  causes,  I  write  6  lisx  izy.6 

men,  24  da.,  and  10  h.  for  the  second  cause,  and  —  cu.  ft.  for  the  second  effect 

Solving  the  proportion,  I  obtain  400  cu.  ft,  the  required  amount  of  masonry. 

Ex.  4.  If  in  24  days  of  9  hours  each  15  bricklayers  can  lay  a  wall  320 
feet  long,  15f  feet  high,  and  1^  feet  thick;  in  how  many  days  of  10 
hours  each  can  24  bricklayers  lay  a  wall  400  feet  long,  17^  feet  high, 
and  2  feet  thick  ? 

AiTALTSiB.— Since  the  amount  Process. 

of  work  performed  depends  upon  ut  cause  :  2d  cause  :  :  let  effect  :  2d  effect 
three  elemente,— men,  days,  and  ^  i  Q&n  A  -  /nn  ^ 

houra  per  day.-I  write  15  men,  i^rMn:24men)  320  ft.  :  400  ft. 
24  da.,  9  h.  for  the  first  cause ;  and  ^4  da^  - —  da.  >;:•<  16^  ft.  :  17^  ft. 
since  the  work  done  is  measured  9  h.  :  10  h.      )       (     H  ft.  :  2  ft. 

ft,  and  IJ  ft  for  the  first  effect  2x24>^10x  820  x63><5 

Since  the  same  elements  enter 
into  both  causes,  I  write  24  men,  —  da.,  and  10  h.  for  the  second  cause;  and  for  a 
like  reason,  I  write  400  ft,  17|  ft,  and  2  ft  for  the  second  effect 

Solving  the  proportion,  I  obtain  80  days,  the  required  result 

Problems. 

Solve  by  cause  and  effect  the  problems  in  Proportion,  pages  222,  223, 
226,  227. 
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IV.    PARTITIVE   PROPORTION. 

390*  PaHitive  proporiian  is  the  process  of  dividing  a  number  into 
parts  that  have  a  given  relation  to  each  other  and  to  the  number  di- 
vided. 

391*  ParHHve  roHas  are  the  numbers  that  express  the  relation  to 
one  another  of  the  several  parts  of  a  whole. 

Thus,  if  it  is  required  to  divide  a  Dumber  into  three  parts  that  shall  be  in  the 
ratios  of  2,  d,  and  5, — the  numbers  3,  8,  5  are  the  partitive  ratias. 

392*  The  unit  of  partition  is  the  number  that,  multiplied  hj  the 
ratio  of  any  required  part,  will  produce  that  part. 

393*  Ex.  1.  Divide  120  into  three  parts  that  shall  be  in  the  ratios 

of  2,  3,  and  5. 

Process. 
Analysis.— Assuming  unity  as  the  unit  of  partition,  the 

parts  would  be  represented  by  the  ratios  2,  8,  and  5,  and  the  S  +  S  +  S  =z  10 

sum  of  the  parts  would  be  10.    But  the  sum  of  the  parts  re-  i  an  .    i n  ^^  1  ^ 

quired  is  120,  and  the  true  unit  of  partition  must  be  as  many  1  ^v  -r  liJ  ^  1*^ 

Umes  unity  as  120  is  times  10.    Hence,  I  divide  120  by  10,  2  x  12  =:2Ji, 

the  sum  of  the  ratios,  and  obtain  12,  the  unit  of  partition.  S  x  12  =z  SO 

I  then  multiply  12  by  2,  8,  and  5  (the  partitive  ratios),  re-  6  x  12  z^60 

spectlvely,  and  obtain  24,  86,  and  60,  the  parts  required.  ~ 

The  foregoing  example  may  be  stated  in  one  equation  and  three  sim- 
ple proportions : —  __ 
*^     '^    '^                                                                                    Process. 

ANALTBia — Assuming  unity  as  the  unit  of  partition,  the        2  -X-  S  -^-5  —  10 
parts  are  2,  8,  and  5,  and  their  sum  is  10,  -r     "r     — 

By  proportion,  10,— the  sum  of  the  parts,  with  unity  as  10  :  2  ::  120  : 

the  unit  of  partition,  is  to  each  of  the  parts  based  upon  the  10  :  S  ::  120  :  — 

same  unit  of  partition,  as  120 —the  given  number, — is  to  10  :  6  ::  120  : 

each  one  of  its  parts  based  upon  the  true  unit  of  partition. 

Solving  the  several  proportions,  I  have  24,  86,  and  60,  the  parts  required. 

MuUiplying  each  of  the  first  couplets  in  the  proportions  above  given,  by  any  num- 
ber,—as  6  (Prop.  I,  577),— the  couplets  become  respectively  60:12.  60:18.  and 
60 :  80.  But  12,  18,  and  80  are  respectively  the  products  of  2,  8,  and  5,  each  multi- 
plied by  6 ;  and  60  is  the  sum  of  12,  18,  and  80. 

Again, — dividing  both  terms  of  each  of  the  couplets  last  above  obtained  by  3 
(Prop.  II,  377)»  the  coupleU  become  respectively  20:4,  20:6,  and  20:10.  But  4. 
6,  and  10  are  respectively  the  quotients  of  12,  18,  and  80,  each  divided  by  8 ;  and 
the  sum  of  4,  0.  and  10  is  20.    Hence, 
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Pbinciplb  IV. — Multiplying  or  dividing  aU  the  ratios  in  a  partitive 
proportion  by  the  same  number  does  not  cha^ige  the  relation  of  the  parts 
to  each  other  nor  to  the  whole, 

Ex.  2.  Divide  $858  among  3  persons — ^L,  M,  and  N, — ^in  the  ratios  \y 
\^  and  f ,  respectively. 


Analysis.— To  simplify  the  problem,  I  mul- 
tiply each  of  the  fractional  partitive  ratios  |,  f ,  f  :  j^  :  f  ■=  ^5  :  50  :  J^8 
and  i  by  60,  the  least  common  multiple  of  the 

denominators,— and  obtain  the  least  integral       4^  -h  o  0  +  48  =i  1 43 
ratios,  45,  60,  and  48,  respectively.  $85 8  -i-  IJ^S  =  $6 

The  sum  of  these  integral  ratios  is  148.    Di-  />?v«/»— .««>'y/ir 

viding  $858  by  148,  I  obtain  $6,  the  unit  of  40  X  ^o  ^  ^ss  f  u,  J^ 

partition  of  the  integral  ratios ;  and  multiplying  5 0  x  $6  =:  $300^  M 

$6  by  the  several  integral  ratios,  I  obtain  $270  1  q  ^  ^a       ^00  q    nr 

for  L.  $300  for  M,  and  $288  for  K  48  X  $6  ^  tZ8 8,  If 

Ex.  3.  William  and  Thomas  have  85  marbles,  and  William  has  4  times 
as  many  as  Thomas  (i.6.,  their  parts  are  in  the  ratio  of  4  to  1).  How 
many  marbles  has  each  boy  ? 

Analttical  Procbsb. 

i  +  1  =z  5;  85  marbles  -^  5  =z  17  murbles,  the  unit  0/  partUion; 
4x17  marbles  =  68  marblesy  belonging  to  William; 
and  IX  17  marbles  =1 17  marbles^  belonging  to  Thomas. 

Ex.  4.  Three  men — R,  S,  and  T — together  own  480  acres  of  land.  S 
owns  3  times  as  many  acres  as  R,  and  T  4  times  as  many  acres  as  S. 
How  many  acres  does  each  man  own  ? 


Analysis.— Assuming  R's  ratio  to 

be  1  or  unity,  8's  ratio  must  be  8  times  1  +  8 -^^  1 2  zn     16 

1  =  8.  and  T's  ratio  must  be  4  times  i  on  A    .t/?—     9n  A 

3  =  12.    The  sum  of  these  ratios  is  16.  40C/ -A. -r- i  o  -     JU  A. 

Dividing  480  A.  by  16, 1  obtain  80  1  x30  A.z=:     30  A.yJR's  share; 

A.,  the  unit  of  partition ;  and  multi-  q  ^  on  A            on  A     Q)«      « 

plying  80  A.  by  each  of  the  ratios.  I  ^  X  jrt/  ^.  -.     yuA.,as 

obtahi  30  acres  for  R,  00  acres  for  8,  12  x  30  A.  =360  A.y  T's     " 
and  860  acres  for  T. 

Although  unity  may  be  assumed  for  any  ratio,  it  is  generally  best  to  use  it  for 
the  smallest  ratio. 
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Pboblsms. 

95.  Divide  80  into  two  parts  that  shall  have  the  ratio  of  1  to  5. 

96,  Divide  130  into  parts  in  the  ratio  of  4  to  0. 

97*  Divide  272  into  parts  in  the  ratios  of  2,  4,  and  11. 

98.  Divide  368  into  parts  in  the  ratio  of  ^  to  |. 

99.  Divide  2,100  into  parts  in  the  ratios  of  f,  f,  |,  and  If. 

100*  Divide  574  into  three  parts  such  that  the  second  part  shall  be  5 
times  the  first,  and  the  third  part  7  times  the  second. 

101.  Divide  065  into  four  parts  such  that  the  second  part  shall  be  \ 
of  the  first,  the  third  f  of  the  second,  and  the  fourth  )  of  the  third. 

102.  Divide  $3,200  between  B  and  C  so  that  B  shall  have  7  times  as 
many  dollars  as  C. 

103.  Divide  $600  between  D  and  E  so  that  E  shall  have  }  as  much  as  D. 

104.  Divide  $1,180  between  6  and  H  so  that  G's  share  shall  be  to  H's 
as  f  is  to  f. 

105.  Divide  8,700  into  parts  in  the  ratios  of  |,  f,  and  ^, 

106.  Divide  11,900  proportionally  to  1^,  3|,  and  4f. 

107*  The  volume  of  the  oxygen  of  the  atmosphere  is  to  that  of  the 
nitrogen  as  21  to  79.  How  many  cubic  feet  of  each  gas  are  there  in  a 
hall  140  ft.  by  90  ft.  by  39^  ft.  ? 

108.  Water  is  composed  of  oxygen  and  hydrogen  in  the  proportion  oC 
8  of  oxygen  to  1  of  hydrogen,  by  weight.  How  many  pounds  of  each 
element  are  there  in  a  barrel  containing  36  gallons  of  water? 

NoTB.— A  cubic  foot  of  water  weighs  62^  pounds. 

109.  Japanese  bell-metal  contains,  by  weight,  73  parts  of  copper,  18 
of  tin,  6  of  zinc,  12  of  lead,  and  3  of  iron.  How  many  pounds  of  each 
metal  are  there  in  a  bell  weighing  336  pounds  ? 

110.  A  gold  watch-case  18  karats  fine,  weighing  54  pwt.,  is  alloyed 
with  silver  and  copper  in  the  proportion  of  2  parts  of  silver  to  1  part 
of  copper.  The  case  contains  how  many  pennyweights  of  each  of  the 
three  kinds  of  metal  ? 
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111.  A  man  died,  leaving  $20,600  to  be  divided  among  2  sons,  3 
daughters,  1  grandson,  and  4  grand*daaghters,  as  follows  : — ^Eacb  grand- 
daughter was  to  receive  f  as  much  as  the  grandson,  the  grandson  \  as 
much  as  each  daughter,  and  each  daughter  f  as  much  as  each  son.  How 
much  was  the  share  of  each  heir? 

112»  A  man's  will  provided  that  his  estate  should  be  divided  among 
an  orphan  asylum^  an  industrial  school,  and  a  public  library,  as  follows : — 
$13,500  to  the  asylum,  $6,600  to  the  school,  and  $10,000  to  the  library. 
At  the  final  settlement  the  estate  is  found  to  be  worth  $19,652.83.  How 
much  should  each  institution  receive  ? 

113m  D,  E,  and  F  are  partners  in  business,  to  the  capital  of  which 
they  have  contributed  respectively  $4,500,  $6,000,  and  $7,500.  Their 
net  gain  this  year  is  $9,000.  If  this  gain  is  divided  among  the  partners 
in  proportion  to  their  investments,  how  much  is  each  partner's  share  ? 

114,  Mr.  Jay  failed  in  business,  owing  $3,750  to  Mr.  Brown,  $1,875 
to  Mr.  White,  and  $5,000  to  Mr.  Morris.  If  he  pays  to  all  $6,000,  how 
much  will  each  creditor  receive  ? 

115*  Messrs.  Day  &  Ray  were  partners  under  an  agreement  to  divide 
all  losses  and  gains  in  proportion  to  the  amount  of  capital  invested  by 
each  and  the  time  it  was  employed.  Mr.  Day  contributed  $6,000  for  10 
months,  and  Mr.  Ray  $8,000  for  6  months.  Their  gain  was  $2,700.  How 
much  was  the  share  of  each  ? 

NOTS.— Tlic  use  of  16,000  for  10  montbs  equals  tho  use  of  10  x  16,000  ( =  $60,000)  for  1 
month ;  and  the  use  of  $8,000  for  6  months  equals  the  use  of  6  x  $8,000  ( =  $48,000)  for  1 
month.    Hence,  the  gain  should  be  divided  in  the  ratio  of  $60,000  to  $48,000. 

116*  J,  K,  and  L  form  a  partnership, — the  gains  and  losses  to  be 
divided  in  proportion  to  their  several  amounts  of  capital  and  the  time 
each  amount  is  invested.  J  contributes  $1,000  for  6  months;  K,  $800 
for  9  months;  and  L,  $1,300  for  8  months.  How  much  is  each  man's 
share  of  a  gain  of  $3,300  ? 
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SECTIOir  III. 

PROGRESSIONS. 

394*  A  series  is  a  succession  of  nambers  that  vary  uniformly  ac- 
cording to  a  common  law. 

a.  The  terms  of  a  series  arc  the  numbers  that  compose  It. 
6,  The  extremes  of  a  series  are  the  first  and  last  terms ;  and 
The  m^eans  are  all  the  terms  except  the  extremes. 

Cm  An  ascending  series  is  one  in  which  each  term  after  the  first  is  greater 
than  the  preceding  term ;  and 

A  descending  series  is  one  in  which  each  term  after  the  first  is  less  tlian 
the  preceding  term. 

d.  The  law  of  a  series  is  the  rate  of  increase  or  decrease  of  its  terms. 

I.   ARITHMETICAL   PROGRESSION. 

395.  An  arithmetical  progression  is  a  series  whose  successive  terms 
increase  or  decrease  by  a  constant  difference. 

8,  6,  9, 12, 15,  18— and  25,  20, 15,  10,  5  are  arithmetical  progressions  or  series,— 
the  former  ascending,  the  latter  descending.  The  constant  or  common  differ- 
ence in  the  ascending  series  is  8 ;  and  in  the  descending  series,  5. 

396*  Five  elements  enter  into  com-  Name  *  Symbol 

putations  in  arithmetical  progressions,  (1)  First  tertn  a 

as  follows : —  (2)  Cwnmon  difference     d 

If  any  three  of  these  five  elements  (^)  ^^nOnsr  of  terms         n 

are    known,  the    other  two   can  be  (*)  lAist  term  I 

found  by  computation.  W  **^  ^/  **^  tertns         8 

397*  In  an  ascending  arithmetical  series,  each  term  except  the  first 

is  the  sum  of  the  preceding  term  and  the  common  difference. 

Thus,  if  the  first  term  a  is  8,  the  common  difference  <2  Lb  2,  and  the  number  of  the 
terms  n  is  5,  the  terms  of  the  series  are 

1st  Sd  8d  4th  0Ui 

8,         8  +  2,        8  +  (2  +  2),         8  +  (2  +  2  +  2),  8  +  {2+2  +  2  +  2) 

Each  term  is  equal  to  the  sum  of  the  first  term  8,  plus  the  common  difference  2 
taken  a  number  of  times  1  less  than  the  number  of  the  term  (t.  0.,  taken  once  in  the 
second  term,  twice  in  the  third  term,  three  times  in  the  fourth  term;  and  so  on). 
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Substituting  symbols  for  the  numbers  in  the  foregoing  terms,  the  following  general 
txpreman  for  the  terms  of  any  ascending  arithmetical  progression  is  obtained,  viz. : — 

1st  Sd  Sd  4th  &th nih 

a,     a  +  d,     a  +  S  xd,     a-\-S  xd,     a  +  ^  x  rf a  +  (»  —  2 )  x  d.    Hence, 

Pbinciplb  I. — The  last  term  of  an  ascending 
arithmetical  series  equals  the  first  term  plus  the  Formula  1. 

product  of  the  common  difference  multiplied  by     l  =  a  +  (n--l)xcl 
the  number  of  terms  less  1. 

398.  The  6th  term  of  the  general  series  (396)  is  a  +  4  x  d.    Subtracting  ^  xd 
from  the  series,  the  remainder  b  a,  the  first  term.    In  general. 
The  nth  term  of  a  series  is  a  +  (n  —  i)  x  d; 
Subtracting  ( n  —  i)  x  d  the  remsinder  is  a,  the  first  term.    Hence, 

Prikciplb  n. — The  first  term  of  an  ascending 
arithmetical  series  equals  the  last  term  minus  the  Formula  2. 

product  of  tlie  common  difference  muUiplied  by     a  =  1  —  in-- l)xd 
the  number  of  terms  less  1, 

399»  Assume  that  an  ascending  arithmetical  series  consists  of  five  terms.  Then 
the  last  term  must  be  a  +  ^  x  d  (397 f  Prin.). 

Subtracting  the  first  term  a,  the  remainder  is  4  x  d,  t.  e.,  the  common  difference 
taken  as  many  times  less  one  as  there  are  terms  in  the  series.  Dividing  ^  x  d  by 
(6  —  1  = )  ^,  the  quotient  is  d,  the  common  difference.    In  general. 

The  number  of  terms  in  any  series  is  n,  and  the  last  term  is  a+  (ti— i)  xd.  Sub- 
tracting a  and  dividing  the  remainder  (n''l)xd  by  (n—I),  the  result  is  d.    Hence, 

Principle  IIL — The  common  difference  of  an  ascend-  Formula  3. 
ing  arithmetical  series  equals  the  quotient  of  the  difference  ,  __  I  —  a 
of  the  extremes  divided  by  the  number  of  terms  less  1.  n^  1 

400»  Assume  that  an  ascending  arithmetical  series  consists  of  five  terms.  Then 
the  last  term  is  a  +  ^  x  d.  Subtracting  the  first  term  a  and  dividing  the  remainder 
^  X  d  by  d,  the  quotient  is  4 ;  and  4  + 1  =  6,  the  number  of  terms.    In  general, 

The  number  of  terms  in  any  series  is  n,  and  the  last  term  is  a  +  (;» —  i)  x  d.  Sub- 
tracting a,  dividing  the  remainder  (n  —  2)  x  d  by  d,  and  adding  1  to  the  quotient  n  —  i, 
the  result  is  n.    Hence, 

Principle  IV. —  7%e  number  of  terms  in  an  ascending       Formula  4. 
arithmetical  series  equals  the  quotient  of  the  difference  of        _i^a     ^ 
the  extremes  divided  by  the  common  difference,  plus  1.  d 
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« 

4:01.  The  avera^ge  term  of  an  arithmetical  series  is  a  number  equal 
to  the  quotient  of  the  sum  of  all  the  terms  of  the  series  divided  by  the 
number  of  terms  (304). 

4:02m  An  inapection  of  the  series  8,  5,  7,  9,  11  shows  that  the  middle  term  equals 

8  +  11 
the  ayerage  term ;  also  that  — ^ —  =  1,  the  average  term,  t.  e.,  in  any  arithmetical 

series  the  average  term  is  one  KoXf  of  the  mm  of  the  extremes, — ^And 

8  +  18 
In  the  series  8,  5,  7,  9,  11,  18, 5 —  =  8,  the  average  term;  i,e., 

In  a  series  of  an  even  number  of  terms,  the  average  term  has  no  actual  existence 
AS  A  TEBM.    In  general, 

The  product  of  the  average  term  multiplied  by  the  number  of  terms  equals  the 
sum  of  all  the  terms.    Hence, 

Principle  Y.—The  mm  of  the  terms  of  an  arith-  Fobmula  5. 

metical  series  equals  the  product  of  one  half  the  sum      g  .-  ^  +  ^  ^  n 

of  the  extremes  multiplied  by  the  number  of  terms.  ^ 

a.  By  proper  application  of  the  five  principles  and  formuls  now  given,  either 
singly  or  combined,  any  problem  in  arithmetical  progression  may  be  solved. 

b*  The  fourteen  additional  formuls  (see  Supplement,  page  420)  can  be  developed 
arithmetically  from  the  formulsB  and  illustrations  already  given.  The  de- 
monstration of  their  truth  will  be  a  valuable  mathematical  drill  to  the  am- 
bitious student 

c.  The  principles  and  formulsd  already  given  may  be  applied  to  the  solution  of 
problems  in  descending  series,  by  regarding  the  series  as  reversed,  and 
consequently  ascending. 

Exercises. 

By  inspection  find  each  of  the  five  elements  (a,  rf,  n,  /,  8)  in  each  of 

the  following  progressions : — 


*•   H»  4«,  4^8,,  4i,  3i|,  8VV. 

5.  7,  7.8,  8.6,  9.4,  10.2,  11,  12.8. 

6.  13.1,  10.4,  7.7,  6,  2.3. 


1.  3,  7,  11,  16,  19,  23,  27,  31,  35. 

2.  217,  206,  195,  184,  173,  162. 

403*  Illustkativk  Examples. 

Ex.  1.  Find  the  9th  term  of  the  series  5,  11,  17,  etc. 

Explanation.— I  find  by  inspec-  p 

tion  that  the  first  term  a  of  the  given  Process. 

series  is  5,  the  common  difference  d  Formula  1.     /r=a+(n  —  i)xdf 

is  6,  and  the  number  of  terms  »i8  9.     i  =  ^4-(9— -i)  x6=:54-8x6  =  53 

Substituting  these  values  for  their 
respective  symbols  in  Formula  1, 1  have  <  =  5  +  (9  --  1)  x  6. 

Making  the  computations  indicated,  I  obtain  58,  the  required  term. 
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Ez«  2.  What  is  the  first  term  of  the  series  in  which  <?  is  5,  n  is  11, 

Formula  2.     a  =  /  ~     (n  —  i)  X  e?/  substituting  given  values  for  symbols, 
a  =  78--  {11  —  1)  x5  =  78^10x5  =  28,  the  first  term. 

Ex.  3.  Given  a  =  13,  n  =  30,  /  =  158,  to  find  d. 

Pbocess. 

Fomulaa.    d  =  L^^ 

n  —  1 

Substituting  given  )  ^ _  ISS--  13  _  H5  _  ^ 
values  for  symbols,  )     "^     3  0-^1     "   29   " 

Ex.  4.  Find  the  number  of  terms  of  the  series  whose  first  term  is  31, 
common  difference  16,  and  last  term  181. 

Pbocess. 

Formula  4.     n  =  — ^ 1-  1 

a 

Substituting  given  )     __  18  1^31         _  150  j^  2  z=  1 1 

values  for  symbols,  )  15  ^15  ~ 

Ex.  5.  Find  the  sum  of  the  terms  of  the  series  in  which  a  is  17,  n  is 
19,  and  I  is  207.  p„o,^ 

Formula  5.     S  =  — i—  X  n 

2 

Substituting  given   )  ^^  i  74- ^6>7  ^  ^^  ^ 
values  for  symbols,  J  2 

Ex.  6.  What  is  the  common  difference  of  the  series  whose  first  term 

is  173,  number  of  terms  10,  and  last  term  11  ? 

Pbocess. 

/-a 


Formula  6.     d  =, 


n^  1 


Substituting  values  for  )  ^ _  173—  11  _  162^ _ 
symbols  [see  390,  c],  J     ""    19-^1    "  18  " 

Pboblems. 
i.  Find  the  13th  term  of  the  series  4,  6,  8,  etc. 
2*  Find  the  12th  term  of  the  series  2,  5,  8,  etc. 
3.  Find  the  Sam  of  the  series  in  problem  2. 
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4.  Find  the  last  term  of  a  series  whose  first  term  is  8,  common  dif- 
ference 3^,  and  nomber  of  terms  7. 

5*  Find  the  common  difference  of  a  series  of  6  terms,  the  extremes 
being  1  and  81. 

0.  How  many  terms  are  there  in  a  series  whose  first  term  is  5^  com- 
mon difference  2^,  and  last  term  35  ? 

7*  What  is  the  sam  of  a  series  whose  first  term  is  26,  number  of 
terms  12,  and  last  term  4  ? 

8.  Find  the  number  of  terms  of  a  series  the  last  term  being  7^,  the 
common  difference  2^,  and  the  first  term  33^. 

9*  How  many  strokes  are  made  in  12  hours  by  the  hammer  of  a 
clock  that  strikes  the  hours  only? 

10*  50  oranges  are  placed  in  a  line  and  8  yards  apart,  the  first  orange 
being  3  yards  from  a  basket.  How  far  will  a  boy  travel  who,  starting 
from  the  basket,  gathers  the  oranges  into  the  basket  one  by  one  ? 

11.  How  far  will  a  bullet  fall  in  a  minute,  if  it  falls  16.1  ft.  in  the 
first  second,  3  times  as  far  in  the  second  second,  5  times  as  far  in  the 
third  second,  and  so  on  ? 

n.   GEOMETRICAL   PROGRESSION. 

404*  A  geometrical  progression  is  a  series  whose  successive  terms 
increase  or  decrease  by  a  constant  multiplier. 

a.  The  nxtio  is  the  constant  or  common  multiplier. 

b*  8,  G,  13,  24— and  81,  27,  9,  8,  1  are  geometrical  progressions,  the  former 
ascending,  the  latter  descending.  The  ratio  in  the  ascending  series  is  2, 
and  in  the  descending  series,  \. 

c.  When  the  ratio  is  greater  than  1,  the  series  is  ascending ;  when  less  than  1, 
it  is  descending. 

4:05*  Five  elements  enter  into  com- 
putations in  geometrical  progressions, 
as  follows : — 

If  any  three  of  these  five  elements 
are  known,  the  other  two  can  be  found 
by  computation. 


Nftroe 

Symbol 

(1)  First  term 

a 

(2)  Ratio 

r 

(3)  Number  of  tem^ 

n 

(4)  Ijast  term 

I 

(5)  Sum,  of  terms 

8 
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406*  In  a  geometrical  series  each  term  except  the  first  is  the  product 
of  the  preceding  term  by  the  ratio. 

Thos,  if  the  flnt  term  a  is  8,  and  the  ratio  r  is  2»  the  terms  of  tl^e  series  are 

l«t  Sd  8d  4th  6th  6th 

3^       8x3,      8x(2x2),       8x(2x2x2),       8x(2x2x2x2),       8x(2x2x2x2x2), 
8,       8x2,      or  8x2*,  or  8x2*,  or  8x2*,  or8x2* 

Each  term  is  equal  to  the  product  of  the  first  term  multiplied  by  that  power  of  the 
ratio  indicated  by  the  number  of  the  term  minus  1;  i.e,,  by  the  first  power  of  the 
ratio  in  the  second  term,  the  second  power  in  the  third  term,  the  third  power  in  the 
fourth  term, — and  so  on. 

4^0  7 •  Substituting  symbols  for  the  numbers  in  the  foregoing  terms,  a  general 
expression  for  the  terms  of  any  geometrical  progression  is  obtained,  as  follows :— 

Tenni:— Ut         Sd  8d  4th  6th  6th nth 

a,     axr,     axr',     axrs^     axr*,     a  x  r*,....a  x  r (•-').    Hence, 

Pbikciple  I. — The  last  term  of  a  geometrical  series         Fobmula.  1. 
equaU  the  product  of  the  first  term  and  t/iat  power  of 
the  ratio  indicated  by  tfie  number  of  terms  less  L  ~~ 

408.  The  5th  term  (405)  is  a  x  r^.  Dividing  this  fifth  term  by  r^  (»  J-  ^), 
the  quotient  is  a,  the  first  tenn.    In  general^ 

The  nth  or  last  term  of  any  geometrical  series  is  a  x  r  C"-  ^).  Dividing  this  last 
term  by  r  <"  ~  ^>,  the  quotient  is  a,  the  first  term.    Hence, 

Principlb  n. — The  first  term  of  a  geometrical  series  Formula  2. 
equals  t/ie  quotient  of  the  last  term  divided  by  that  power  i 

of  the  ratio  indicated  by  the  number  of  terms  less  1.  **  ~  ,.(«-o 

409*  Dividing  any  term— as  the  6th  {405),  a  x  r-*— by  a,  the  quotient  is  r^. 
Extracting  the  4th  ( =  5  —  1 )  root,  the  result  is  r,  the  ratio.    In  general. 

Dividing  axr^^-^^  by  a,  and  extracting  the  (n  — i)th  root  of  the  quotient 
rt--^),  the  result  is  r,  the  ratio.    Hence, 

Principle  HI. — The  ratio  of  a  geometrical  series  equals 
that  root  of  the  quotient  of  the  last  term  divided  by  the     r  =  ^-^//I 
first  term  which  is  indicated  by  the  number  of  terms  less  1.  ^  ^ 

410m  Assume  that  a  geometrical  progression  consists  of  six  terms.  Then  the 
last  term  must  be  a  x  r  '  (405).  Dividing  a  x  r  ^  by  a,  the  quotient  is  r  '.  But  5, 
the  exponent  of  r,  equals  the  number  of  terms  less  1  (i. «.,  5  =  0  —  1).    Hence, 
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Pbinciple  IV. — The  number  ofterma  of  a  geometrical  aeries  ^^^^^^^^  *• 
equals  t/ie  eixpotient  plus  1  of  that  power  of  the  ratio  which  is  |.  (•  -  ^ )  —  i 
equal  to  the  quotient  of  the  last  temi  divided  by  the  first  term.  ^ 

4tll*  In  the  series  2,  6,  18,  64,  the  sam  of  the  terms  is  represented 

by  (1)       8=2  +  6  +  18+5Ji. 

Multiplying  each  term  of  (1)  by  the  raUo  8,  (2)  SxS=        6  +  18+5i-\'{Sx6i) 

Subtracting  (1)  from  (2)  \z)  3X  8- S=^{3X6  4)- 2 

Factoring  the  flret  member  of  (8)  (4)  {3—  1)X  8=^  {3X  6i)  —  2 

Dividing  both  members  of  (4)  by  (8  -  1)     (6)  8  =  (^  ^     ^  -  ^) 

3  "~*  1 

r  X  /  —  a 

Substituting  symbols  for  numbers  (6)  S  = — 

r  -~  1  Jiencey 

PaiNCiPLB  V. — The  sum  of  an  ascending  geometrical        Formula  5. 

series  equals  the  quotient  obtained  by  dividing  the  product 

of  the  last  term  and  the  ratio,  minus  the  first  term^  by 

the  ratio  minus  1. 


^^rxi^ 


412m  Assume  that  an  ascending  geometrical  progression  consists  of  six  terms. 
The  last  term  is  a  x  r  ',  i.  e.,  2  =:  a  x  r  '.  Multiplying  both  terms  of  the  formula  by 
r,  we  have  rx{  =  axrtf,  in  which  the  power  of  the  ratio  is  indicated  by  the  num- 
ber of  terms.    Substituting  this  value  of  r  x  Mn  Formula  5,  we  have  -  ~ 


r-i 

^ — — — ^ — K    Hence. 
r  —  l 

Pbinciplb  VI. —  The  sum  of  an  ascending  geomet- 

rical  series  equals  the  quotient  obtained  by  dividing         Formula  6. 

the  product  of  the  first  term  and  that  power  of  the     «  _  axir^—l) 

ratio  indicated  by  the  number  of  termSy  minus  J,  by  r  —  1 

the  ratio  minus  1, 

a.  In  finding  the  sum  of  the  terms  when  the  first  term,  ratio,  and  number  of 
terms  are  known.  Principle  VI  is  more  direct  than  Principle  V. 

b*  To  find  the  sum  of  the  terms  of  a  descending  series,  the  product  of  the  last 
term  and  ratio  is  subtracted  from 

the  first  term,  and  the  remainder  FoRMUiiA  7.    8  -=.  ^^""^  ^ 

is  divided  by  1  minus  the  ratio.  i  —  r 

Hence,  under  the  conditions  of  a  ,  oo      aX(l  —  r^ 

descending  series,  Formulae  5  and       and  Formula  a    S= — j-— 

6  become  respectively 

For  additional  formulsB,  see  Soppleaoilt,  page  426. 


GEOMETRICAL  PR0QBB88I0N.  241 

EXEBCISES. 

By  inspection  find  each  of  the  five  elements  (a,  r,  n,  /,  S)  in  each  of 
the  following  progressions : — 


1.  1,  5,  25,  125,  625,  3,125 

2.  256,  128,  64,  32,  16,  8,  4,  2 
3-  2,   IJ,  1^,  -^j  ff,  iff^^  if\^ 


4.  16,  1.6,  .16,  .016,  .0016 

5.  H.  4f.  161,  571.  200tV.  700A 

6.  2,  6,  18,  54,  162,  486,  1,458,  4,374 


4:13*  Using  the  six  progressions  given  in  the  foregoing  exercises, 
prove  the  tmth  of  the  following 

Propositions. 

I.  Any  four  consecutive  terms  of  a  geometrical  series  are  the  terms 
of  a  proportion. 

IL  T?ie  second  term  of  any  three  consecutive  terms  of  a  geometricai 
series  is  a  mean  proportional  to  the  other  two  terms, 

414*  Illustbatiye  Examples. 

Ex.  1.  Find  the  tenth  term  of  Process. 

the  series  2,  6,  12,— etc.  a  z=  2     r  ^  3  {=:  6  ^  2)     nz=  10 

Explanation.— I  find  by  inspection  Formula  1.     /  =  a  x  r^"~'> 

tlu&t  the  first  term  a  is  2,  the  ratio  ris3,  1^2x3^=39366 

and  the  number  of  terms  n  is  10. 

Substituting  the  given  values  for  their  respective  symbols  In  formula  1, 1  have 
<  =  2x3*. 

Making  the  computations  indicated,  I  obtain  89,866,  the  required  term. 

Ex.  2.  The  last  term  of  a  geometrical  progression  is  15,625,  the  ratio 
is  5,  and  the  number  of  terms  is  6.    What  is  the  first  term  ? 

Explanation.  —  Substituting   the   known  Pbocess. 

values  for  their  respective  symbols  in  formula      I  :=z  15  625     r  •=.  5     n  -=.6 

^  _ ,  16.625  '  I 

2, 1  have  a  =     ^    .  Formula  2.     a  =     ; 

Making  the  computations  indicated,  I  obtain  15,625       15,625 

5,  the  required  term.  a  =       Ts       ~   3  12  5   ^ 

Q 
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Ex.  8.  The  first  term  of  a  geometrical  series  is  3,  the  number  of  terms 

7,  and  the  last  term  is  12,288.     Required  the  ratio. 

Process. 
Explanation.— Substituting  the  known  values  ^(•--¥)/7 

for  their  respective  symbols  in  formula  3.  I  have      ^o™"**  ^-     r  —        ^* 

^                                                                                             8 
Making  the  computations  indicated.  I  obtain  4,  ^  

the  required  ratio.  V  4^0  9  6  =  4 

Ex.  4.  In  a  geometrical  progression,  a  =  6,  r  =  3,  and  I  =  405.    What 
is  the  number  of  terms  ? 

Explanation. — Substituting  the  known  values  Process. 

for  their  respective  symbols  in  formula  4, 1  have  Formula  4.     r  ^•~  ^^  =  -" 

8<.-')  =  ^(=81).  g(-.)^^Qg^g/ 

I  then  raise  8,  the  ratio,  to  a  power  that  equals 
81  (the  quotient  of  the  last  term  divided  by  the     ^  ^     ^  =     ^y  ^^  2d  power 
first  term),  and  find  that  I  have  the  4th  power.       ^  x     9  =  2  7y  the  Sd  power 

Since  (n  - 1)  equals  the  exponent  of  the  power     3  x  2  7  =  8 1,  the  4th  power 
of  8  that  equals  81,  (n  —  1)  must  equal  4 ;  hence, 
»  =  6,  the  number  of  terms  required.  Heace^  (n — i)  =  4,  drid  n=,5 

Ex.  5.  Find  the  sum  of  the  terms  of  a  series  whose  first  term  is  2, 
ratio  5,  and  last  term  6,250. 

Explanation.— Substituting  the  known  Process. 

terms  for  their  respective  symbols  in  formu-         «         ,_       o      tX  I  —  a 

K  V  ROKi\    o  Formula  5.     S  z= -— 

]a5,Ihave^=^''g'2,i""  -   Making  the  r^l 

computations  indicated, I  obtain 7,812,  the    g _. 5x6,250  —  2 _ 81,248 _ ^ ^^^ 

sum  of  the  terms  required.  5  —  1  4 

Ex.  6.  Find  the  sum  of  7  terms  of  the  series  in  which  a  =  2  and 
r  =  3. 

Explanation.  —  Substituting  Process. 

the  known  values  for  their  re-  ,       ^,  (rn j\ 

spective  symbols  in  formula  6,         Formula  6.     *S  =  _A___ 

Ihave^=^y_\^H  S_2X(8'-1)__2X{2,187^1)^^^^^^ 

Making  the  computations  in-  8—1  2 

dicated,  I  obtain  2,186,  the  sum 
of  the  series— ».  6.,  the  sum  of  the  terms  required. 
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Ex.  7.  What  is  the  Bum  of  the  series  in  which  /  =  9,  r  z=:\^  and 

a  =  703,125  ? 

^  Pbocess. 

Explanation.— 

Substitutmg   known  _        ,_       „      ci  —  rxl 

values  for  symbols  in  Formula  7.     S=z     ^_^ 

form^a7.(«^,6,)      ^  ^703^1 ,5 -^  j  .  9  ^7  OS^l  23^  ^  ^^^ 

g_703,125-ix9  l-i  ^  ' 

1-i 
Making  the  computations  indicated,  I  obtain  878,904,  the  sum  of  the  series  required. 

Problems. 

12.  What  is  the  last  term  of  a  series  whose  first  term  is  8,  ratio  4, 
and  number  of  terms  5  ? 

13.  Find  the  sixth  term  of  the  series  4,  8,  16,  etc. 

14:.  Find  the  sum  of  the  first  eight  terms  of  the  series  4,  8,  16,  etc. 

15.  What  is  the  first  term  of  a  series  whose  last  term  is  256,  ratio  2, 
and  number  of  terms  12  ? 

10.  Required,  the  ratio  of  the  series  in  which  a  =  4,  /=d24,  and  n=5. 

17m  Required,  the  sum  of  the  series,  problem  16. 

18.  A  man  bought  a  dozen  eggs  paying  ^  cent  for  the  first  egg^  \  cent 
for  the  second,  1  cent  for  the  third, — and  so  on.  How  much  did  he  pay 
for  the  dozen  ? 

19.  The  first  term  of  a  series  is  64,  the  ratio  is  ^,  and  the  last  term  2. 
Find  the  sum  of  the  terms. 

20.  Required,  the  sum  of  6  terms  of  the  series  whose  first  term  is  243, 
and  ratio  i. 

21.  Find  the  five  means  of  the  geometrical  series  whose  extremes  are 
3  and  2,187. 

22.  If  a  man  saves  1  cent  the  first  day  of  April,  4  cents  the  second 
day,  16  cents  the  third,  and  so  on,  how  much  will  he  have  saved  at  the 
middle  of  the  month  ? 

23.  The  seating  capacity  of  4  halls  is  in  geometrical  progression.  The 
smallest  hall  seats  256,  and  the  largest  6,912.  What  is  the  capacity  of 
each  of  the  others  ? 
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III.    INFINITE   SERIES. 

41S»  An  infinite  series  is  a  descending  geometrical  series  the  num- 
ber of  whose  terms  is  infinite. 

In  an  infinite  series,  the  last  term  is  regarded  as  0.  When  one  of  two  factors 
is  0,  the  product  is  also  0.  Formula  7  {410^  S  =  ^7^  ^  becomes,  in 
an  infinite  series,  S  =  -^ =  -z .    Hence, 

Principle  "VTI. — The  sum  of  an  infinite  series  equals  omhjla  9. 
the  quotient  of  t/is  first  term  divided  by  1  minus  the  ratio,        8  = 

Problems. 

24.  Find  the  sum  of  the  infinite  series  1,  ^^  i,  etc. 

25.  Required,  the  sum  of  the  terms  of  the  series  i,  ^^  ^, — to  infinity. 

20.  The  sum  of  an  infinite  series  is  81,  and  the  ratio  is  f.  What  is 
the  first  term? 

27 •  A  ball  falls  to  the  floor  from  a  height  of  10  feet,  and  rebounds  to 
the  height  of  5  feet,  then  falling  again,  rebounds  2i  feet, — and  so  on. 
What  distance  will  it  move  before  coming  to  rest  ? 

28.  A  sloop  is  20  miles  ahead  of  a  steamer  that  runs  10  miles  while 
the  sloop  sails  but  2  miles.  In  how  many  hours  will  the  steamer  over- 
take the  sloop  ? 


SECTION  IV. 

REVIEW. 

416.   TEST  QUB8TIONS. 


Pupils  ahoold  now  oarefdlly  prepare  thirty  questioiifl,  In  sets  of  ten  each, 
for  review  of  Ration  Proportions^  and  Progresatona. 

417*  BIiACKBOARD  OTJTLINEa 

Pupihi  will  now  oolleot  all  the  terms,  principles^  formulsB,  important  &ots^ 
and  rules  or  steps  in  processes)  and  arrange  them  properly  for  blackbbard 
outlines  of  Hatio^  Prpportiona»  and  Progiresaiona. 
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CHAPTER    VIII. 

PERCENTAGE. 

In  boBineas  affjEdn  and  in  the  solenoes  and  the  arta.  eatimatea,  oompnta- 
tiona,  and  compariaona  are  commonly  made  in  hnndredtha  of  the  nnmber  or 
thing  'whicli  la  made  the  baaia  of  the  eatimate,  computation,  or  compariaon. 

The  term  per  cent  means  by  the  hundred. 

4il.S.  Percentage  embraces  those  processes  of  computation  in  which 
one  of  the  elements  is  always  expressed  in  hundredths. 

4:19»  a.  The  elements  that  enter  into  computations  in  percentage  are  the  Uue, 
the  per  cent,  the  percentage,  the  amount,  and  the  difference, 

b.  The  base  is  the  number  of  which  hundredths  are  to  be  found. 

€•  The  ]»er  cent  is  the  number  of  hundredths  of  the  base  to  be  found. 

d.  The  percentage  is  the  required  number  of  hundredths  of  the  base. 

e«  The  amount  is  the  base  plus  the  percentage ;  and 

The  difference  is  the  base  minus  the  percentage. 

/•  The  base,  the  percentage,  the  amount,  or  the  difiFerence  may  be  either  abstract 
or  concrete ;  but  the  per  cent  is  always  abstract. 

Note.— For  uniformity  in  arrangement  and  convenience  in  reading  eqnations,  throngb- 
oat  the  subject  of  percentage  tbe  sign  x  is  read  **  multiplied  by." 


SECTION  I. 

NOTATIONS   AND   REDUCTIONS. 

4L20*  The  cammercial  sign,  fcy  signifies  per  cent. 
18^  signifies  18  hundredtlis,  and  is  read  "  18  per  cent" 

Important  Facts. 

I.  To  express  per  cent  decimally^  two  decimal  figures  are  required. 

n.  To  express  100  per  ce)U  or  morey  an  integer  or  a  mixed  decimal 
number  is  required. 

ni.  To  express  parts  of  1  per  centy  either  decimal  figures  or  fractions 
at  the  right  of  hundredths  are  required. 
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PERCENTAGE. 


Numbers  equivalent  to  per  cents  may  be  expressed  by  fractions  or  by  mixed 
numbers,  but  they  are  not  per  cents. 

Thus,  255^  =  .25 ;  but  .25  =  ^  =  \  ;  hence,  ^  is  an  equivalent  expression  for  25^, 
and  255^  of  a  number  is  j^  of  it. 

421.  The  per  cent  may  be  expressed  by  words,  by  the  commercial 
sign,  and  by  decimals.  Its  equivalent  value  may  be  expressed  by  either 
a  fraction  or  a  mixed  number. 


By  words         By  sign  By  dsdnuU   j^gg^^yf^ 

100  per  cent  =  100;«  =  1.00  =  1 

50   "     "  =    60jC  =    .50  =  i 

83J"     "  =    88)^  =    .881  =  i 

25   "     "  =    2«  =    .25  =  i 

20   **     "  =    20jf  =    .20  =  J 

16f "     "  =    m%  =    .161  =  i 


By  vfords         By  sign  By  decimal  ^j!^^^ 


^  per  cent  =    6f  jf  =  .06t  =  it 

i   "     "     =      ijt  =  .005  =  ^ 

f   "     "     =      15^  =  .0075  =  Tfo 

*  "     "    =      \%  =  .ooj  =  ^ 

87i  "     "     =  87i5^  =  .375  =  f 

48J   "     "     =  48iJ^  =  .4825  =  }}» 


Case  I.  To  reduce  a  firaction  to  a  per  cent* 

4:22.  Ex.  What  per  cent  of  a  number  is  }  of  it  ? 

AivALTSis.— Any  number  is  lOOji^  of  itself,  and  f  of  the  number  must  be  8  times  } 
of  lOOjf,  or  75jr  of  it.     Or 

I  of  any  number  equals  ^  of  8  times  that  number.    Hence,  j^  of  8  times  100  per 


cent  is  2|5  =  .75  =  75j(, 

Pboblehs. 

Change  the  following  fractions  io  {  1.  \ 
equivalent  per  cents : —          (  ^»  f 

3.  f 

<*.  f 

5.  i 

o.\ 

»•  A 

m  A 

11.  -ft 

13.  f 

IB.  A      17.  A 

10.  ii 

21.  H 

23.  \i 

19.  ^ 

J<-  A 

10.  II      18.  ^ 

20.   Jj 

I 

22 

•  « 

24.  VA 

Case  II.  To  reduce  a  per  cent  to  a  firaction. 

423.  Ex.  Change  18^  to  an  eqnivalent  fraction  in  its  lowest  terms. 
Analysis.— ISjf  =  .18  =  ^  =  A»  *ho  fraction  requhred. 

Pboblems. 

Change  the  following  per  cents  to  equivalent  fractions  in  lowest 
terms : — 

25.  66S^    27.  87i^    29.  140^    31.  67^^ 

32.  35^ 


26.  sm, 


27.  87i^ 

28.  6t^ 


29.  140^ 

30.  I76j^ 


33.  i^ 

34.  i^ 


35.  i^ 

so.^% 


S7.  9^ 
38.  ^i 
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SECTION  II. 

THE   SIX   GENERAL   CASES   OF   PERCENTAGE. 

In  the  solution  of  each  problem  in  these  Six  Qeneral  Cases^  the  pupil 
ahonld  be  required  to  indicate  the  elements  that  enter  into  the  problem. 

424*  All  operations  in  percentage  are  based  upon  this 

Fuia>AHENTAL  Tbuth  : — The  percentage  is  the  product  of  the  base 
multiplied  by  the  per  cent, 

Casb  L  Base  and  per  cent  given,  to  find  the  percentage. 

Pbocess. 
Ex.   How  much  is  18  f,260  x  .18  =  %^6.80 


per  cent  of  |260? 


Or  .7<9  =  7yff  =  /y,  and 


9  times  ^  of  $260  =  $^6,80 

Problems. 

In  reading  problems  arranged  as  below,  read  each  number  in  the  first  column 
with  the  numbers  of  the  second  column  successively. 

Thus--(l)  Find  6  per  cent  of  1.250.    (2)  Of  19,886.    (8)  Of  478.5.    (4)  Of  A- 


Find 
i-  4*  6  per  cent 
6"  8m  15  per  cent 
9'12m  4  per  cent 
18-16.  7|  percent^ 


of^ 


1,250. 

19,836. 

478.5. 

I  A. 


i-ot-i 


3,742  tons  of  coal? 
956|  acres  ? 
8,240  miles  ? 
^  $670.28  ? 


How  much  is 

17-20.  2b^ 
21-24.  2i^ 
25-28.  16fji 
29-32.  i^ 

33.  On  an  express  train  were  132  passengers,  31^^  of  whom  were  in 
the  drawing-room  car,  42^^  in  the  day  coach,  and  25|^^  in  the  smoking 
car.     How  many  passengers  were  there  in  each  car? 

34.  A  grain  dealer  bought  12,650  bushels  of  grain,  of  which  34^  was 
wheat,  17^  oats,  23^  barley,  and  the  remainder  rye.  What  per  cent  of 
the  grain  was  rye  ?    How  many  bnshels  of  each  kind  of  grain  did  he  buy  ? 

35.  E  had  $3,000  in  bank.  May  1  he  drew  out  33|  per  cent  of  it, 
June  1  15  per  cent  of  the  balance,  July  1  10  per  cent  of  the  balance 
then  in  bank,  and  Aug.  1  a  sum  equal  to  75  per  cent  of  the  amount 
previously  drawn.    How  much  had  he  then  in  bank  ? 
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SHORT  METHODS. 

42S»  L  When  the  givMi  per  cent  is  an  aliquot  part  of  X0O% : — Instead 
of  the  given  per  cent,  use  the  aliquot  part  or  parts  expressed  by  a  frac- 
tion in  its  lowest  terms. 

II.  To  find  10  per  oent  of  a  number: — Take  (7^  z=)  -fy  of  it^  or  move 
the  decimal  point  one  place  to  the  left. 

55(  is  i  of  10^ ;  2i^  is  i  of  5^  or  i  of  10^ ;  1}^  is  i  of  2^%,  or  i  of  5^,  or  j  of  10^. 

90%,  40^,  60^,  70%,  and  bo  on,  are  tlie  products  respectively  of  10^  bj  the 
tens  digit 

'7i%ia5%  +  2i%',  12i^  is  10;^  +  2i%,  and  so  on. 
15jt  is  IW  +  5jf.  85jt  is  80jr  +  5;f ,  or  25;^  +  lOjf  =  }  +  A- 
45jf  is  50j^-5jr,  or  i- A  of  i  =  i-i  of  A. 
65jtis50jf  +  5jt,ori  +  ^of  i  =  J  +  4of  tV;  and  so  on. 

Pboblkms. 

Give  short  methods — by  aliquot  parts  and  by  fractional  parts — for 
finding  the  per  cents  named  in  the  following  problems,  and  apply  those 
methods  in  finding  the  required  per  cents  of  the  given  numbers. 


36-39. 

20^    ' 

'  1,200  bn. 

84-  87. 

llij^    ] 

'  .8371 

40-43. 

25$t 

►  of  •« 

1,600  yd. 

88-  91. 

37iji 

••  of - 

26,400 

44-47. 

75^ 

3,650  lb. 

92-  95. 

6i5< 

318,000 

48-51. 

90^    . 

.  82.50 

96-  99. 

im    - 

.  $320.44 

52-55. 

96j<    ^ 

■ 

'  96.75  bar. 

100-103. 

mi  ' 

'  $769.50 

56-59. 
60-63. 

44^ 
llOji 

-  of  -" 

l,970i  mi. 
2,275  T. 

104-107. 
108-111. 

mi 

-  of" 

$975.25 
$59,482i 

64-67. 

125J<. 

.  17,562  gal. 

112-115. 

hi     J 

.  $725f 

68-71. 

600^^ 

'  8,250  A. 

116-119. 

\i     ] 

'  $10,576f 

72-75. 

100^ 

►  of  ^ 

318.4  da. 

120-123. 

\i 

^  of-" 

$8,248.30 

76-79. 

mi 

6,280 

124-127. 

a 

$59,876.54 

80-83. 

^m. 

,  13.956 

128-131. 

120ij<. 

.  $107,469,681 

NoTB.--8hort  methods  similar  to  the  above  may  be  used  In  solving  problems  under  the 
remaining  live  general  cases  of  percentage. 
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Casb  IL  The  percentage  and  base  graven,  to  find  per  cent. 

426.  Ex.  15  is  what  per  cent  of  60  ? 

Analtbib.— 16  is  H  (=  IS  times  A)  of  60.    Since  60  is  (f^t  = )  100^  of  itself, 
16  is  16  times  ^  of  100  per  cent  =  4^  =  .25. 

Or 
16  is  i  (=if)  of  60,  and  i  =  ^  =  .25  =  25jf. 

Impobtant  Fact  I. — The  per  cent  is  the  quati&U  of  the  percentage 
divided  by  the  base  {424). 


Pboblems. 


is  what 

» per  cent  •< 

of 


132-135.   6 
136-139.   12 
140-143.   21 
144-147.   81 

What  per  cent 

164.  Of  5,810  lb.  are  830  lb.  f 

165.  Of  $2,565  are  $128,25  9 


rso? 

48  9 
126  9 
98! 


What  per  cent 
148-151.   Of  8.5 
152-155.   Of  12.8 
156-159.   Of 
160-163.   Of 


18i  f 
A    J 


18^ 


ri7? 

8.86  9 
5? 

Iff? 


166.  Of  387  rd.  are  81  rd.  9  ft  2  in.  9 

167.  Of  10  CO.  yd.  19  en.  ft.  are  1  cu.  ft.  9 
168.  A  newspaper  publisher  who  had  5,600  subscribers,  lost  224  of 

them.    What  per  cent  of  his  subscribers  did  he  lose  ? 

In  the  examination  of  a  class  of  6  members,  170  questions  were  sub- 
mitted, of  which  A  answered  180,  B  121,  C  90,  D  120,  E  160,  and  F  144. 

169.  What  was  the  standing  of  each  member? 

170.  What  was  the  standing  of  the  class  ? 

What  per  cent  of  itself  must  be  added  to  $3,265  to  amount 
171.  To  $4,571  ?  1 172.  To  $5,387i  9 1 173.  To  $4,832^  9 1 174.  To  $1 1,862.38  9 

From  an  invoice  of  23  C  cocoa-nuts  an  importer  sold  18  C  ;— 

175.  The  number  sold  was  what  per  cent  of  those  remaining  ? 

176.  The  number  remaining  was  what  part  of  those  sold  ? 

Casb  III.  The  percentag^e  and  per  cent  given,  to  find  base. 

427.  Ex.  150  is  60 j^  of  what  number  ? 

Abaltbd.— 60^  =  ^.    150isVVSrOf  100  times  ^  of  150  =  (Uf^<>^=)  850. 

Or 
60^  =  ^  =  1;  150i8(60^=)f  of  5  times  i  of  150  =  250. 

IifPOBTANT  Fact  II. — The  baee  is  the  quotient  of  tha  percentctge  di- 
vided by  the  per  cent  {424). 
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Pboblehs. 

^77.  26418 10^  of  what  namber 9  17^.Isl'6f  of  whatnambert  179.l8  20$f 
of  what  Dumber  ?   ISO.  Is  33|^  of  what  number  9   181.  Is  8|^  of  what  number  9 


182-185.  63 
186-189.  1,316 
190-193.  50.04 
194-197.  H 


1H5< 

of 

is 

what 
num- 
ber? 

198.  $325.60  is  24^  of  how  many  dollars  9 

199.  1,325  lb.  is  75^  of  how  many  lb.  9 

200.  3  bn.  1  pk.  5  qt.  is  16}^  of  how  many  bu.9 

201.  4  !  3  5  1  gr.  is  15^  of  how  many  59 

202.  2^  barrels  of  apples  are  f  ^  of  the  yield  of  my  orchard  this  year. 
How  many  bushels  did  the  orchard  produce  ? 

203.  I  paid  James  E.  Bailey  36  per  cent  of  my  indebtedness  to  him, 
by  a  draft  on  New  York  for  $4,500.    How  much  do  I  still  owe  him  ? 

204.  1  sold  a  flouring  mill,  receiving  45^  of  the  price  in  cash,  and 
invested  75^  of  the  sum  received  in  a  city  lot  worth  $2,160.  For  how 
much  did  I  sell  the  mill  ? 

Case  IV.  'Base  and  per  cent  given,  to  find  amount  or  difference. 

428*  By  definition  (419,  e),  Amount  =  base  +  the  percentage;  but 
the  percentage  =  base  x  per  cent ;  hence. 

Amount  =  base  +  base  x  per  cent  =  base  X  (1  +  per  cent).    And 

Difference  =  base  —  the  percentage ;  hence, 

Difference  =  base  —  base  x  per  cent  =  base  X  (1  —  per  cent). 

Impobtakt  Fact  HI. — The  amount  is  the  product  of  the  bcue  fmUti- 
plied  by  1  plus  the  per  cent, 

Impobtant  Fact  IV. — The  difference  is  the  product  of  the  base  mul- 
tipUed  by  1  minus  the  per  cent 

Pboblbmb. 
Find  the  amount,  and  the  difference, — 

205,  206.  When  the  base  is  90  and  the  per  cent  22. 
207,  208.  The  base  being  89,725  and  the  per  cent  62^. 
209,  210.  The  per  cent  being  -^  and  the  base  ff . 
211,  212.  If  the  base  is  $89.73  and  the  per  cent  is  6^. 
213,  214.  If  the  per  cent  is  35  and  the  base  is  2  gallons. 
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215,  216.  The  base  being  88,  and  the  per  cent  9. 
217f  218.  The  base  being  9J-,  and  the  per  cent  31  j^. 
219,  220.  The  base  being  $19.25,  and  the  per  cent  fj^. 

221.  A  Section  of  timber  land  was  bought  for  $8,600,  and  was  after- 
ward sold  for  16§^  more  than  it  cost.    For  how  much  was  it  sold  ? 

222.  45  per  cent  of  the  860  pupils  in  a  school  are  boys.  How  many 
of  the  pupils  are  girls  ? 

223.  A  merchant  invested  $18,000  in  business.  The  first  year  he  in- 
creased his  capital  15^,  the  second  year  he  increased  the  capital  at  the 
close  of  the  first  year  30^,  and  the  third  year  he  lost  40^  of  his  total 
investment.    Find  his  capital  at  the  close  of  the  third  year. 

224.  A  Texas  ranchman  lost  llfl  of  his  herd  of  18,800  cattle.  How 
many  cattle  had  he  left  ? 

Casb  v.  Amount  or  diiference  and  per  cent  given,  to  find  base. 

420*  Amount = base  x  (1  +per  cent) ;  hence  (158,  Ax.),  base =z^r —        ^.  And 

Difference  =  base  x  (1  —  per  cent) ;  hence  {158,  Ax.),  base  =  ^  _  > 

Ikfobtant  Fact  Y. — TJie  base  is  the  quotiefU 

1.  Of  the  amount  divided  by  1  pltis  the  per  cent;  or 

2.  Of  the  difference  divided  by  1  mimui  the  per  cent 

Problems. 

percent 
32, 


Given,  amount 


225-227. 
228''230. 
231-233. 


21,854 
$3,719.25 
645^  bu. 


percent 
145, 

3.3, 
ll7i 


to  find 
base. 


Given,  differonoe 
234-236. 

237-239. 

240-242. 


fl37 
2,165  lb. 
£38  Us. 


-  • 


243.  12i^  per  cent  of  a  shipment  of  strawberries  was  damaged,  and 
3,542  quarts  reached  market  in  good  condition.  What  was  the  original 
shipment  ? 

244.  An  army,  after  being  twice  decimated  in  battle,  contained  only 
7,695  men.    How  many  men  did  the  army  originally  muster  ? 

245.  At  the  end  of  last  year  the  population  of  a  Western  town  was 
4,480,  which  was  16}^  more  than  at  the  be^nning  of  the  year.  Re- 
quired the  population  at  the  beginning  of  the  year. 
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246,  I  paid  4  times  as  much  for  a  desk  for  my  stady  as  for  a  chair. 
Had  I  paid  10^  more  for  the  desk  and  4^  less  for  the  chair,  the  two 
would  have  cost  me  $184.    Find  the  cost  of  each. 

247*  In  three  successive  years  a  manufacturer  invests  in  his  business 
sums  equal  to  15^,  10^,  and  20^,  respectively,  of  his  capital  at  the  time 
of  the  investment,  and  in  the  fourth  year  he  loses  30^  of  his  capital. 
At  the  end  of  the  fourth  year  his  capital  is  123,695.08.  How  much  was 
his  original  capital? 

Casb  VI.  Amount  or  difference  and  base  given,  to  find  per  cent. 

430*  Amoant=ba8e  x  (1  +per  cent) ;  hence  (ISS,  Ax.  4, 6),  per  cent= 


Difference = base  x  (1  —  per  cent) ;  hence  {ISS,  Ax.  4, 6) ,  per  cent  =  1 
Impobtant  Fact  VI. — The  per  cent  ie 


amount    . 
base 
difference 
base 


1.  JTie  quotierUy  minus  i,  of  the  amount  divided  by  the  baee.    Or 

2.  1  minus  the  quotient  of  the  difference  divided  by  the  base. 


Pboblems. 


Giren,  amount 

bOM 

248-250. 

3,165 

2,180, 

to  find 

251-253. 

4,182.56 

3,017.2, 

per 

254-256. 

3,921  A- 

406|, 

cent. 

Giren,  bom 


257-259. 
260-262. 
263-265. 


$814.73 
$675.18 
l$l,201.90j 


differeoM 
$530, 
$496.50, 
$655, 


to  find 

per 

cent 


266.  An  ocean  steamship  left  port  with  570  registered  passengers,  and 
on  reaching  her  destination  the  number  of  passengers  was  increased  by 
stowaways  to  589.  The  stowaways  equalled  what  per  cent  of  the  regis- 
tered passengers  ? 

One  trip  an  excursion  steamboat  received  $124  for  fares  at  lOj^  per 
passenger,  and  the  next  trip  she  carried  1,488  passengers  at  the  same  fare : 

267*  The  number  of  passengers  on  the  second  trip  was  what  per  cent 
more  than  the  number  on  the  first  trip  ? 

268.  The  number  of  passengers  on  the  first  trip  was  what  per  cent 
less  than  the  number  on  the  second  trip  ? 

269.  A  flock  of  300  sheep  increased  to  675  sheep  in  5  years.  What 
was  the  average  yearly  per  cent  of  increase  ? 
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431,  Rules  fob  Pebcentagb. 
I.  Base  and  per  cent  given,  to  find  the  percentage : — 
Midtipiy  the  base  by  the  per  cent. 

n.  The  percentage  and  baae  given,  to  find  per  cent : — 
Divide  the  percentage  by  the  base. 

in.  The  percentage  and  per  cent  given,  to  find  base : — 
Divide  the  percentage  by  the  per  cent 

TV,  Baae  and  per  cent  given,  to  find 

1.  Amount : — MuUiply  the  baae  by  1  phis  the  per  cent, 

2.  Z>ifierence : — Multiply  the  base  by  1  minus  the  per  cent, 

V.  Amount  or  diflarence  and  per  cent  given,  to  find  baae : — 

1.  Divide  the  amount  by  1  plus  the  per  cent;  or 

2.  Divide  the  difference  by  1  minus  the  per  cent. 

VI.  Amount  or  diflbrence  and  baae  given,  to  find  per  cent : — 

1.  Divide  the  amount  by  the  basCj  and  subtract  1/rom  the  quotient;  or 

2.  Divide  the  difference  by  the  base^  and  subtract  the  quotient  from  1, 

The  terms  base,  per  cent,  and  percentage  correspond  to  the  terms  multiplicand, 
multiplier,  and  product.  Also  base,  1  plus  per  cent,  and  amount ;  and  base, 
1  minus  per  cent,  and  difference,  correspond  to  the  same  terms.    Hence, 

Any  two  of  the  fits  elemerUa  of  percentage  being  given,  the  remaining  dements  may 
be  found, 

4S2.  Formulse  for  the  Six  General  Cases  may  be  derived  as  follows : — 

Multiplicand  x  multiplier = product.     I.  Base  xper  cent  =  the  percentage. 

Product  ,..  V       ,  TT  The  percentage      . 

— -  .  -,     =  multiplicand.  IL ^ --^  =  base. 

multiplier  *  per  cent 

Product  1^.  ,.  TTT  The  percentage 

— r-T-r:^ T  =  multiplier.  HI. ^ ^  =  per  cent. 

multiplicand  *"  base 

IV.  (1)  Base x (1+per cent) rzamount;  (2)  Base x  {1— percent) ^difference. 

I  -f-  p^  cent  1  —  per  cent 

•--.  ..  Amount      ^  ^        j    /a\  *      difference 

VI.  (1)  — 1  zzper  cent;  and  (2)  1 ^ =  per  cent. 
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SECTION  III. 

APPLICATIONS   OF  THE   SIX   GENERAL   CASES 

IN   WHICH    PER   CENT   IS  A  SIMPLE    ELEMENT. 

Per  cent  la  a  simple  element  when  it  is  not  afiected  by  time ;  it  is  a 
com^pound  element  when  units  of  time— as  days,  months,  years — are  con- 
sidered in  determining  it. 

Thus,— In  finding  20  per  cent  of  any  number,  the  per  cent  is  a  simple  ele- 
ment ;  while  in  finding  the  profits  of  a  business  for  4  years  at  the  unifoim 
rate  of  5  per  cent  per  year,  the  per  cent  is  a  compound  element,  i»e»f  20,  the 
per  cent,  is  determined  from  the  5  per  cent  per  year  and  the  4  years. 

I.   COMMISSION. 

433*  CammisBian  comprehends  those  computatioDs  in  which  an 
agent's  fee  or  pay  is  estimated  as  a  percentage. 

a»  An  agent  is  a  person  authorized  to  transact  business  for  another. 

b.  A  principal  is  the  person  or  party  for  whom  an  agent  transacts  business. 

c.  A  commission'merchant,  factor,  or  broker  is  an  agent. 

d.  The  commission  is  the  compensation  allowed  to  an  agent  for  his  services. 

e.  Otuiranty  is  an  extra  compensation  allowed  to  an  agent,  for  assuming  the 

risk  of  loss  on  merchandise  sold  on  credit. 

Commission  is  commonly  estimated  as  a  per  cent  of  the  receipts  or 
expenditures  of  the  agent  on  account  of  his  principal. 

434m  The  business  terms  used  in  commission  transactions  are — con^ 
siffnmentf  consignor,  consignee,  gross  proceeds,  net  proceeds,  re- 
mittance :  e,  g,y  A  sends  his  goods  to  J?  to  be  sold  on  commission.  A 
is  the  principaly  B  is  the  agenty  the  goods  sent  are  a  conaignmenty  A  is 
the  consignoTy  B  is  the  consignee^  the  sum  for  which  the  goods  are  sold 
is  the  gro88  proceeds^  and  the  sum  due  A  is  the  net  proceeds^ — i.€.,  the 
gross  proceeds  less  all  expenses  of  sale,  transportation,  and  commbsion. 

43S*  In  computations  in  commission, 

1.  Sum  eoipended  or  collected  by  agent  =  b<U€; 

2.  Commiasion  =  tiie  percentage; 

3.  Remittance  to  agent  (including  commission  and  sum  to  be  expended) 
=r  amount; 

4.  Net  proceeds  {he.y  collection-- commission)  zrzdifference. 
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Pboblems. 


Find  the  missing  element: 

Sum  invested 


Sam  iDTetfted  ^   oommlMlon 
or  collected 


1.  $6,310  2^  $- 


2.  1416      —  $18.72 

3.  $ 1}  $192.76 


%        base 
pIuB  commiBsioD 


4:.  $1,802.60    3    $- 


Som  collected      ^         y^^^ 
mlnui  commission 

7.  $937.50      5|  $ 


8.  $2,972.80  —  $3200 

9.  $ ^  $42,500 


5.  $7,316        —  $7000 
O.  $ 3f  $2675^ 

10, 11.  If  you  sell  books  to  the  amount  of  $85,  on  a  commission  of  30^, 
how  much  is  your  commission  ?    What  are  the  net  proceeds  of  the  sale  ? 

12, 13*  If  I  send  to  you  $225,  and  instruct  you  to  expend  it  for  sheep 
at  $5  per  head  after  retaining  for  yourself  a  commission  of  12^^,  how 
many  sheep  should  you  buy  to  fill  the  order?  How  much  should  you 
retain  for  your  commission  ? 

14p  15.  If  I  remit  to  you  $142.50  as  the  proceeds  of  a  collection  after 
retaining  my  commission  of  5^,  how  much  do  I  retain  ?  What  is  the 
amount  of  the  collection  ? 

IL   COMMERCIAL   DISCOUNTS. 

d36»  IHscouni  is  a  deduction  from,  or  abatement  of,  a  sum  of  money 
that  is  the  basis  of  a  business  transaction. 

437*  Ccmmercial  discounts  are  percentages  based  upon  the  list 
price  of  goods,  the  total  footing  of  bills,  or  the  gross  amount  of  an 
obligation, — ^per  cent  being  a  simple  element. 

Commercial  discounts  include  tr€ide  disccunts,  time  discounts,  and 
cath  discounts. 

a.  Trade  discounts  are  percentages  deducted  from  list  prices. 

b.  Time  discounts  are  percentages  deducted  from  the  amount  of  a  bill  of 

mercbandise,  as  a  consideration  for  payment  within  a  given  time. 

t.  Cash  discounts  are  percentages  deducted  from  the  amount  of  a  bill  of 
merchandise,  sold  on  credit,  as  a  consideration  for  immediate  payment. 

d.  Trade  discounts  are  made,  to  obviate  the  necessity  for  changing  prices  In  the 

catalogues  and  price  lists  of  manufacturers,  Jobbers,  and  wholesale  dealers, 
to  meet  changes  in  market  prices.  The  list  price  remains  the  same,  while 
the  trade  discount  increases  as  the  goods  decline  in  value,  and  decreases 
as  they  advance  in  value. 

e.  The  net  price  is  the  list  price  less  the  trade  discount 

/•  The  fluctuations  of  the  market  sometimes  give  rise  to  two  or  more  trade  dis- 
counts in  succession,  in  which  case  the  first  is  deducted  from  the  list  price, 
the  second  from  the  remainder, — and  so  on. 
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438.  M  sells  a  bill  of  goods  to  N  at  certain  list  prices  16^  off.  The 
terms  are  60  da.j  5^  30  da.,  or  8^  cash.  16^  is  the  trade  discount^  60  da. 
from  the  date  of  the  bill  is  the  term  of  credit;  5^  is  a  time  discount^ — 
allowed  if  the  goods  are  paid  for  in  30  da.  from  the  date  of  the  bill; 
and  8^  is  a  cash  discount^ — allowed  if  the  goods  are  paid  for  at  once. 

439.  In  computations  in  commercial  disconnts, 

1.  List  price  7=,  ha$e;  also,  Amount  of  bill  or  obligation  =  bate; 

2.  Discount  =  the  percentage;     \     3.  Ifet  price  =  difference. 

Fmd  the  missing  element : 

List  price     % 

16.  $12.50    5    $ 


trade 
discount 


17.  $86.25  —  $17.25 

18.  $ 4i  $.25,^ 


diaooont 


Amoant  of  ^ 

obligation  * 

19.  $659.25  2^  $ 

20.  $9,800  —  $220.50 

21.  $ 1    $68.75 


Net  price     ^    list  price,  or 
or  proceeds  obligation 

22.  $.12i  20  $ 

23.  $675     —  $810 

24.  $ 15  $22,950 


27.  Than  two  of  1 5^  eacli  ? 

28.  Than  three  of  15^,  10^, 

and  5fi  ? 


How  much  greater  is  a  single  discount  of  30^ 

25.  Than  two  successive  discounts  of  20j^  and 

10^? 
20.  Than  two  of  10^  and  20^  successively! 

29.  If  a  grocer's  purchases  of  goods  for  a  year  amount  to  $12,380, 
how  much  will  he  save  by  cashing  all  bills  at  3^  discount  ? 

If  you  buy  a  phaeton  listed  at  $210,  40j^  off,  terms  00  da.  or  5^  cash, 
30.  How  much  ready  money  will  pay  the  bill? 
31.  How  much  is  the  trade  discount  ?  1 32.  How  much  is  the  cash  discount? 


III.    PROFIT   AND   LOSS. 

440.  Profit  and  loss  comprehends  those  computations  in  which  any 
increase  or  decrease  in  values  of  property  is  estimated  as  a  percentage. 

a.  Prime  cost  is  the  sum  actually  paid  for  property. 

b.  Gross  cost  or  entire  cost  is  the  prime  cost  increased  by  expenses,— such 

as  packing,  freight,  cartage,  repairs,  commissions,  etc. 

e.  Whether  the  prime  cost  or  the  entire  cost  is  to  he  taken  as  the  basis  of  com- 
putation, depends  upon  the  conditions  of  the  problem. 

441.  In  computations  in  profit  and  loss, 


1.  Cost  z^  base; 

2.  Gain  or  loss  =  the  percentage; 


3.  Selling  price  at  a  profit  =  amount ; 

4.  Selling  price  at  a  loss  =  difference. 
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Find  t^e  missing  element : 

Goit  %      gain  or  loM 

33.  $.16       33i   $ 

34.  $5,625    $843.75 

35.  $ 22i   $15,181 


Pboblbms. 


Selling  price 


cost 


at  a  gain 

36.  $.11    37i  $— 

37.  $40     $24 

38.  $ 16  $9.37} 


Selling  price 


cost 


at  a  Ion 

39.  $.33  12  $ 

4t0.  $96  $120 

41.  $ 68J  $6,875 


42.  A  newsboy  pays  2j^  for  newspapers  and  sells  them  for  5j^.  What 
is  his  gain  per  cent  ? 

43.  A  merchant  sold  goods  amounting  to  $24.37}  at  a  loss  of  6}^. 
How  much  did  the  goods  cost  him  ? 

44.  A  fruit-dealer  sold  bananas  that  cost  him  1|^  each  for  5^  each, 
and  oranges  that  cost  him  \^  each  for  2j^  each.  On  which  fruit  did  ha 
gain  the  greater  per  cent,  and  how  much  the  greater  ? 

45.  If  you  sell  a  horse  for  $175  and  gain  16f^,  how  much  is  your  gain? 
4€.  How  much  did  the  horse  cost  you  ? 

47.  What  per  cent  of  the  selling  price  is  gain  ? 

IV.    INSURANCE. 

4:42*  Inmirance  comprehends  those  computations  arising  under  con- 
tracts for  indemnity  against  loss  or  damage. 

a.  The  in8ured  is  the  person  protected  or  indemnified. 

b.  The  insurer  or  under^writer  is  the  party  assuming  the  risk. 

€.  A  policy  is  a  written  contract  between  the  parties,  that  sets  forth  the 
liability  of  the  insurer  and  the  conditions  imposed  upon  the  insured. 

d.  ViUuaHon  is  the  maximum  sum  contracted  to  be  paid  by  the  insurer,  in 

case  of  loss  or  damage  to  the  insured.    It  is  commonly  not  more  than  |  of 
the  value  of  the  property  insured. 

e.  Premium  is  tlie  sum  paid  for  insurance. 

/•  The  8um  covered  by  insurance  is  the  valuation  less  the  premium. 

Per  cent  in  insurance  is  also  called  rate. 
g.  A  risk  is  the  property  insured. 

e,g,.  If  the  Continental  Insurance  Co.  insures  A's  store  for  1  year  in  the  sum 
of  $2,000,  for  which  A  pays  the  company  $28,— the  Continental  is  the 
inturer,  A  is  the  insured,  $2,000  is  the  valimUon,  1  year  is  the  time,  $28  is 
the  premium,  $1,972  ( =  $2,000  —  $28)  is  the  sum  covered  by  insurance,  and 
1-iV  per  cent  is  the  rate, 

R 
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443*  An  insurance  cotnpany  is  a  company  or  a  corporation  whose 
business  is  to  indemnify  against  loss  or  damage. 

Insurance  companies  commonly  make  a  specialty  of  some  one  kind  of 
insurance  from  which  they  take  their  class  name, — as  firCy  marine^  life, 
accident^  live-stocky  guaranty.  (See  Sappiemeiit,  page  426.) 

44L4.  Fire  insurance  is  indemnity  against  loss  by  fire. 

445*  Marine  insurance  is  indemnity  against  loss  by  the  casualties 
of  navigation. 

446m  In  computations  in  insurance, 

1.  Valuation  ^  base ;      \      2.  JPremivm  =  pereefitoffe; 
3.  Amount  covered  by  insurance  =  difference, 

Pboblems. 
Find  the  missing  element: 


Yalaation    %     premiam        ram  covered 

^«.  $3,260   2    $ $ 

49.  $4,875  —  $60.93}  $ 


ValualioD       %      premlom         nun  oorered 

51.  $ $253.75  $14,500 

52.  $ i   $166.18}  $ 


50.  $ f  $ $12,468.12i    53.  $165,000 $164,587.60 

54.  Find  the  cost  of  insuring  a  house  and  furniture  for  $7,815,  at  1}^. 

55.  What  valuation  must  be  written  in  a  policy  of  insurance  at  2^, 

« 

to  cover  a  loss  of  $11,350  ? 

56.  What  is  the  valuation  on  a  bam  and  contents,  the  premium  being 
$74,  at  lij<  ? 

57.  If  the  premium  on  a  valuation  of  $27,000  is  $438.75,  what  is  the 

per  cent  or  rate  ? 

V.    STOCKS. 

447m  SiockSf  as  a  general  term,  includes  Government  and  State  bonds 
and  the  stocks  and  bonds  of  corporations. 

448m  A  corporation  is  an  association  of  individuals  authorized  by 
law  to  transact  some  particular  business  as  one  party. 

449.  A  charter  is  a  law  creating  a  corporation  and  defining  its 
powers,  privileges,  duties,  and  obligations. 
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4S0m  Capital  stock  is  the  money  or  other  property  invested  in  the 
bnsiness  oi  a  corporation. 

a.  A  share  is  one  of  the  equal  parts  into  which  the  capital  stock  of  a  cor- 

poration is  divided.    It  is  commonly  $100. 

b.  A  siockhoider  is  the  owner  of  one  or  more  shares. 

The  Btockholders  constitute  the  corporation ;  and  although  they  may  change, 
and  iheir  number  increase  or  decrease,  the  corporation  remains  the  same. 

c.  A  certifleate  of  stock  is  a  document  bearing  the  seal  of  the  corporation, 

issued  to  a  stockholder,  and  stating  the  value  of  each  share,  and  the  num- 
ber of  shares  such  certificate  represents. 

d*  An  instalment  is  a  portion  of  the  capital  stock  paid  in  by  the  stockholders, 
as  it  is  required,  to  establish  or  "float"  the  business  of  the  corporation. 

4S1»  Securities  is  a  general  term  used  to  include  all  stocks,  written 
evidences  of  indebtedness,  or  promises  to  pay. 

4S2m  A  bond  is  a  certificate  of  indebtedness,  under  seal. 

a.  The  bonds  of  a  business  corporation  are  commonly  secured  by  mortgage 
upon  its  property ;  those  of  a  municipal  corporation  are  a  lien  upon  its 
taxable  property. 

6*  Bonds  are  commonly  named  from  the  authority  that  issues  them  and  the  rate 
of  interest  they  bear. 

Virginia  6*8  are  bonds  bearing  6%  interest,  issued  by  the  State  of  Virginia. 
Union  Pacific  7's  are  bonds  bearing  7%  interest,  issued  by  the  Union  Pacific 
railroad  company,  and  secured  by  mortgage  upon  the  railroad. 

4S3m  List  of  the  Pbikcipal  U.  S.  Bonds  outstanding  Jan.  1,  1882. 


Names  of  Bond& 

When  Redeemable. 

Rates  of 
Interest 

Interest  Payable. 

Four-and-a-halfs  of  1891 
Fours  of  1907 
Three-and-a-halfs 
U.  8.  Pacific  RR.  cur- ) 
rency  sizes                ) 
Currency  sixes 

After  Sept.  1,  1891. 
After  July  1,  1907. 
At  option  of  Gov't. 
j  July  1, 1892,  and  ) 
j  July  2, 1894.         f 
1895  to  1899. 

fix 

Hi 
6% 

Quarterly. 
Quarterly. 

Semi-annually. 
Semi-annually. 

4S4m  The  par  value  of  stocks  or  bonds  is  their  face  value ;  and 

The  market  value  is  what  they  will  sell  for  in  the  market. 

a.  Stocks  and  bonds  are  above  par  or  at  a  pretniutn,  when  their  market 
value  is  greater  than  their  par  value ;  and  they  are  below  par  or  at  a 
discount,  when  their  market  value  is  less  than  their  par  value. 
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b»  Stack  quotations  show  the  market  valae  of  stocks  in  tlie  place  where  the 
quotations  are  made. 

Thus,  if  stock  is  8^  above  par,  it  is  quoted  at  108 ;  and  if  it  is  S%  below  i>ar, 
it  is  quoted  at  92. 

The  city  of  New  York  is  the  great  centre  of  stock  transactions  for  the  United 
States,  and  the  quotations  are  commonly  made  from  its  market  or  exchange. 

C  at  par        ^  (at  100. 

€•  Stocks  and  bonds  \  above  par  >  are  quoted  \  above  100. 

(  below  par  )  (  below  100. 

cf.  The  customary  rates  of  brokerage  are  from  i%  to  ^%  on  the  par  value  of  the 
stocks  bought  or  sold. 

e.  The  brokerage  is  added  to  the  market  price  or  quotation  in  computing  the 
cost  of  stocks,  and  is  subtracted  from  the  market  price  in  computing  their 
proceeds,  e.g.,  If  you  buy  N.  Y.  6's  at  92,  brokerage  \%,  the  bonds  cost 
you  92}^  after  paying  brokerage ;  while,  if  you  sell  the  same  bonds  at  the 
same  rate  and  brokerage,  you  realize  only  91}  after  paying  the  brokerage. 

/•  Stock  {operations  are  the  buying  and  selling  of  stocks,  with  a  view  to 
realize  a  gain  from  their  rise  and  fall  in  the  market. 

Stock  invesifnents  are  the  buying  of  stocks  and  bonds,  for  the  purpose 
of  securing  the  income  from  them. 

(/•  The  income  from  stocks  consists  of  dividends,— i.e.,  of  the  profits  of  the 
business  of  the  corporation  divided  among  the  stockholders  in  proportion 
to  their  several  amounts  of  stock.  It  depends  upon  the  condition  of  the 
business  of  the  corporation. 

The  income  from  bonds  is  fixed ;  it  is  not  affected  by  the  prosperity  of  the 
business  of  the  corporation. 

4SS»  In  computations  in  stock  operations, 
1.  Par  value  =  base.      \      2.  Premium  or  discount  =  percentage, 

3.  Quotations  at  a  premium  or  above  par  =  i  +  per  cent, 

4.  Quotations  at  a  discount  or  below  par  =  1  --per  cent, 

5.  Market  value  above  par  =:amou7it.  \  6.  Market  value  below  par  ^difference. 

4S6*  In  computations  in  stock  investments, 

1.  Market  value  =  base.       \       2.  Income  =  percentage. 

Pboblbhs. 
Stock  operations. — ^Find  the  missing  element: 


Shares        %  Market  valae 

58»  32       5^^  premium       $ 

59.  81       15  discount        I 


00.  17       —  premium       $1,874.87^ 


Shares         %  Market  Talne 

61.  54  discount  $4,914.75 

62.  —  16|  above  par  $14,000 

63.  —  12i  below  par  $5,163.50 
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Find  the  cost  of 


Bbares 
64.      15 
€5.   230 
66.      15 


Qaoted  at 

107  J 

81i 

103  J 


Brokerage 


Find  proceeds  from  the  sale  of 


Shares 

67.  500 

68.  744 

69.  2,250 


Stock  investments. — Find  the  missing  element : 


70. 
71. 
72. 


Qaotation 
102 


Income  on    Invesiment 
par  valuo  pays 


3hi 


81i  — 


Quotation     Brokerage 


73.   44tV 

74:.     

75.   86J 


Quoted  at 

ioItV 

97i 

Income  on 
par  valao 

—fi 


Brokerage 

Investment 
pays 

j« 


76.  Find  the  cost  of  1 8  shares  of  B.  &  A.  RR.  stock  at  108f ,  brokerage  |^. 

77*  Find  the  net  proceeds  of  a  sale  of  26  shares  of  C.  C.  &  C.  RR. 
stock  at  82,  brokerage  ^  ? 

78.  If  yon  gain  $256.50  by  baying  Indiana  State  bonds  at  08  and 
selling  them  at  102^,  what  is  the  par  valae  of  the  bonds  ? 

79.  Which  is  the  more  profitable  investment,  and  how  much  per  cent, 
U.  Pac.  V%  at  136  or  Mich.  Cent.  6's  at  108^? 

80.  At  what  price  must  U.  S.  4^'s  be  bought,  to  net  4j^  on  the  investment? 

81.  If  23  shares  of  the  Chemical  Bank  stock  were  bought  for  |3,892.75, 
what  per  cent  premium  did  the  stock  bear  ? 

82.  If  Georgia  6's  are  8^  below  par,  how  much  money  must  be  in- 
vested in  them  to  obtain  an  annual  income  of  $870  ? 

83.  If  Southern  Pacific  RR.  stock  is  at  30f^  discount,  how  many 
shares  can  be  bought  for  $2,720.25,  brokerage  ^^  ? 

84.  What  per  cent  on  his  money  will  a  man  receive,  by  investing  in 
Florida  7's  at  92^  ? 

85.  Find  the  loss  on  81  shares  of  stock  purchased  for  87^  and  sold  for 
84^,  brokerage  ^^  both  for  buying  and  selling. 

86.  The  gross  earnings  of  a  manufacturing  company  this  year  are 
$241,963.75,  and  the  total  expenses  are  $204,588.75.  What  per  cent 
dividend  can  the  company  declare  on  its  capital  stock  of  $575,000  ? 

87.  A  2^  quarterly  dividend  by  a  Life  Insurance  Co.  paid  a  stock- 
holder at  the  rate  of  9-fM>  annually.    At  what  price  did  he  buy  the  stock  ? 
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VI.   TAXES. 

4S7»  Taaces  are  sums  of  money  levied  and  collected  by  general. 
State,  or  local  governments,  for  public  purposes. 

4S8»  Taxes  levied  by  the  General  Government  are  of  two  kinds, — 
duties  or  customs,  and  internal  revenue*         (Sec  Supplement,  page  438.) 

4S9»  Taxes  levied  by  State  and  local  governments  are  of  two  kinds, — 
pi*operty  tax  and  poU  tax* 

a.  Property  tax  is  a  tax  on  property  in  proportion  to  its  assessed  valuation. 

b*  PM  tax  or  capitation  tax  is  a  tax  on  adult  male  citizens  without  re- 
gard to  property.  It  is  a  certain  sum  per  capita,  and  therefore  is  not  a 
percentage. 

c.  Keal- estate  is  fixed  or  immovable  property,— such  as  lands,  buildings, 

quarries,  mines,  etc.    And 

Personal  ^property  is  movable  property,— such  as  money,  notes,  furni- 
ture, tools,  live-stock,  etc. 

d.  Assessors  are  officers  selected  to  estimate  the  value  of  taxable  property,— 

i.e.,  property  liable  to  taxation. 

e.  An  assessment^roU  is  a  schedule  of  taxable  property,  its  owners,  location, 

kinds,  and  assessed  valuoHoTi^-oT  valuation  as  determined  by  the  assessors. 

Note.— In  some  States  an  assessment-roll  is  known  as  **  The  Grand  Liuy 

/•  A  collector  is  an  officer  selected  to  receive  and  collect  taxes. 

g*  The  rixte  of  taxation  is  the  sum  charged  to  each  dollar  of  the  assessed 
valuation,  to  raise  the  required  amount  of  tax. 

h*  In  some  States  a  certain  percentage  of  the  whole  tax  is  levied  upon  the  polls, 
%,e,,  citizens  liable  to  poll  tax;  in  others  the  poll  tax  is  a  fixed  sum  for 
each  poll ;  and  in  others  the  whole  tax  is  paid  by  the  property.  In  some 
States  that  levy  a  poll  tax,  this  tax  is  applied  to  some  particular  purpose, 
and  does  not  appear  upon  a  general  tax-list. 

4:60»  In  some  States  the  fees  of  collectors  are  a  per  cent  of  the  sum 
collected ;  and  the  amount  levied  must  include  the  tax  to  be  raised  and 
the  collector's  commission  or  fees.  In  other  States  the  tax-payer  pays 
collector's  fees  in  addition  to  the  tax  levied  against  him. 

461*  In  computations  to  determine  the  total  sum  to  be  included  in  a 
tax-list,  to  cover  both  the  tax  and  the  collector's  fees, — 

1.  AmofmU  of  tax  =  difference.      \      2.  CoUector^a  fees  =  the  percentage. 
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462*  Owing  to  the  diversity  of  methods  of  raising  taxes  in  the  sev- 
eral States,  the  only  computations  shown  in  this  article  are  those  arising 
from  apportioning  a  property  tax. 

In  computations  in  property  taxes, — 

1.  Assessed  valuation  =  base.      \      2.  Tax  =  the  percentage. 


Pboblems. 
Find  the  missing  element : 

Assessed  raluation        jS  Tax 

88.  $182,425  f  $ 

89.  $81,860         —         $420.56 


90.  $^ 


▼alQAtion      % 

14 


91.  $2,456,890 


Tax 

$14,186.54 
$8,491.88 


403*  In  practical  tax  computations  a  Tax  Table  is  made,  by  the  use 
of  which  the  only  process  employed  is  addition.  The  construction  and 
use  of  such  a  table  is  shown  in 

Ex.  1.  The  total  assessment  of  a  school  district  is  $847,328,  and  a  tax 
of  $1,187.50  is  voted.    Construct  the  requisite  tax  table. 

Process. 
$1,18  7.50-^-847,328  =  %.00H0H7—,  the  rate  of  taxation. 

Multiplying  the  rate  of  taxation  by  1,  2,  3,  4,  5,  6,  7,  8,  9,  successively, 

and  arranging  the  results  in  a  column,  we  have  the  column  at  the  left 

below. 

Tax  Tablb. 


Ttixon 

T^on 

Tax  on 

Tax  on 

Tkx  on 

t  .00140147 

$1  = 

$10  = 

$.01 

$100  =  $.14 

$1,000  =  $1.40 

$10,000  =  $14.01 

.00880294 

2  = 

20  = 

.08 

200=    .28 

2.000=    2.80 

20,000=    28.08 

.00420441 

8  = 

80  = 

.04 

800=    .42 

8,000=    4.20 

80.000=   42.04 

.00560588 

4  =$.01 

40  = 

.06 

400=    .56 

4.000=    5.61 

40,000=    56.06 

.00700785 

6=    .01 

50  = 

.07 

500=    .70 

5,000=    7.01 

50,000=    70.07 

.00840882 

6=    .01 

60  = 

.08 

600=    .84 

6,000=    8.41 

60,000=    84.09 

.00981029 

7=    .01 

70  = 

.10 

700=    .98 

7,000=    9.81 

70.000=    98.10 

.01121176 

8=    .01 

80  = 

.11 

800=  1.12 

8,000=  11.21 

80,000  =  112.12 

.01261328 

9=    .01 

90  = 

.13 

900=  1.26 

9,000=  12.61 

90,000=126.18 

For  explanatioQ  of  Tax  Table,  see  page  264 
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Explanation  ov  Tax  Table. 

(1)  The  several  taxes  are  written  to  the  nearest  cent, — business  coslom  being  fol- 
lowed when  fractions  of  cents  are  involved. 

(2)  The  taxes  shown  in  the  first  or  left-hand  column  of  the  table  are  taken  from 
the  cents  and  mills  of  the  column  obtained  by  multiplication. 

(8)  Since  the  amounts  on  which  taxes  are  to  be  found — in  the  second  column  of 
the  table— are  respectively  ten  times  the  corresponding  amounts  in  the  first  column, 
the  decimal  points  in  the  column  of  products  are  moved  one  place  to  the  right,  to 
obtain  the  taxes  for  the  second  column. 

(4)  The  taxes  in  the  third  column  are  obtained  by  moving  the  decimal  points  one 
more  place  to  the  right ;— and  so  on  for  the  remaining  columns. 

The  table  may  be  extended  another  column,  or  as  far  as  necessary,  to  meet  the 
largest  amount  in  the  assessment  roll. 

Ex.  2.  From  the  foregoing  table,  find  the  amount  of  tax  (1)  on  $5,728; 

(2)  on  $16,870. 

^  '  '  Processes. 


(1)    Tax  on  %5fi 00  =  $7.01 
"     "        700=      .98 
«  20=      .03 

«  8=      .01 


It 


(2)    Tax  on  $10,000  =  $li.01 
«     "        6fi00=       8.41 
800=       1.12 
70=         .10 


"  $5,728      $8.08 

Pboblems. 
From  the  foregoing  table  find  the  tax 


u 


u 
It 


$16,8  70      $23.64, 


9^?.  On  $3,185 
93.  On  $921 


94.  On  $29,817 
9^.  On  $11,100 


98.  On  $37,400 

99.  On  $8,250 


100.  On  $6,425 

101.  On  $45,280 


96.  On  $425 

97.  On  $760 

102.  The  following  sums  are  the  assessments  against  individuals  in 
an  assessment  roll  from  which  a  tax  of  $2,180  is  to  be  apportioned: — 
$12,272;  $925;  $6,130;  $17,780;  $480;  $19,050;  $7,800;  $5,500; 
$26,840;  $51,700;  $2,500;  $^,S15;  $121,900;  $64,^250;  $637;  $288; 
$18,620;  $82,300;  $14,440;  $1,970;  $3,300;  $2,160;  $11,045;  $520; 
$7,200;  $110,480;  $4,175;  $25,800;  $8,330;  $72,650;  $9,876;  $4,370. 
Make  a  tax  table,  and  find  the  tax  to  be  set  in  the  assessment  roll 
against  each  of  the  assessments,  in  the  order  in  which  they  are  given. 

103.  Using  the  assessments  given  in  problem  102,  make  a  table  and 
find  each  tax  in  a  total  levy  of  $1,530.86. 
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Pupils  Bbonld  be  required  to  make  a  copy  of  this  blank,  and  to  write  the 
proper  formnla  for  each  case  in  each  subject;  using  the  terms  corresponding 
to  the  elements  of  the  percentage  formula. 
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PSOBLEMS. 

104.  I  travelled  64^  of  a  journey  of  3,250  miles  by  rail,  53<^  of  the 
remainder  of  the  distance  by  steamer,  and  completed  the  journey  by 
stage.     How  many  miles  did  I  travel  by  each  conveyance  ? 

105.  A  produce  broker  buys  14,000  bushels  of  corn  @  55^,  commission 
f  ^  per  bushel.     How  much  money  will  cover  cost  and  commission  ? 

106.  The  net  proceeds  on  a  shipment  of  dried  fruit  are  $3,137,  and 
the  conmiission  is  $94.11.    What  per  cent  commission  is  paid? 

107*  Novelty  castings  that  cost  4^  ^  lb.  to  manufacture,  must  be 
sold  at  what  price  ^  lb.  to  realize  11^^  profit? 
What  is  the  commission 

108.  At  2i^,  on  a  sale  of  3,275  bushels  of  wheat  @  $1.08  ? 

109.  At  2^,  on  a  sale  of  a  farm  of  156  acres  @  $62.50  ? 

110.  At  3|^,  on  a  collection  the  net  proceeds  of  which  are  $1,037.50? 

111.  At  6i^,  on  a  purchase  of  wool,  cost  and  commission  $0,607.97  ? 

112.  At  5^,  on  a  purchase  of  beans,  cost  and  conmiission  $1,460  ? 

113.  $721f  for  insuring  a  cargo  of  1,250  barrels  of  beef  valued  at 
$12f  per  barrel,  is  at  what  rate  of  insurance  ? 

114.  I  paid  a  real-estate  broker  $2,844.50  to  cover  cost  of  Texas  lands 
at  $7.50  per  acre,  expenses  for  deeds  $9.50,  and  his  commission  of  5^. 
How  much  land  did  he  buy  for  me  ? 

115.  If  the  premium,  at  f^,  is  $23,  what  sum  does  the  policy  cover? 

116.  A  horse  dealer  who  asked  40^  advance  on  cost  for  a  horse,  accepted 
an  offer  of  15^  less  than  his  asking  price.   How  much  per  cent  did  he  gain  ? 

117*  I  sold  f  of  a  mill  for  the  sura  I  paid  for  f  of  it.  How  much  per 
cent  did  I  lose  ? 

118.  At  what  price  must  170  shares  of  stocks  be  sold,  to  net  a  pre- 
mium of  $420,  brokerage  \^  ? 

119.  At  5J^  ^  yd.,  how  many  yards  of  prints  can  a  broker  buy  for 
$275.25  and  retain  2^^  commission  on  the  money  invested? 

Allowing  brokerage  at  i^,  what  is  the  par  value 

120.  Of  Neptune  Silver  Lode  Co.,  bought  for  $36,733  at  42  ? 

121.  Of  N.  Pac.  BR.,  bought  for  $5,525  at  106^? 

122.  Of  L.  S.  Copper  Mining  Co.,  bought  for  $2,913  at  121^? 
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Find  the  commercial  discount 


123.  On  $842,  22j^  off. 

124.  On  $3,684,  33^^  and  lOj^  off. 


125.  On  $748.60,  20^,  15;^,  and  2i^  off. 

126.  On  $98.42,  35,  25,  and  2^  off. 

l;?7«  The  gross  amount  of  a  bill  of  builders'  hardware  is  $1,432 ; 
terms  30,  5,  and"  b^  off,  3  mo.,  and  2^^  off  cash  in  10  da.  What  is  the 
cash  value  of  the  bill  ? 

128.  The  list  price  of  a  piano-forte  is  $650,  and  the  trade  discounts 
are  25,  15,  and  b^  6  mo.,  and  10^  for  cash.    What  is  the  net  cash  cost? 

129.  When  6  per  cents  pay  7^  income,  at  what  price  should  they  be 
quoted  ? 

130.  In  July  I  bought  7  T.  of  furnace  coal  @  $5.37i,  4^  T.  of  stove 
coal  @  $5.10,  and  3  T.  of  chestnut  coal  @  $4.87^.  August  1  prices  ad- 
vanced to  $5.50  for  furnace  coal,  $5.35  for  stove,  and  $5  for  chestnut. 
What  per  cent  on  the  cost  of  my  coal  did  I  save  by  buying  in  July  ? 

131.  A  New  York  commission  house  remits  $2,332.20  as  the  proceeds 
of  a  sale  of  416  barrels  of  flour  @  $5.75.  The  commission  charges 
were  how  much  per  cent? 

132.  An  annual  premium  of  $96  is  paid  for  a  policy  of  $18,000  on  a 
high-school  building.     What  per  cent  of  premium  is  paid  ? 

133.  Find  the  per  cent  of  loss  on  merchandise  bought  for  $462  and 
sold  for  $346.50. 

134.  A  wholesale  grocer  sold  a  part  of  a  stock  of  sugar  @  $43.60  ^ 
hhd.  and  realized  8^  profit.  He  sold  the  remainder  @  $36  ^  hhd.  Did 
he  gain  or  lose  on  the  second  sale,  and  what  per  cent  ? 

135.  At  what  price  must  I  buy  Government  S^'s,  to  secure  an  income 
of  b^  on  my  investment  ? 

136.  The  catalogue  price  of  mowing-machine  sundries  is  36^  above 
cost,  and  the  trade  discount  is  \b^.  The  net  price  is  what  per  cent 
above  cost  ? 

137.  A  ship  valued  at  $65,000  and  her  cargo  at  $133,000  are  insured — 
the  ship  for  }  of  her  value  at  3f^  premium,  and  the  cargo  for  \  of  its 
value  at  4^  premiunru  The  ship  and  cargo  are  a  total  loss.  What  is 
the  loss  to  the  owners  ? 


268  PEBCENTAQB. 

What  is  the  Belling  price 


Of    that  cost    to  sell  at 

138.  Pepper  30^ ^Ib.,  15^  gain? 

139.  Coffee    1 60  ^  lb.,  22^^  gain  ? 
1^.  Tea        380  ^  lb.,  1  b%  loss  ? 


Of        bought  at        to  sell  at 

[.  Printe      ^  ^  yd.,     18j^  profit  ? 

1^^.  Napkins   650 ^doz.,  15^^  profit? 

143.  Gloves      $1.15 ^pr.,  40j^  loss? 

144.  The  net  proceeds  of  a  sale  of  116  shares  of  stocks,  brokerage  \^, 
were  $8,482.50.    Find  the  market  quotation. 

145.  At  what  per  cent  of  cost  must  a  jobber  list  barbed  wire,  so  that 
he  can  make  a  trade  discount  of  25^  and  still  gain  5^  ? 

146.  Which  gives  the  greater  net  price,  and  how  much  the  greater, — 
30^  off  or  20^  and  2  fives  ? 

147*  Which  is  the  better  investment,  and  how  much  the  better, — 8^ 
stocks  at  20j^  discount,  or  12^  stocks  at  15^  premium? 

Find  the  per  cent  of  gain  on  goods 
148.  Sold  at  I  of  their  cost.  |  149.  Bought  for  $730  and  sold  for  $894.25. 
Find  the  net  cash  values  of  invoices  amounting  to 


150.  $750,  18|^  and  b^  off. 

151.  $255  on  30  da.,  1^^  off  for  cash. 


152.  $1,020,  45,  15,  and  1\^  off. 

153.  $1,615.93,  50,  30,  20, 10,  and  5^  off. 

154.  What  is  the  brokerage,  at  -^^^  and  what  are  the  net  proceeds, 
from  a  sale  of  98  shares  of  Pa.  RR.  stock  at  116^  ? 

155.  I  pay  a  premium  of  $68  for  a  policy  of  insurance  on  my  house 
and  contents  at  2^^  premium.    For  what  sum  is  the  property  insured  ? 

156.  An  auctioneer  who  charges  \0^  on  sales,  sold  property  for  30^ 
less  than  its  estimated  value,  and  paid  the  owner  $2,604  as  the  net  pro- 
ceeds of  the  sale.    What  was  the  estimated  value  of  the  property? 

157*  Goodspeed  &  Co.  bought  2  doz.  2d  Readers  @  400  ea.,  25  and 
5^  off;  4  doz.  4th  Readers  @  $1.20  ea.,  25  and  5^  off;  and  4  doz.  Copy- 
books @  $1.80,  ZZ^^  off.  They  sold  the  goods  at  25j^  advance  on  net 
cost.     How  much  were  their  profits  ? 

158.  What  is  the  difference  between  50,  12|,  and  10^  off,  and  60^  off, 
on  a  bill  of  $2,400  ? 

159.  The  net  proceeds  are  $2,010.72  and  the  commission  is  4^^. 
What  is  the  amount  of  sales  ? 
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16Q.  Find  the  per  cent  gained  by  buying  goods  at  f  of  tbeir  market 
value  and  selling  them  at  12|^  above  their  market  value. 

161.  Which  will  give  the  greater  income,  and  how  much  per  <;ent  the 
greater — 5^  stocks  at  110  or  10^  stocks  at  105  ? 
Find  the  cost 


Of        marked        to  sell  at 

162.  Linen       42^  ^  yd.»  15^  profit? 

163.  Dress  silk  $1.85^  yd.,  31^^  profit? 

164.  Cambrics  17^  ^  yd.,  15^  loss  ? 


Of  marked  to  sell  at 

165.  Perfumery      $  .75  ^  bottle,  87i^  gain? 

166.  Hair  brushes  $1.90  each,     \b^  loss? 
167*  Hand  mirrors  $  .871  each,    48^^  gain  ? 

168.  I  bought  parlor  furniture  at  25  and  10^  off  from  list  prices,  and 
paid  $303.75  for  it.     At  how  much  was  it  listed  ? 

169.  I  buy  Brooklyn  City  65^  water  bonds  of  1913  for  127.  What 
per  cent  does  the  investment  pay  me  ? 

170*  If  you  exchange  260  shares  of  1st  National  Bank  stock  at  IZ^ 
premium,  for  Mich.  S.  RR.  stock  at  9^  discount,  how  many  shares  of  the 
BR.  stock  will  you  receive  ? 

171*  How  many  500 -dollar  Government  3^  bonds  can  I  buy  for 
$28,476.50,  at  ^^  above  par,  brokerage  ^^  ? 

An  invoice  of  tin  ware,  bought  June  1,  amounts  to  $660,— terms  40,  10, 
and  2^  off  on  3  mo.,  2^^  additional  for  cash  in  10  days.  What  sum  will 
cancel  the  bill, — 172.  If  it  is  paid  June  6  ?   |   173.  If  paid  August  20  ? 

174.  A  real-estate  agent  sold  a  city  house  for  $13,750,  and  invested 
the  proceeds, — less  his  commissions  of  2\^  on  sales  and  1^^  on  invest- 
ments,— iu  Western  lands.     How  much  did  his  commissions  amount  to  ? 

175.  A  broker  sold  a  consignment  of  petroleum  for  $  .96}  per  barrel, 
and  invested  the  proceeds,  less  his  commissions,  in  Porto  Rico  sugars 
®  ^iV^  ^  ^'  ^^  commissions,  at  2^  on  sales  and  1^^  on  purchases, 
amounted  to  $334.05^.     How  many  barrels  of  petroleum  did  hie  sell  ? 

176*  Required,  the  premium  for  insuring  a  cotton  factory  5  years  at 
1^  premium  per  year,  the  valuation  being  $88,500. 

177 •  A  ranchman  bought  7,880  sheep  at  $4  per  head.  15^  of  the 
flock  died,  and  he  sold  the  remainder  at  23^  above  cost.  Did  he  make 
or  lose,  and  how  much  ? 
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178.  A  premiam  of  $843.25,  at  2^^,  was  paid  for  insuring  a  hotel 
and  f amitare  at  one  half  their  value.  What  was  the  full  value  of  the 
property  insured  ? 

179.  A  wholesale  dealer  sells  ladies'  gaiters,  by  the  case  of  24  pairs,  at 
$92.16  and  gains  2(^^,  If  he  should  sell  them  at  the  rate  of  $2.80  per 
pair,  would  he  gain  or  lose,  and  how  much  per  cent  ? 

180.  A  carpet  dealer  sold  a  Turkish  rug  for  $662.50  and  gained  32^. 
How  much  did  the  rug  cost  him  ? 

181.  A  merchant  buys  Moquette  carpeting  at  $1.15  per  yard,  and 
marks  it  at  a  price  from  which  he  can  make  a  trade  discount  of  10^  and 
still  gain  20^.    At  what  price  does  he  mark  the  carpeting  ? 

Find  the  proceeds  from  the  sale  of  stocks,  as  follows : 

182.  30  shares  Pipe  Line  at  170f,  brokerage  •^^. 

183.  17  shares  T.  RB.  at  8^^  premium,  brokerage  ^^. 

184.  35  shares  B.  &  O.  Telegraph  at  6^^  discount,  brokerage  f^. 

185.  Sold  to  Anson  Adams,  this  day,  3  pc.  moire-antique  dress  silks, 
45  yd.,  45  yd.,  and  50  yd.,  @  $2.12^,  10^  off;  2  pc.  silk-velvet,  95  yd., 
@  $3.25,  60  da.,  8^  off ;  4  pc.  satin,  29  yd.  ea.,  @  $1.20,  15^  off;  and  10 
pc.  muslin,  41^  yd.  ea.,  @  15^,  20  and  \0^  off.  Boxing  and  cartage  75^. 
Make  a  receipted  bill,  deducting  5^  on  the  goods  for  cash  payment 

186.  A  builder  bought  10  boxes  15'  x  28'  ^  2  German  window-glass  @ 
$12.50, — ^terms  40,  25, 10,  and  5^  off.  What  was  the  net  amount  of  the  bill? 

To  what  direct  discounts  are  the  following  trade  discounts  equal: 


187.  50,  10,andlOj{? 
188.^6  and  10^? 


191.  40,  16f,  and  lOj^? 

192.  38i,  20,  5,and2i5<? 


189.  30,  10,andlO<^? 

190.  50,  5,  and  2i^  ? 

193.  I  buy  560  shares  (par  value  $100)  of  Metropolitan  Gas  stock  at 
117,  and  after  receiving  a  9^  dividend  I  sell  it  for  8^  less  than  it  cost 
me.    Do  I  gain  or  lose,  and  how  much  ? 

194.  If  I  sell  $17,500  par  value  of  Kansas  7's  at  118,  and  invest  the 
proceeds  in  North  Carolina  5's  at  94,  how  will  my  income  be  affected  ? 

195.  The  publishers  of  a  cyclopaedia  supply  a  subscription  agent  at 
33^^  below  list  price,  and  the  agent  takes  orders  at  $6.00  per  volume 
and  makes  33^)1^.     What  is  the  publisher's  list  price  per  volume  ? 
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196.  A  shipper  paid  a  premiam  of  $76.17  for  a  trip  policy  for  $5,078 
on  a  cargo  of  corn  from  Louisville  to  New  Orleans.  What  per  cent 
premium  did  he  pay  ? 

197*  My  agent  buys  lumber  for  me  @  $10.25  ^  M,  and  his  commis- 
sion, at  2i^f  is  $137.25.    How  much  lumber  does  he  buy? 

198.  A  metal  broker  received  $683.42  for  Scotch  pig-iron,  profit  3|<i^ ; 
$27.54  for  spelter,  profit  2^;  $23.76  for  American  sheet-iron,  loss  1^; 
and  $13  for  solder,  profit  4^.    What  was  the  cost  of  the  goods  sold? 

Find  the  cost  of  each  block  of  stocks  named  below,  brokerage  ifi : 


Shmrea  stocks  qnoted  at 

199.  150    Mich.  C.  RR.;       118 

200.  340    Pa.RB.;  94^ 
901.   238    R.  L<IfP.  RR.;    115^ 


Shares  stocks  quoted  aft 

202.  506  ^tna  Ins.  Co. ;        165 

203.  337  Oswego  Starch  Co. ;  244f 

204.  121  Atlantic  Cable  ;        208^ 


205,  How  many  shares  of  Western  Union  Telegraph  stock  mast  a 
broker  sell,  to  receive  $50  for  his  services,  brokerage  i^  ? 

206.  I  pay  taxes  on  an  assessed  valuation  of  $17,350  real-estate  and 
$3,868  personal  property.  This  year  I  am  taxed  f -mill  for  schools,  If^ 
for  city  purposes,  f  ^  for  county  and  State,  and  a  If -mill  special  tax  for 
street  improvements.    What  is  the  amount  of  my  taxes  ? 

207*  3  doz.  diaries  @  $9,  2  doz.  do.  @  $11,  2  unabridged  dictionaries 
@  $7,  4  rm.  legal-cap  paper  ®  $3.50,  10  rm.  commercial  note  @  $1.80, 
and  5  M  ^  5  envelopes  @  $2.40  were  billed  with  trade  discounts  of  15 
and  5^  on  the  diaries,  6^  on  the  dictionaries,  and  10,  5,  and  5ji  on  the 
stationery.    What  was  the  net  amount  of  the  bill  ? 

208.  A  district  tax  of  $1,365  was  laid  on  an  assessed  valuation  of 
$445,000.     What  was  the  per  cent  of  taxation  ? 

209.  Make  a  tax  table  for  use  in  apportioning  the  tax  in  problem  208, 
and  by  it  find  the  taxes  to  be  paid  by  the  following  tax-payers  on  their 
assessed  valuations  named:  A,  $12,314;  B,  $5,380;  C,  $1,075;  The  Star 
Shoe  Mfg.  Co.,  $17,500;  1st  National  Bank,  $50,000;  L  C.  BB.,  $98,600. 

210.  M  owns  city  real-estate  that  rents  for  $2,480  annually.  Should 
he  sell  the  real-estate  for  $32,000  and  invest  the  proceeds  in  Nebraska 
School  7*8  at  95,  brokerage  ^^  how  would  his  income  be  affected? 
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SECTION    IV. 

INTEREST,— 
THE    PER   CENT   A   COMPOUND   ELEMENT. 

465.  Interest  is  a  sum  paid  or  allowed  for  the  use  of  money. 

a.  Princip€U  is  the  sum  for  the  use  of  which  interest  is  paid  or  allowed.        i 
&•  Amount  is  the  sum  of  principal  and  interest. 

c.  Mate  of  interest  is  the  per  cent  of  the  principal  allowed  for  its  use  one 

year.    It  is  sometimes  called  "rate  per  cent  per  annum." 

d.  JPer  cent  of  interest  is  the  product  of  the  rate  of  interest  multiplied  hy 

the  number  expressing  the  time  in  years. 

Per  cent  of  interest  is  a  compound  element ;  it  may  be  equal  to,  or  it  may  be 
greater  or  less  than,  the  rate  of  interest^ — as  the  time  is  1  year,  more  than 
1  year,  or  less  than  1  year. 

e.  Ber  cent  of  amount  is  1  +  per  cent  of  interest;  and 

JPer  ceut  of  difference  is  1  —  per  cent  of  interest 

Thus,  when  .20  is  the  per  cent  of  interest,  1.20  is  the  per  cent  of  amount, 
and  .80  is  the  per  cent  of  difference.  , 

/•  LegiU  interest  or  the  leg€U  rate  is  the  rate  of  interest  established  by 
law.    It  varies  in  different  States  and  countries. 

g.  Usury  is  any  rate  of  interest  greater  than  the  legal  rate.    In  most  States,  a 
party  contracting  to  receive  usury  is  liable  to  a  penalty. 

h»  When  no  rate  of  interest  is  mentioned  in  interest -bearing  contracts,  legal 
interest  is  always  understood. 

For  legal  rates  of  interest,  and  penalties  for  usury,  see  Supplement,  pages 
440,  441. 

I.   SIMPLE    INTEREST. 

466.  Simple  interest  is  a  sum  paid  or  allowed  for  the  use  of  the 

principal  only. 

By  the  common  methods  of  computing  interest,  a  month  is  regarded  as  -^  of  a 
year,  and  a  day  as  ^^  of  a  month ;  %.  e.,  the  year  is  regarded  as  consisting  of 
only  860  days. 

General  Method. 

467.  Ex.  1.   Find  Pbockbs. 

the  interest  of  $460  for  .07  X  S  ^  ,21^  the  per  cent  of  interest; 

3  yr.  at  1^.  $460  x  .2 1  =  $94,60^  the  interest  required. 
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Ex.  2.  Find  the  interest  of  $690  for  4  yr.  8  mo.  18  da.  at  5^. 

FiBST  Process. 
iyr.8  mo,  18  da.  =  -4.7^  yr.; 

.05  X  -J.7^  =  .28  6i  =  .28^y  the  per  cent  of  interest  ; 
$690  X  '23^j  =  $162.7 2i,  the  iiiterest  required. 

4/68.  Regarding  each  month  as  ^^  of  a  year,  we  have 

Impobtaih?  Fact  I. — The  per  cent  of  interest  equals  /^  of  the  product 

of  tlie  rate  of  interest  multiplied  by  the  number  escpressiny  the  time  in 

months.  „  __ 

Second  Pbocbss. 

4  yr.  8  mo.  18  da.  =  5  6.6  mo.; 

.06x56.6  _  ^23^j^,  the  per  cent  of  interest; 
J.  ^ 
$690  X  .23/j  =  $162.72^,  the  interest  required. 

Note.— The  method  shown  in  the  second  process  is  a  better  general  method  thon  that 
shown  in  the  first  process. 

Example. — Find  the  interest  of  $8,236.50  for  7  mo.  14  da.,  at  6^. 

Process. 
7  mo.  H  da.  =  7.-Jf  mo.; 

.06  x7.4i  =:, OS  7^^  the  per  cent  of  interest; 
$8y2 3 6.5 0  X  .0 3  7i  =  $3  0  7.5 0,  the  interest  required. 

Six -per -cent  Metlwd. 

At  6^  per  annum,  the  per  cent  of  interest  for  1  month  is  -^  of  6^, 
eqaal  to  ^  =  ^f^.     Hence, 

Important  Fact  II. — The  per  cent  of  interest  at  6^  equals  j^jf  of  the 
number  eo^essing  the  time  in  months. 

Examples  1,  2,  Art.  467,  and  Example,  Art.  468,  are  solved  below  by  the  six- 

per-cent  method. 

(Ex.  1.)    Process. 

,06  x3  =z  .18y  the  per  cent  of  interest  at  6^; 

The  given  rate  of  interest  is  7^  =  6^  x  If-;  hence^ 

.18  X  H  =  .21,  t?ieper  cent  of  interest  at  7^; 

$450  X  .21  =z  $94.50y  the  interest  required. 

S 
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(Ex.  2.)    Process. 
i  yr.  8  mo,  18  da,  =z  5  6,6  mo.; 

jiiF  of  6  6.6  =  ,288y  the  per  cent  of  interest  at  6^; 
.288  X  §■  =  ,286^^  the  per  cent  of  interest  at  6^; 
t6  90x.286i^  =  tl62.72iy  the  interest  required, 

(Ex.  3.)    PnocESS. 

7  mo,  H  da,  =  7. if  mo.; 
wiiF  of  7,4}  =  ,08  7i,  the  per  cent  of  interest; 
t8,286,S0  X  .087i^  =  t807,50,  the  interest  required. 


Pboblems. 
Find  the  per  cent  of  interest,  by  both  methods. 


1,  2.   For  6  yr. 

3,  4.  For  3  yr.  7  mo 

Find  the  interest,  by  both  methods, 
At  G^  per  annum 

B'll.  Of  $369.72     \  f  2  yr.  7  mo.  15  da. 

12-14.  Of  $11,450     \^or<         11  mo.  5  da. 
IS'ir.  Of  $3,119.05 )  (  22  da. 

Find  the  amount,  by  both  methods, 

27.  Of  $373.80  for  1  yr.  7  mo.  6  da.  at  6^. 

28.  Of  $21,504  for  11  mo.  25  da.  at  5^. 

29.  Of  $1 7.84  for  2  yr.  1  mo.  1 3  da.  at  6^. 

30.  Of  $5,821.85  for  4  yr.  2  da.  at  7i^. 

31.  Of  $191.18  for  5  mo.  29  da.  at  9^. 


5,  6.   For  3  yr.  9  mo 
7,  8.   For  1  yr.  1  mo 


.  10  da. )      ( 
.  2  da.    )       ( 


5^. 


For  1  yr.  9  mo.  2  da. 
18-20.  Of  $29.83    V      i    b^k, 
21-23.  Of  $407.15  Vat-<  lOji. 
24:^26.  Of  $86.64    )        (  1,Zi, 


32.  Of  $9,1 70  for  2  yr.  1  mo.  1  da.  at  5iji. 

33.  Of  $27.88  for  2  mo.  26  da.  at  6^. 

34.  Of  $1,136,500  for  1  yr.  7  mo.  at  3^^. 

35.  Of  $7,085.25  for  24  da.  at  4^. 
30.  Of  $3,175  for  11  da.  at  6)^ 


Exact 'interest  Meflwd, 

469m  Exact  interest  is  simple  interest  for  the  exact  number  of  days 
— on  the  basis  of  365  days  to  the  oonmion  year  and  366  days  to  the 
leap-year. 

All  interest  transactions  with  the  General  Gk>yemment  are  computed  by  the  exact- 
interest  method.  This  method  is  the  only  just  method  of  computing  interest, 
and  is  constantly  growing  in  favor. 
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4:70m  IiiFOBTANT  Fact  III. — The  pet  cent  of  exact  interest  equals  the 

product  of  the  rate  of  interest  multiplied  by  the  number  esqtressing  the 

time  in  an  exact  fraction  of  the  year. 

Process. 
Ex.  1.   Find  the         37  da.=//j^  yr.; 

per  cent  of  interest    ,06x^^  =  .006  fy,  theper  cent  of  interest  required. 
for  37  days  at  0^. 

Pboblems. 

Find  the  per  cent  of  exact  interest  for 
37,  38.  13  da. )      (  7^.  I  41,  42.  128  da. 
39,  40.  63  da.  P  ( 4^.  |  43,  44.    93  da. 

Find  the  exact  interest 
49-51.  Of  $200  for  63  da.     1       f  5^. 
62-54.  Of  11,250  for  93  da.    at  -  6^. 
55-57.  Of  $175.50  for  33  da.  J       [  H^. 


HI 


45,  40.  29  da. )      (  5^. 
47,  48.  33  da. )      (  3ij^. 


Of 

67.  $250 

68.  $1,356 

69.  $64,590 

70.  $3,190.35 

71.  $406.12 

72.  $87.63 


from 
Jano  17,  1887y 
Jan.  2,  1888, 
Dec.  19,  1886, 
Nov.  5,  1887, 
Oct  3,  1890, 
Aug.  29,  1 889, 


58-60.  Of  $84.75  at  4^ 
61-63.  Of  $2,300  at  ^^ 
64-66.  Of  $9,145  at  7^  J 

to  at  the  rate  in 


r  37  da. 
►  for  \  89  da. 

1 13  da. 


Sept.  18,  1887, 
Apr.  1,  1888, 
Feb.  4,  1887, 
June  2,  1888, 
Jan.  6,  1891, 
Apr.  5,  1890, 


New  York. 

Virginia. 

California. 

Michigan. 

Pennsylvania. 

Louisiana. 


n.   ANNUAL   INTEREST. 

471*  By  the  terms  of  contracts  for  the  use  of  money  for  more,  than 
one  year,  the  interest  is  commonly  made  due  and  payable  annually  or 
semi-annually.  In  some  States  interest  not  paid  at  the  time  specified  in 
the  contract  draws  interest  from  that  time,  on  the  legal  principle  that 
any  debt  should  draw  interest  from  the  time  it  is  due. 

472*  Annual  interest  is  simple  interest  on  the  principal,  plus  simple 

interest  on  each  instalment  of  interest  on  the  principal  not  paid  when  due. 

Annual  interest  is  legalized  in  Michigan  at  the  same  rate  as  secured  by  the  con- 
tract ;  in  Ohio,  Wisconsin,  Vermont,  New  Hampshire,  and  Iowa,  at  6^ ;  and 
in  Pennsylvania,  Gteorgia,  Illinois,  and  Indiana,  by  special  contract  only. 
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Ex.  Find  the  amount  of  |840  for  3  yr.  6  mo.,  at  6^  annual  interest. 

Akaltbib. — The  simple  interest  on  the  prin-  Process. 

cipal  for  8  yr.  6  mo.  is  $176.40.  ^ 

Since  eacli  instalment  of  interest  on  the  prin-  ^  y^'  ^  ^^^*  =  '^^  3^' 

cipal  draws  interest  from  the  time  it  is  due,  .  ,0  6  xS^  =z  ,21   . 

the  first  instalment .  will  $8 ^0  x  .2 1  =  $1  7 6,^0 

bear  interest  2  yr.  6  mo.,      ^        6  mo,  +  1  yr.  6  mo.  +  6  mo.  =  4  yr.  6  mo. 
the  second  1  yr.  6  mo.,         ^  ^  #         z?  T 

and  the  third  6  mo.  -*  V^'  o  mo,  =z  4^  yr. 

The  interest  on  the  three  equal  instalments  .0  6  x  4jt  =^  '^7 

will  equal  the  interest  on  one  of  them  for  $8^0  X  >06  =  $50.40 

(2yr.6mo.  +  lyr.6mo.  +  6mo.=)4yr.6mo.        $5  0.40  x  .2  7  z=  $13,608 

Each  instalment  of  in-  $840+  $176.40  +  $13.6  1  =  $1,030.01 

terest— ».  e.,  1  year's  inter- 
est on  $840— is  $50.40;  and  the  interest  on  $50.40  for  4  yr.  6  mo.,  at  6^,  is  $18,608. 

The  sum  of  the  principal,  the  interest  on  the  principal,  and  the  interest  on  unpaid 
.in$talmenta  of  interest,  is  $1,030.01,  the  amount  required. 

Problems. 

r  73.  Of  $8,000  for  6  yr.,  at  6ji. 
Find  the  animal  interest  J  74.  Of  $428.60  for  4  yr.  2  mo.  10  da.,  at  5^. 

l  75.  Of  $1,166.82  at  6}^,  for  5  yr.  11  mo.  2  da. 
Find  the  amount  with  annual  interest 

76.  Of  $568.25  for  2  yr.  at  6j^,  interest  payable  semi-annually. 

77.  Of  $4,120  for  3  yr.  7  mo.  5  da.  at  5j^,  interest  payable  quarterly. 
7^.  Of  $48.70  for  5  yr.  19  da.  at  7jif,  interest  payable  annually. 

70.  Of  a  note  for  $620,  dated  Detroit,  Oct.  22, 1886,  due  Jan.  22, 1889. 
80.  Of  a  note  for  $135.64  and  semi-annual  interest,  dated  Cedar 
Rapids,  Iowa,  June  16,  1885,  and  payable  in  3  yr.  7  mo.  15  da. 

III.   COMPOUND   INTEREST. 

4730  Compound  interest  is  the  interest  on  a  principal  formed  by 
adding  interest  to  a  former  principal. 

a.  Compound  interest  is  illegal  in  most  of  the  States. 

b.  In  transactions  involving  compound  interest,  the  interest  is  commonly  com- 

pounded— i.e.,  added  to  the  principal  to  form  a  new  principal — annually, 
semi-annually,  or  quarterly. 

c.  The  amount  of  the  principal  for  the  first  interest  term  is  the  principal  for  the 

second  interest  term ;  the  amount  for  the  second  interest  term  is  the  priu- 
cipal  of  the  third  interest  term ;  and  so  on. 
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£z.  1.  Find  the  amount  of  $500  for  4  yr.,  at  6^,  interest  compounded 

annually.  .  t»« 

•^  Analytical  Process. 

$5  0  0  X  I'O  6  =z  $5  S  Oy         amount  for  1st  interest  term  of  1  year; 

$530  X  1.06  z=zt56 1.80,         "         "   2d      "  "       ."      " 

$561.80  X  1.06  =  $S95.508,      "         ''3d      "  "        "       « 

$595,508  X  1.06  =  $6 3 1.24-,      "         "^      «  «        «       « 

Analtsis.— Since  the  amount  for  each  in- 
terest term  is  found  by  multiplying  the  pre-  SECOin)  Process. 

cedmg  amount  by  1.06,  in  compuUng  for  four       ^.nn^^infi^^4^^9ior 
interest  terms  1.06  is  used  four  times  as  a       $oUUX  l.Ub    ^$b31.^4- 

factor,  t.  e.,  1.06^,  the  per  cent  of  amount. 

Hence,  the  product  of  the  principal  multiplied  by  1.06^  is  the  amount  required. 

Ex.  2.  Find  the  interest  on  $250  for  2  yr.  6  mo.,  at  6^  per  annum, 
interest  compounded  semi-annually. 

Analysis. — Since  the  rate  of  interest 

is  9%,  the  per  cent  of  interest  for  an  in-  1.03'  i:^  1.1592  74  + 

tcrest  term  of  6  mo.  is  3^.  1.139274 -- 1.00- .15 9 274 

The  number  of  interest  terms  of  6  ^^^>,        ^  ^  r^  ^  ^  ,       ^^^o.r. 

mo.eachinayr.6mo.ls5:hence.l.03»  •  $250  X  .159274  =  $S9.8-2~ 

(=  1.159274+)  is  the  per  cent  of  amount. 

Since  the  principal  is  always  100^,  the  per  cent  of  amount  minus  1.00  equals  the 
per  cent  of  compound  interest,  which  is  .159274 

Multiplying  the  principal  by  the  per  cent  of  compound  interest  produces  $89.82-, 
the  compound  interest  required. 

Ex.  3.  Find  the  per  cent  of  compound  interest  for  S  yr.  4  mo.  6  da, 

at  6^,  compounded  annually. 

Process. 

1.0  6^  =  1.19 10 16y  the  per  cent  of  amount  for  3  yr.; 
4  mo.  6  da.  =  4-2  mo.; 

1 J^    =z,0  2 1^  theper  cent  of  interest  for  4  fno.  6  da.  at  6%; 

1.00 +  .021  =  1.0 2 1, "    "      "     "  amount  «      «         «     «   « 
1.191016  X  1.021  =  1.2160  2  7y  the  per  cent  of  amount  for  Syr.  4  mo.  6  da.; 
1.216027 -- 1.00  =  .216027^  the  per  cent  of  compound  interest  required. 

For  Compound  Interest  Table,  see  Supplement,  pages  442,  443. 
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Pboblsms. 

Find  the  per  cent  of  compound  interest 
81'83»  For  5  yr.  6  mo.  \        (  5^,  compounded  annually. 

84'80»  For  3  yr.  2  mo,  18  da.     >•  at  •<  6j^,  compounded  semi-annually. 
87 '89.  For  1  yr.  11  mo.  26  da.  )        (  8ji,  compounded  quarterly. 

Find  the  amount 

90.  Of  (800  for  5  yr.,  at  5^,  compounded  annually. 

91.  Of  $972.40  for  3  yr.  2  mo.,  at  6^  compounded  annually. 

92.  Of  $3,100  for  2  yr.  8  mo.  19  da.,  at  6<^,  compounded  semi-annually. 

93.  Of  $419.15  for  1  yr.  11  mo.  5  da.,  at  8^,  compounded  quarterly. 

94.  Of  $325  for  10  mo.  27  da.,  compounded  at  2^^  per  quarter. 

95.  Of  $5,000  for  3  yr.  22  da.,  compounded  at  2^  per  half-year. 

Find  the  interest 
90.  Of  $286.25  for  6  yr.,  at  5^,  compounded  semi-annually. 

97.  Of  $95.18  for  3  yr.  8  mo.,  at  4^,  compounded  annually. 

98.  Of  $1,144.06  for  1  yr.  1  mo.  14  da.,  at  6^  compounded  quarterly. 

99.  Of  $3,128  for  11  mo.  19  da.,  at  6^,  compounded  semi-annually. 
100.  Of  $37,185  for  30  yr.,  at  4^  compounded  annually. 

IV.   THE   SIX   GENERAL  CASES   IN    INTEREST. 


474.  The  term- 


corresponds  to 


^base; 

per  cent ; 

the  percentage; 

amount ; 
.  difference. 


Principal 

Per  cent  of  interest 
Interest 
Amount 
f  Difference 
,  1  (principal— interest) , 

475*  Case  I.   Principal,  rate  of  interest*  and  time  given,  to 
find  interest. 

Formula. — Interest  =  principal  x  per  cent  of  interest. 

Case  II.  Interest,  rate  of  interest,  and  time  griven,  to  fiu<l 
principal. 

Formula. — Principal  =  interest  -^  per  cent  of  interest. 

Case  III.  Principal,  rate  of  interest,  and  time  given,  to  find 
amount. 

Formula. — Amount  ^principal  x  {1  +per  cent  of  interest). 
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Casb  IV.  Amount*  rate  of  interest,  and  time  eriven*  to  find 
principal. 

Formula. — Principal  =  amount  -f-  (i  +  per  cent  of  interest). 

Case  Y.  Principal*  interest*  and  time  given,  to  find  rate  of 
interest. 

Formula. — Hate  of  interest  =  interest  -^  {principal  x  time). 

Case  YI.  Principal*  interest*  and  rate  of  interest  given*  to  find 

time. 

Formula. — Time  =  interest  -r-  {principal  x  rate  of  interest). 

In  the  preceding  formulee,  time  is  the  sbstract  number  expressing  the  number  of 
years,  and  may  be  either  integral,  fractional,  or  mixed. 

Problems. 
Find  the  missing  elements : 

Per  cent  of  loterest 


e 

Principal   Rateofiuterest  Time  Interest  Amonnt 

IOI9  102.  $280.70  6j{  3  yr.  4  mo.  I % 

1039  104.  $1,260.28  S^ I $1,420.75 

105,  100.  $ 1  yr.  6  mo.  20  da.  $81.26  $961.90 

107,  108.  t H^  2  yr.  8  mo.  14  da.  $ $12,606.48 

109,  110.  $500.86  6  yr.  1  mo.  24  da.  $77.38+  $ 

111,  112.  $428.40  3  mo.  4  da.  $ $434.55+ 

113,  114.  %27.0B  6j< $.677  $ 

115,  110.  $ 3ifi  11  mo.  28  da.  $18.43  $ 

117,  118.  $- 6ji $928.14  $22,368.12 

119,  120.  $97.06  6j< $ $105.18 


$405.26  RocHESTEB,  N.  Y.,  July  28, 1887. 

On  demandy  I  promise  to  pay  to  Harrison  Miller,  or  order,  four 

hundred  Jive  and  /fif  dollars,  with  interest,  for  value  received. 

Hbkbt  Wilder. 
This  note  was  paid  May  19,  1888. 

121.  What  was  the  sum  dae  on  the  note  ? 

122.  How  much  longer  should  the  note  run,  to  amount  to  $480.10  ? 

123.  How  much  would  it  have  amounted  to  when  paid,  if  the  interest 
were  compounded  semi*annually  ? 
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124.  The  interest  for  2  yr.  8  mo.  6  da^,  at  5 j^,  compounded  annually, 
is  t93.88.    Find  the  principal. 

125.  The  amount  of  a  note  for  36  da.,  exact  interest  at  6^,  was 
$271.16.    Find  the  principal. 

120.  $408.75  at  6^,  compounded  semi-annually,  amounted  to  $463.01. 
Find  the  time. 

127 •  The  exact  interest  of  a  debt  at  6^,.  from  June  5,  1883,  to  Sept. 
3,  1883,  was  $37.59.     What  was  the  principal  ? 

128.  The  interest  of  $240  for  3  yr.  2  mo.  12  da.  is  $53.76.  Find  the 
rate  of  interest. 

129.  The  interest  of  $6,000  for  8  yr.,  compounded  annually,  is 
$2,864.73.     Find  the  rate  of  interest. 

130.  The  exact  interest  of  $96.73  for  93  days  is  $1,717-.  What  is 
the  rate  of  interest  ? 

At  7^,  in  what  time  will  $325  amount  to  $340 

131.  At  simple  interest  ?    I    133.  Interest  compounded  annually  ? 

132.  At  exact  interest  ?      |    134.  Interest  compounded  quarterly  ? 

In  what  time  will  any  (  135.  At  6^  simple  interest  ? 


il35. 
\l30. 


sum  double  itself      |  ise.  At  5}^  compound  int^est  ? 

Y.   OTHER   METHODS  OF  COMPUTING    INTEREST. 

476*  The  only  logical  percentage  methods  of  computing  interest  are 

those  that  involve  per  cent  of  interest;  but  the  same  results  can  be 

obtained  by  methods  not  belonging  purely  to  percentage. 

In  the  foUowing  methods,  Ex.  2,  page  278,  is  used  as  the  illustrative  example,  io 
order  that  the  several  methods  may  be  more  readily  compared. 

477.  Methods  by  Analysis. 

Ex.  Find  the  interest  of  $600  for  4  yr.  8  mo.  18  da.,  at  5^. 

Process. 

$690  X  .05  =  $34.60,  int.  for  1  yr. ;  $34.50  x  4  =  $138.—,  itU.for  4  yr. 
$34.50-^12  — $2,875,  "  ''Imo.;  $2,875x8—  23.—,  «  ''  8mo. 
$2.8754-30-  $  .0958i,  "     "  1  da.;  $  .0958^  x  18  =      1.725,  "     "  18  da. 

Sence,  the  required  interest  is    $162,726 
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4780  One  of  the  best  analytical  business  methods  of  computing  in- 
terest, and  one  that  gives  the  best  opportunity  for  the  exercise  of  tact 
in  avoiding  all  except  mental  computations,  is  the 

Method  by  Aliquot  Parts. 

Process. 

Akalybis.—         $690x.05=z$  34,50,     int.forlyr.   )       , 
3  yr.  is  8  times  1  yr.  103.50,       "      «    3  yr.    J""'*^^- 

6mo.  ialof  lyr.  11.25,       "      "    5f?io,  )      ^ 

2  mo.  is  i  of  6  mo.  5.15,       **     "    2  mo.]"     ^^' 
15da.i8iof  lmo.=Jof  2mo.  14315,''     ''15  da.  [^.^^ 

3  da.  is  i  of  15  da  .2815,"     "    3  da.  ] ''        ^' 


$162,125,    "     "    4  yr.  8  mo.  18  da. 

479.  Method  by  Years  and  Decimals  of  a  Year. 

Pbocess. 
4yr.8  mo.  18  da.^4.1 16  yr.; 

$690  X  .0 5  =1  $3 4.5 0,  int.  for  1  yr.; 
$34.50  X  4^71 6  =  $162.125,  interest  required. 

480.  SiX'per-cent  MeHwd  by  Analysis. 

Pbocess. 


2.  For  1  month  is  $.005 

3.  For  1  day     is$.0  00i 


Hie  interest  on  $1  at  6^ 
1.  For  1  year  is  $.06 

Hence,    ($.0  6x4^)  $ -^ iy    *«^.  on  $1  for  4  W- 
($.005x8=)      .04,      "     "    "     "     8  mo. 
($.000^  X  18=)     .003,  "     "    "     "18  da. 

$.283,"     "    "     "     4yr.8mo.  18  da. 
$.283x^  —  $  -23/jf,  int.  on  $1  for  4  yr.  8  mo.  18  da.,  at  5ji. 
$,23/jf  X  690  =  $162.12jt,  the  hiterest  required. 

481.  Contracted  Six-per-cent  Method  by  Analysis. 

'  PnOCEBS. 

$6  9  0,  the  principal;  $6.9  0-^-2  =  $3.4  5,  int.  for  1  mo.  at  6^; 
4yr.  8  mo.  1 8  da.  =  5  6.6  mo.; 

$3.45  x56.6  =  $195.2 1,  int.  for  4  yr.  8  mo.  18  da.  at  6^; 

$195.21  xi^$162.12i,"     "      "        "  "       "  5iL. 
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482.  Metliod  hy  Cancellation. 

23  28.3        ^''^^ 

$000xJxH.0 ^^jQ2.7 2i,  the  intereH  required. 

483.  Method  brj  Proportion. 

Pbocbss. 
lyr.S    \     iyr.Smo.  18da.)  '  ^ 

484.  Method  by  Days^ — For  Short  Time. 

Ex.  Find  the  interest  of  t;360  for  Processes. 

20  days,  at  4^.    At  6  j^.     At  6^.  $3  5  Ox. 2  0      .   „  ^        ,  ,  . 

— —  ^.7<=r-,  €U  4%. 

At  860^  per  annum,  the  per  cent  of  in-  ^^ 

terest  for  1  day  is  .01 ;  and  $360  X. 20       .^„        ,  _^ 

=  5,^7+,  at  o%, 

6^i8(ife=)  Aof  860^.  60  -^^-^^   ,atbf,. 

Note.— The  pupil  may  be  reqalred  to  write  a  rale  for  each  of  the  methods  above  shown. 
Practice  in  the  nse  of  these  methods  can  be  secured,  bj  solving  the  problems  on  pp.  279, 
280,  by  the  method  best  adapted  to  each  problem. 


SECTION  r. 
COMMERCIAL   PAPER. 


485*  Comtnercial  paper  includes  noteSy  drafts^  checks^  and  biUs  of 
exchange, 

486*  An  indorsement  of  any  business  paper  is  a  writing  upon  its 

back  that 

1.  Assigns  or  transfers  ownership ; 

2.  Gives  security  for  the  payment  of  the  obligation ;  or 

3.  Acknowledges  a  partial  payment. 

487*  A  promissory  note  is  a  written  promise  to  pay  a  certain  sum 
of  money  to  a  certain  party,  or  to  his  order,  or  to  the  bearer,  either  on 
demand  or  at  a  specified  time. 
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488m  A  draft  is  a  written  order  from  one  party  to  another  to  pay 
to  a  third  party,  or  to  his  order,  a  certain  sum  of  money,  either  at  sight 
or  at  a  specified  time. 

4:89*  A  check  is  a  written  order  by  a  party  having  money  in  a 
bank,  for  the  bank  to  pay  a  certain  sum  to  a  certain  party,  or  to  his 
order,  or  to  bearer. 

4:90»  A  hill  of  exchange  is  a  draft  the  parties  to  which  are  in 
different  countries. 

4:91»  The  parties  to  commercial  paper  are 

1.  The  fHoker, — the  party  who  signs  the  paper ; 

2.  The  payeCf — the  party  who  is  to  receive  the  money ; 

3.  The  drawee, — the  party  on  whom  an  order  is  drawn,  i.e.,  the  party 
to  whom  an  order  is  addressed. 

4.  The  indarser, — the  party  who  indorses  the  paper. 

a.  The  tnriginal  parties  to  commercial  paper  are  those  necessary  to  create 
the  paper,  i.e.,  to  bring  it  into  existence. 

&•  The  original  parties  to  a  promissory  note  are  a  maker  and  a  payee ;  and 
To  a  draft,  check,  or  bill  of  exchange,  are  a  dratver  (i.  e.,  a  maker),  a 
drawee,  and  a  payee. 

c.  The  holder  of  commercial  paper  is  the  owner. 

d.  The  payer  is  the  party  who  is  to  pay  the  money  to  the  payee ;  tiz.,  the 

maker  of  a  note  or  the  drawee  of  a  draft  or  check. 

e.  The  face  of  commercial  paper  is  the  sum  made  payable  by  the  paper. 

/•  The  buyer  or  remitter  of  a  draft  or  bill  of  exchange  is  the  party  who 
sends  or  remits  it  as  an  equivalent  for  money. 

4:92m  Negotiable  commercial  paper  is  that  which  can  bo  bought  and 
sold  without  regard  to  unsettled  matters  of  account  between  original 
parties,  and  is  worth  to  the  holder  its  face  plus  any  accrued  interest. 

493.  Aseignable  or  non^negotiable  commercial  paper  is  that  which 
can  be  bought  and  sold  only  as  subject  to  unsettled  matters  of  account 
between  the  maker  and  some  or  all  of  the  other  parties. 
a.  Commercial  paper  made  payable 

1.  To  the  order  of  a  certain  party  or  to  bearer  is  negotiable. 

2.  To  a  certain  party  only  is  non-negotiable. 
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&•  Negotiable  paper  becomes  non-negotiable  after  it  becomes  due. 

e.  To  make  a  note  negotiable  in  Pennsylvania,  it  must  contain  the  words  "  with- 
out defalcation;"  in  New  Jersey,  ''without  defalcation  or  discount;"  and 
in  Missouri,  "  negotiable  and  payable  without  defalcation  or  discount." 

494*  Days  of  grace  are  three  days  allowed  by  law  for  the  payment 

of  a  note  or  draft  after  the  time  named  in  the  paper. 

In  some  States  days  of  grace  on  sight  drafts  are  not  allowed. 

Seo  Suppleineiit,  page  441. 

4:9S»  The  nuxturity  of  a  commercial  paper  is  the  day  upon  which  it 

is  due  and  payable.    When  grace  is  allowed,  it  is  the  last  day  of  grace. 

For  laws  of  the  different  States  relating  to  maturity,  see  Suppleneaty  page  441. 

4i96»  In  computing  time,  on  commercial  paper,  the  day  of  date  is 
omitted  and  the  day  of  maturity  is  included. 

a*  If  the  time  is  given  in  months,  calendar  months  arc  meant. 
Thus, —Two  months  after  Jan.  5  ends  with  Mar.  6. 

6.  If  there  are  not  as  many  days  in  the  month  in  which  the  time  ends  as  were 
given  in  the  first  month,  the  time  never  includes  more  than  the  last  day  of 
the  later  month. 

Thus,~l  month  after  Jan.  29,  30,  or  81  ends  with  Feb.  28  or  29. 

c.  If  the  time  is  given  in  days,  the  exact  time  must  be  computed. 
Thus,— 60  days  after  Dec.  15  ends  with  Feb.  18. 

<!•  The  banks  of  the  District  of  Columbia,  Delaware,  Maryland,  Missouri,  Penn- 
sylvania, charge  interest  for  the  day  on  which  a  note  is  discounted  and  for 
the  day  on  which  it  matures,— making  the  interest  period  practically  one 
day  longer  than  in  other  States. 

497m  The  indorsement  of  a  commercial  paper,  to  transfer  owner- 
ship, may  be  either  in  blank  or  in  fuU* 

a.  An  indorsement  in  blank  is  simply  the  signature  of  the  indorser. 

b»  An  indorsement  in  full  is  an  order  over  the  signature  of  the  indorser, 
to  pay  to  some  other  party,  or  to  the  order  of  that  party. 

c.  An  indorsement  in  blank  makes  the  paper  payable  to  the  bearer. 

dm  The  indorser  of  a  commercial  paper  guarantees  its  payment,  and  is  liable  for 
its  payment  to  all  subsequent  holders,  unless  the  words  "without  recourse," 
or  words  of  similar  import,  precede  his  signature. 

e.  Commercial  paper  made  payable  to  bearer  need  not  be  indorsed  to  tmnsfcr 
ownership;  but,  if 

Made  payable  to  order^  it  must  be  indorsed  to  transfer  ownership. 
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4i98»  The  pretest  of  a  commercial  paper  is  a  notice  served  upon  the 
maker  and  the  several  indorsers,  that  payment  has  been  demanded  at 
the  maturity  of  the  paper  and  has  been  refused^  and  that  they  are  indi- 
vidually held  responsible  by  the  holder. 

a.  Protest  is  usually  made  by  a  Notary  Public,  and  is  commonly  served  by  de- 
positing in  the  mail  a  copy  of  the  protest  addressed  to  the  party  to  be  served. 

h.  A  commercial  paper  must  be  legally  protested  to  hold  the  indorsers  liable  for 
its  payment. 

c«  In  order  to  make  a  protest  of  a  commercial  paper  legal,  the  paper  must  be 
presented  for  payment  on  the  day  of  its  maturity,  during  business  hours,  at 
the  place  where  it  is  payable ;  and,  if  no  place  of  payment  is  specified  in 
the  paper,  at  the  residence  or  place  of  business  of  the  maker,  during  reason- 
able hours. 

499.  The  aeceptatice  of  a  draft  or  check  is  the  writing,  by  the 

drawee,  across  the  face  of  the  paper,  of  the  word  "accepted"  and  the 

date,  followed  by  his  signature. 

a.  If  the  drawee  refuses  to  accept  or  to  pay  a  check  or  draft,  the  holder  must  have 
the  paper  protested,  to  hold  the  drawer  and  indorsers  liable  f  oi'  its  payment. 

6.  A  sight  draft  is  one  made  payable  at  sight,  or  on  demand;  and 

A  tiine  draft  is  one  made  payable  at  a  specified  time  after  sight  or  after  date. 

Cm  When  no  time  of  payment  is  mentioned  in  a  commercial  paper,  it  is  payable 
at  sight,  or  on  demand. 

d.  To  hompT  a  draft  or  check  is  to  accept  it  or  pay  it  on  presentation. 

500»  Promissory  notes  are  named 

1.  From  time  of  payment, — as  demand  notes  and  time  notes. 

2.  From  the  maker  or  makers, — as  individual  noteSy  joint  noteSy  and 
joint  and  several  notes, 

3.  From  the  payee, — as  negotiable  notes  and  non-negotiable  notes, 

4.  From  the  words  "with  interest"  or  from  their  omission, — as  tn- 
terest'bearing  notes  and  non-interest-hearing  notes. 

For  business  forms,  see  Supplement,  pages  444-446. 
a«  A  bankable  note  is  one  niade  payable  at  a  bank. 
&•  Adjudgment  note  is  one  having  a  seal  aflSxed,  and  containing  a  power 
of  attorney  authorizing  the  holder  to  confess  judgment  for  the  maker. 

c.  A  chattel  note  is  one  given  in  jmyment  for  property  the  title  to  which 

remains  in  the  vendor  until  the  note  is  paid. 

d.  All  notes  bear  interest  after  they  become  due  if  not  then  paid,  even  though 

no  mention  of  interest  is  made  in  them. 
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€•  The  words  "value  received"  should  be  in  every  note,  as  "witbout  them  the 
holder  may  be  compelled  to  show  that  value  was  given  to  the  maker. 

/•  Each  of  the  makers  of  a  joint  note  is  liable  to  the  holder,  for  his  proportion- 
ate share  only  of  the  sum  made  payable  by  the  note ;  but  the  makers  of  a 
joint  and  several  note  are  each  liable  to  the  holder  for  the  full  amount. 

gm  Indorsers  are  liable  for  the  payment  of  a  note,  in  the  order  of  their  indorse- 
ments,--each  indorser  being  liable  to  all  subsequent  indorsers,  but  not  liable 
to  preceding  indorsers. 

SOI*  Facts  to  be  Memobizsd. 


.  1.  If  a  note  is  lost  or  stolen,  the  loss 
docs  not  release  the  maker.  He  must 
pay  it,  but  be  may  demand  a  bond  of 
indemnity. 

2.  A  note  made  on  Sunday  is  void. 

3.  An  agreement  without  considera- 
tion is  void. 

4.  A  note  obtained  by  fraud  can  not 
bo  collected. 


5.  A  note  made  by  a  minor  is  void- 
able. 

6.  Signatures  made  with  a  lead-pencil 
are  good  in  law. 

7.  Checks  or  drafts  mast  be  pre- 
sented without  unreasonable  delay. 

8.  The  time  for  payment  of  a  note 
must  either  be  certain  or  must  depend 
on  a  certainty. 


I.    PARTIAL   PAYMENTS. 

S02*  A  partial  payment  is  a  payment  of  a  part  of  an  obligation 
that  is  due,  or  that  is  drawing  interest. 

S03»  The  decisions  of  the  United  States  Courts  concerning  partial 
payments  made  upon  notes,  bonds,  mortgages,  and  other  interest-bearing 
obligations  are  based  on  the  following  recognized 

Principles. 

I.  Accrued  interest  must  he  paid  before  the  principal  can  be  diminished, 
n.  Interest  must  never  draw  interest, 

S04»  On  these  principles  is  based  the 

United  States  Court  Rule  for  Partial  Payments, 

I.  From  the  amount  of  the  principal,  computed  to  the  time  when  the 
payment  or  tJie  sum  of  the  payments  equals  or  exceeds  the  interest  due, 
subtract  the  payment  or  tJie  sum  of  tJie  payments, 

II.  With  the  remainder  as  a  new  prindpaly  proceed  as  before. 

In  making  the  interest  computations  in  partial  payments,  any  one  of  the  legal 
methods  of  computing  interest  may  be  used. 
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Ex.  On  a  farm  mortgage  for  $600,  dated  Saratoga,  N.  T.,  July  10, 
1880,  were  indorsed  payments  as  follows : — Jan.  25,  1882,  $100  ;  May 
20, 1884,  $50 ;  Oct.  2, 1884,  $200.    How  much  was  due  March  20,  1889  ? 

Analttical  Fbocbss. 


1880yr.7mo.10da. 
1882      1      26 
1884    10      20 
1884      5        2 
1889      3      22 


IrUerett  PtriodB 

lyr.6  mo.  IB  da.=:18.B  mo. 

2      4        6     =z2.8^mo. 

4      12      =4-4  fno. 


Per  cenU  «f  Inierttt 

jijf  of  18.6^.0926 
jivo/28^=.14j'j 
jho/U=.022 
jiiFof58i=.26i 


I 


l+ptr  cent 
tif  Interttt 

1.0926 

=i.mi 

1.26i 


4     6      20     =63$  mo. 

lit  principal,  $600      X  1.0926  =  $666,60,  less  lat  payment,  $100,  leaves  $666.60. 
2d        "  666,60X  l.Uj^  =   633.73,— 2d  payment  {$60)  less  than  int.  due. 

"  "  666,60X  1.16ii  =   645.96,  less  2d  and  3d  payments,  $250,  leaves 

3d        "  396.96Xl.26f   =   602W,  due  March  20,  1888.  [$396.96. 

Condensed  Form  for  Written  Work. 


DaU* 

1880yr.7mo.10da. 

IniertU  PeHodM 

Tnterett 

Prinei- 
pais 

AmounU 

qf  Prin- 

eipaU 

Pay- 
menu 

1882      1      26 

1  yr.  6  mo.  16  da.=^  18.6  mo. 

1.0926 

$600.— 

$655.60 

$100 

1884    10      20 
1884      B        2 

2     4         B      =28^  mo.) 
4       12      =^4,4  mo,) 

U6ii 

666.60 

646.95 

(   50 
{200 

1889      3      22 

4     6      20      =63§mo. 

1.26f 

396,96 

602,20 

Pboblems. 

!•  On  a  note  for  $321.84,  dated  Lincoln,  Neb.,  Jan.  3,  1887,  interest 

after  3  months,  are  the  following  indorsements:  June  18, 1887,  $75 ;  Jan. 

16, 1888,  $25;  July  1,  1888,  $81.75.     How  much  is  due  Jan.  1,  1889? 

The  indoTsements  on  page  290  are  on  the  backs  of  notes  7-10,  page  289,  and  are 
records  of  partial  payments  on  the  several  notes. 

2.  Find  the  sum  due  to-day  on  Note  No.  7,  page  289. 

3.  How  much  money  would  cancel  Note  No.  8,  page  289,  Oct.  1, 1888  ? 

4.  What  was  the  balance  due  on  Note  No.  9,  April  16,  1889? 

5.  Note  No.  10  was  taken  up  Nov.  25,  1890,  and  a  new  note  was 
given  in  place  of  it.    What  was  the  face  of  the  new  note  ? 
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Payment 
Jano  20,  1887,  (120. 


Find  the  sums  due  at  the  dates  of  settlement  given : 

Pace  and.  Date 

6.  $360.— 
Cleveland,  O.,  Sept. 
10,  1886. 

7.  $712^ 
New  York,  Jane  1, 
1886. 

8.  $1,940.— Note. 
Wilmington,     Del., 
Nov.  11,  1885. 

9.  $748.— 
Madison,  Wis.,  Sept. 
20,  1884. 

10.  $3,600. — Mortgage. 
Grand  Rapids,  Mich., 
May  28, 1882. 


Jan.  20,  1887,  $213.60;  Dec.  10, 
1887,  $176;  June  17,  1888,  $26. 

Apr.  29,  '86,  $316;  Dec.  1,  '86,  $60; 
Sept.  23,  '87,  $496. 

Dec.  6, 1884,  $28.76;  Jane  26, 1886, 
$146;  Aug.  1,  1886,  $212.60; 
Mar.  10,  1886,  $279.80. 

Cash  down,  $760;  May  1,1883,  $616; 
Nov.  21, 1884,  $708.76;  Dec.  29, 
1886,  $611.20;  Oct.  31,  1886, 
$800.60. 


SetUed 


May  17, 1888. 


Oct  80, 1888. 


Apr.  10, 1888. 


Jan.  4,  1887. 


May  31, 1888. 


S05»  When  settlements  are  made  within  a  year  after  interest  com- 
mences, the  computations  of  interest  are  often  made  by  the 

Mebcantils  Bulb  for  Pabtial  Payments. 

I.  Compute  the  interest  on  the  principal  for  the  whole  time, 

II.  Compute  t/ie  interest  on  each  payment,  from  its  date  to  the  time 
of  settlement 

III.  Subtract  the  amount  of  the  payments  from  the  amount  of  the 
principal. 

lu  making  computations  by  this  rule,  exact  interest  for  days  is  commonly  con- 
sidered. 

S06»  Special  State  Laws  fob  Pabtial  Payments. 

The  States  of  Connecticut,  Vermont,  and  New  Hampshire  have  special 
laws  for  computing  interest.  (See  Supplement,  page  447.) 

Pupils  in  any  of  these  three  States  should  solve  problems  6,  7,  8,  9, 
10,  above,  by  the  special  law  for  their  State. 
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II.    BANKING. 

S07»  A  bank  is  a  chartered  institution  that  receives  and  loans 
money,  issues  bank-notes  or  bank-bills,  or  facilitates  commercial  trans- 
actions between  distant  points  by  issuing  and  collecting  drafts  or  bills 
of  exchange. 

a.  A  hank  of  issue  is  one  that  issues  bank-bills  that  circulate  as  money. 

ft.  A  bank  of  discount  is  one  that  negotiates  and  discounts  commercial 
paper. 

e.  A  savings-bank  is  one  that  receives  money  on  deposit— paying  interest 
on  the  sums  deposited— and  loans  its  deposits  on  real-estate  and  Govern- 
ment securities. 

NoTBS.— 1.  The  total  amount  or  money  value  of  baDk-bUls  issued  by  a  bank  is  known  as 
\U  dfiatlaUon. 

2.  Banks  of  issue  and  discount  also  exchange  money,  receive  deposits  subject  to  with- 
drawal by  depositors  without  notice,  and,  in  some  instances,  pay  depositors  low  rates  of 
interest  on  sums  that  remain  on  deposit  a  specified  length  of  time. 

3.  Savings-banks  never  issue  bank-bills  nor  discount  notes.  They  loan  money  on  real- 
estate  securities,  and  on  Government,  State,  city,  county,  and  town  bonds. 

S08*  Bank  discount  is  simple  interest,  paid  in  advance,  on  a  note, 
from  the  date  of  discount  to  maturity. 

C  borrows  (300  at  a  bank  for  3  months,  and  D  borrows  a  like  sum  of 
a  friend  for  the  same  time.  Each  pays  interest  on  his  loan  for  3  months 
3  days,  but  C  pays  his  interest  on  the  first  day  of  the  time,  and  D  pays 
his  on  the  last  day.  C  actually  has  the  use  of  ($300  —  $4.65  =)  $295.35, 
and  the  bank  has  the  use  of  $4.65  of  his  loan  for  the  term  of  discount, 
while  D  has  the  use  of  $300  (the  whole  of  his  loan)  for  the  same  time. 
Hence, 

S09*  Bank  discount  equals  legal  interest  plus  interest  on  the  legal 
interest  for  the  discount  period. 

Bank  discount  is  computed 

(1)  On  the  face  of  a  note  that  does  not  bear  interest;  and 

(2)  On  the  amount  of  a  note  that  bears  interest.    Hence, 

SIO*  The  sum  discounted  is  the  face  of  a  note  that  does  not  bear 
interest,  or  the  amount  of  a  note  that  bears  interest. 
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&!!•  The  term  of  discount  is  the  time  from  the  date  of  discount 
to  the  maturity  of  the  note. 

S12»  The  proceeds  of  a  note  are  the  sum  discounted  minus  the 
bank  discount. 

a»  A  note  is  nominaUy  due  on  the  last  day  of  the  time  named  in  it ;  it  is 
legaUy  due  at  maturity.    (See  Supplementi  page  441.) 

h»  Due  June  I/4,  written  on  the  lower  left-hand  comer  of  a  note,  means  that 
the  note  is  nominally  due  June  1,  and  legally  due  June  4. 

S13*  A  certificate  of  deposit  is  a  written  statement,  signed  by  the 
cashier  or  teller  of  a  bank,  setting  forth  that  the  party  therein  named 
has  a  specified  sum  of  money  on  deposit  in  the  bank. 

The  sum  named  in  the  certificate  is  payable  on  the  surrender  of  the  certificate 
properly  indorsed. 

See  U.  S.  Moneys. 

S14*  Brokers  and  dealers  in  commercial  paper  compute  interest  and 
discount  on  the  basis  of  360  days  to  the  year.  Some  banks  and  brokers 
in  large  commercial  and  financial  centres  compute  interest  on  the  same 
basis,  and  others  on  the  basis  of  865  or  866  days — {.6.,  exact  interest. 

Unless  otherwise  specified,  bank  discounts  in  this  work  are  computed 
on  the  basis  of  860  <Jays  to  the  year. 

S1S»  In  making  computations  in  bank  discount^  any  interest  method 
may  be  used. 

Ex.  1.  Find  the  proceeds  and  the  bank  discount  of  a  sixty-day  note 
for  $750,  discounted  at  6^. 

Shobtbb  Pboobss. 
$750^  sum  to  be  discounted. 

$7.60,  dtaet.for  60  days. 
.S7i,  "     "     3    " 


Common  Process. 

60da.+Sda.{grace)  =  63  da.  =  2.1  mo. 

TfijF  9/2.1  =  .010  6y  per  cent  of  discount. 
1-^.6105^.9896,''     "    ''proceeds. 
$750  x.9895^  $742.1 2i,  proceeds. 

$750  X. 0105,  or  I      ^^^^.   ,     ,    ,. 
$750-$7i2.12i  f  =  *^-^^^'  *"^^  ^^'^^'*'- 


$7.87i,  bank  discount. 
$750.— 

$7^2.12^,  proceeds. 
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Ex.  2,  3.  Compate  the  bank  discount  and  the  proceeds  of  a  note  for 
$254.60  due  in  90  days,  discounted  at  7^.    At  4<^. 

Pbocbssbs. 
$254.60,  8um  to  be  discounted. 


$2.6  46y  interest  for  60  da. 

1.2  7  S,       "        ''SO  « 

.1273,    ''        "      3   " 

$3,946  3,  discount  at  6^ 

.6692,        "        "  li 
it 


$4.61, 
$264^60 
$2  4  9.9  9,  proceeds. 


"  7^ 


At  4^' 
$26 4^6  0,  sum  to  be  discounted. 
$  2.6  4  6,  interest  for  60  da. 
1.2  73,       "        «  30   « 
.1273,    «        «      3   " 
$3.9463,  discount  at  6^ 
1.31 6 4+y      "        "  2^ 


$2.63+, 
$264.60 

$261.9  7,  proceeds. 


u 


H 


SlOm  In  computations  in  bank  discount. 


Sum  discounted  =  principal. 
Discount  =  interest. 


Hate  of  discount  =  rate  of  interest. 

Proceeds  =  principal  —  interest. 

Problems. 
Find  the  dates  on  which  notes  are  nominally  and  legally  due,  if 


Dated 

11.  Apr.     5, 

12.  May     6, 

13.  June  20, 

14.  Mar.     1, 

15.  Jan.   30, 


time  to  raa 
60  da. 

2  mo. 
90  da. 

6  mo. 

1  mo. 


doe 

June  4/7 


Dated  time  to  ran 

16.  Aug.  12,  45  da. 

17.  Nov.  29,  30  da. 

18.  Sept  15,  4  mo.  10  da. 

19.  MsLj  30,  15  da. 

20.  July    1,  1  yr. 


dae 


Find  the  bank  discount  on  a  note 

21.  For  #627.40,  payable  in  3  mo.  27  da.,  at  8^. 

22.  For  $936.50,  nominally  due  in  30  days,  at  4-^. 

23.  For  $388.24,  that  matures  in  93  days,  at  6^. 
Find  the  proceeds  of  a  note 

24.  For  $1,000,  payable  10  days  after  to-day,  discounted  at  7^. 

25.  For  $221.75,  payable  in  60  days,  discounted  at  5^. 

26.  For  $400,  nominally  due  in  2  months,  discounted  at  6^. 
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Required,  the  bank  diaconnt  and  the  proceeds  of  an  interest-bearing 
note 

For  dated 

27*  $1,600,  Chicago,  Apr.  5, 

28.  $81214,  Pittsburgh,  Sept.  20, 

29.  $18,640,  New  Orleans,  Mar.  5, 

30.  $3,97211,  Atlanta,  June  15, 

31.  $7,08111,  San  Francisco,  Jan.  2, 

32.  $22,60611,  Portland,  Or.,  Oct.  10, 

For  what  sum  must  a  note  be  drawn 

33.  At  90  days,  discount  9^  to  obtain  $500  ? 

34.  At  4  months,  discount  7^,  to  obtain  $1,74211  ? 

35.  At  30  days,  discount  6^,  to  obtain  $23011  ? 

•  What  must  be  the  face  of  a  bankable  note,  discounted  at  a  national 
bank 


payable  in 

dlscoDDted 

at 

6  mo.. 

June  19 

8}<. 

8  mo., 

Dec.     8 

\oi. 

1  yr.. 

July  15 

H- 

6  mo.  15  da.. 

Sept.    9 

\i\i. 

9  mo.  20  da.. 

Apr.     1 

\H- 

4  mo., 

Nov.  26 

\%i. 

_  wi    1  to  obtain 

1°  payable  In  proceeds  of 

36.  New  York,  20  da.,  $8,400  ? 

37.  Philadelphia,  4  mo.,  $3,160? 

38.  Leavenworth,  100  da.,  $781  ? 

39.  Denver,  3  mo.,  $2,000? 

40.  Richmond,  2mo.loda.,$952? 


In  payable  in  to  realixe 

41.  Washington,     40  da.,  $10,000? 

^;?.  Milwaukee,       10  da.,  $1,492? 

^.  Boston,  3  da.,  $25,000? 

44.  Indianapolis,     30  da.,  $637.50? 

45.  Tallahassee,     '  90  da.,  $540.31  ? 


III.    EXCHANGE. 

517.  If  a  party  in  San  Francisco  wishes  to  transmit  a  sum  of  money 
to  a  party  in  Chicago,  he  buys  of  a  San  Francisco  bank  a  draft  on  a 
Chicago  bank,  for  the  required  sum,  and  sends  it  to  the  party  in  Chi- 
cago. The  Chicago  party  indorses  the  draft,  presents  it  at  the  bank  on 
which  it  is  drawn,  and  receives  its  face  in  money. 

518.  Exchange  is  a  method  of  making  payments  between  different 
places,  by  means  of  drafts. 

S19*  I>amesiic  eocehange  or  inland  exchange  is  exchange  be- 
tween places  in  the  same  country. 
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B20*  Foreign  exchange  is  exchange  between  places  in  different 

countries. 

a.  Exchange  is  of  par  when  the  cost  of  a  draft  equals  its  face ;  €ihove  par 
or  at  a  premiunh  when  the  cost  of  a  draft  exceeds  its  face;  and  beiaw 
par  or  at  a  discount  when  the  cost  of  a  draft  is  less  than  its  face. 

&•  Time  drafts  or  bills  of  exchange  are  subject  to  bank  discount  on  their  face 
value  for  the  time  specified  in  them  plus  the  days  of  grace. 

c«  Time  drafts  are  always  discounted  at  the  rate  of  interest  in  the  place  where 
they  are  issued. 

cl.  The  acceptance  of  a  draft  makes  the  acceptor  liable  for  its  payment  at 
maturity. 

S21m  If  St.  Louis  owes  New  York  $14,176,000,  and  New  York  owes 
St.  Louis  $12,920,000,  the  balance  of  trade  between  the  two  cities  is 
$1,266,000  against  St.  Louis  and  in  favor  of  New  York. 

S22m  The  baiance  of  trade  between  two  places  or  countries  is  the 
difference  of  the  amounts  due  to  each  place  or  country  from  the  other. 

S23m  The  course  of  exchange  between  two  places  or  countries  is 
the  price  paid  in  one  place  or  country  for  drafts  upon  the  other. 

a.  Post-office  money  orders  and  express  money  orders  are  drafts,  but  are  sold  at 
schedule  prices  not  computed  as  a  percentage. 

b»  A  party  may  remit  funds  from  one  place  to  another 

1.  By  absolutely  transmitting  the  money  by  express  or  otherwise. 

2.  By  remitting  a  post-office  money  order  or  an  express  money  order. 

3.  By  remitting  a  draft  drawn  on  the  place  to  which  the  money  is  to  be 
sent  or  on  some  place  that  is  recognized  by  all  banks  as  a  centre  of  exchange. 

4.  By  authorizing  the  party  to  whom  the  money  is  to  be  sent,  to  draw  a 
draft  on  him  (the  sender)  to  cover  the  amount,  and  sell  it  to  a  bank,  or  leave 
it  with  a  bank  or  an  express  company  for  collection. 

5.  By  sending  his  check  on  a  bank  where  he  has  money  deposited,  and 
the  party  receiving  it  placing  it  in  a  bank  or  with  an  express  company,  for 
collection. 

c*  New  York  is  the  recognized  centre  of  financial  transactions  for  the  whole 
United  States,  and  drafts  on  that  city  are  current  in  any  part  of  the  country. 

S24m  In  computations  in  exchange, 
1.  Face  of  draft  =  bcue.    \    2.  Premium  or  discount  =  the  percentage. 

Z.  Cost  of  draft  ^\'i^^'''^' 

(  Difference. 


4.  Bank  discount  ==  the  percentage. 
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I.    DOMESTIC    EXCHANGE. 
S2B.  Important  Facts. 

I.  The  course  of  exchange  on  a  sight  draft  is  100^  plus  the  per  cent 
of  premium^  or  minus  the  per  cent  of  discount. 

II.  The  course  of  exchange  on  a  time  draft  is  the  course  of  exchange  on 
a  sight  drcft  minus  the  per  cent  of  bank  discount. 

Ex.  1.  Find  the  cost  of  a  sight  draft  for  $210,  exchange  i^  premium. 

PfiocBsa 
$210  X  1.00 2 5  =z  $2 10.5 £i,  the  cost  required. 

Ex.  2.  Find  the  face  of  a  sight  draft  whose  cost  is  $1,201.50,  exchange 
i^  premium.  ^^^^^^ 

$1,201.50  -J.  1.00125  =  $ly200,  the  face  of  draft  required. 

Ex.  3.  Find  the  cost  in  New  York  of  a  60  -  day  draft,  exchange  i^ 

discount.  _. 

Process. 

1.00  --  .00875  :=.  .99625y  the'course  of  exchange  on  a  sight  draft; 

60  da.  +  3  da.  {grace)  =  6S  da.;  63  da.  =  2.1  mo.; 

liif  of  2.1^  .010  5,  the  per  cent  of  bank  discount; 

.99625  --  .0105:=. 9857  5y  course  of  exchange  on  a  60  da.  draft; 

$180  X  .98575  =  $17  7.43i,  cost  of  draft  required 

Ex,  4.  The  cost  in  Philadelphia  of  a  90 -day  draft,  exchange  ifi  pre- 
mium, is  $631.68.    Find  the  face. 

Process. 

1.0  0  +  .0  0  2  5  z:z  1.0  0  2  5y  the  course  of  exchange  on  a  sight  draft; 

90  da. +  3  da.  z=  93  da.;  93  da.  =  3.1  mo.; 

j^jf  of  3.1z^.015  5,  the  per  cent  of  bank  discount; 

1.0025  —  .0155  =  .98  7,  the  course  of  exchange  on  a  90  da.  draft; 

$6  3 1.6  8  ^  .9  8  7  z=z  $6  iOy  the  face  of  draft  required. 
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Pboblbms. 
Find  the  cost  of  a  sight  draft 


46*  For  $630,  at  f  ^  premium. 
47*  For  $168.70,  at  i^  discount 
48*  For  $918.25,  at  1^^  premium. 


4:9.  For  $1,316,  at  \^  discount. 

50.  For  $2,748.32,  at  2|^  premium. 

51.  For  $3,927,  at  1^^  discount 


Find  the  face  of  a  sight  draft  that  cost 


55.  $293.40,  at  2^^  discount 

56.  $875,  at  1^^  premium. 
57^  $1,478,  at  li^  discount 


52.  $217.24,  at  2^^  premium* 

53.  $340,  at  ^^  premium. 

54.  $316.25,  at  i%  discount 

Find  the  cost  of  a  draft 

58.  For  $1,000,  at  90  da.,  exchange  ^^  premium^  interest  5^. 

59.  For  $650,  at  60  da.,  exchange  \\^  premium,  interest  7^. 

60.  For  $917.60,  at  10  da.,  exchange  ifi  discount,  interest  10^. 

61.  For  $2,138,  at  30  da.,  exchange  i^  discount,  interest  6^. 

62.  Find  the  cost  in  Washington  of  a  draft  on  Pittsburgh  for  $3,385, 
30  days  sight,  exchange  1^^  premium. 

63.  What  will  be  the  cost  in  St.  Louis  of  a  draft  on  Philadelphia,  at 
60  da.  sight,  for  $739.50,  exchange  ifi  discount  ? 

64.  Find  the  cost  of  a  draft  on  Buffalo  for  $3,720,  sight,  exchange 
^  premium. 

65.  Find  the  face  of  a  draft  that  costs  $1,000,  exchange  ifi  discount. 

66.  Find  the  face  of  a  30  da.  draft  on  Chicago,  purchased  in  St.  Paul 
for  $2,928,  exchange  f^  premium. 

67.  What  is  the  cost  of  a  draft  in  Cleveland,  O.,  on  Denver,  Col.,  for 
$7,828,  60  da.  sight,  at  If  ^  premium  ? 

68.  What  is  the  face  of  a  draft  that  costs  $2,913.80,  payable  in  3 
mo.,  interest  8^  ? 

69.  What  must  I  pay  in  San  Francisco  for  a  draft  on  New  York  for 
$2,500,  at  60  da.  sight,  exchange  i^  discount  ? 
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II.    FOREIGN   EXCHANGE. 

526*  Bills  of  exchange  are  drawn  in  the  currencies  of  the  countries 

in  which  they  are  payable. 

Thus,  drafts  on  England,  Ireland,  or  Scotland  are  drawn  in  pounds,  shillings, 
and  pence ;  on  France,  Belgium,  or  Switscerland,  in  francs ;  on  Germany  in 
marks;  and  so  on. 

a»  Foreign  bills  of  exchange  are  usually  drawn  at  sight  or  sixty  days  after  sight. 
The  former  are  known  as  thort  exchange,  and  the  latter  as  long  exchange. 

&•  Days  of  grace  are  usually  allowed  on  all  foreign  exchange. 

c.  The  course  of  exchange  on  time  bills  is  as  much  less  than  that  on  sight  bills 
as  the  per  cent  of  interest  for  the  time  given  plus  the  days  of  grace. 

527*  The  par  of  exchange  is  the  value  of  a  money  unit  in  one 

country  expressed  in  the  currency  of  another  country. 

a*  The  intrinsic  par  of  exchange  is  the  yalue  of  the  coin  of  one  country  in 
the  coin  of  another.  It  is  based  upon  the  relative  weight  and  fineness  of 
the  coins. 

b»  The  eammerciiU  par  of  exchange  is  the  market  value  of  the  money  unit 
of  one  country,  in  the  currency  of  another.  It  is  commonly  called  the  rate 
of  exchange. 

For  intrinsic  par  of  exchange  between  the  United  States  and  foreign  countries. 

See  Supplement,  page  448. 

S28*  A  set  of  exchange  consists  of  two  or  of  three  copies  of  the 

same  bill,  sent  by  different   carriers  or  on   different  dates,  to  guard 

against  loss  or  delay.  See  Supplement,  page  446. 

When  one  of  a  set  of  exchange  is  paid,  the  others  become  void  or  worthless. 

S29*  Exchange  with  Europe  is  effected  chiefly  through  the  financial 
agencies  of  London,  Paris,  Antwerp,  Amsterdam,  Hamburg,  Frankfort, 
Bremen,  and  Berlin. 

In  exchange  with  these  cities,  the  money  units  and  the  intrinsic  par  of 
exchange  are  as  follows : — 

Cities 

London, 

Paris,  Antwerp,  and  cities  of  Switzerland, 

Amsterdam, 

Hamburg, 

Exchange  is  quoted  5.18  francs  to  the  dollar.     1  mark  =  $  .388. 


UniU 

Yalae  in 

U.  & 
gold  coin 

Pound  sterling  or  sovereign, 

$4.8665 

Franc, 

.193 

Guilder  (Florin), 

.407 

Four  reichsmarks, 

.052 
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EXEBCISSS. 

Explain  the  meaning  of  the  following  quotations — taken  from  the 
New  York  Journal  of  Commerce  of  July  28,  1887. 

1.  Bankers'  sterling,  60  days,  actual  $4.82^  @  $4.83. 

2.  Bankers'  sterling,  sight,  actual  $4.84^  @  14.85. 

3.  Prime  commercial  sterling,  long,  $4.81^  @  $4.82. 

4.  Paris,  bankers',  60  days,    5.23f  @  5.23^. 

5.  Paris,  bankers',  sight,  5.21:^  @  5.20^. 

6.  Swiss,  bankers',  60  days,    5.23f  @  5.23|. 

7.  Beichsmarks  (4),  bankera',  60  days,    $  .94f  @  %  .94f . 

8.  Guilder,  bankers',  sight,  $  .40^  @  1 .40^. 

S30»  In  computing  the  cost  of  a  bill  of  exchange : — 

Reduce  the  value  of  the  hill  expressed  in  the  given  ciirrencyy  to  the 
equivalent  value  in  the  required  currency. 

Problems. 
Find  the  cost  of  a  bill  of  exchange 

70.  On  London  for  £253  7s.  6d.,  sterling  at  |4.84i. 
71*  On  Paris  for  8,450  francs,  at  5.19  francs  for  $1. 
72.  On  Amsterdam  for  6,500  guilders  at  $  .412. 
73*  On  Hamburg  for  1,300  marks  at  %  .948  for  4  marks. 

Find  the  face  of  a  set  of  exchange 

74.  On  Liverpool,  that  cost  12,000,  sterling  $4.83f. 

75.  On  Geneva,  Switzerland,  that  cost  $480,  at  5.17  francs  to  $1. 

76.  On  Berlin,  that  cost  $910,  at  $  .243^  per  mark. 

Find  the  cost  of  a  bill 

77.  On  London  for  £800  12s.  6d.,  at  60  da.,  sterling  exchange  $4.82f. 

78.  On  Antwerp  for  8,600  francs  at  5.19f. 

79.  On  Amsterdam  for  3,000  guilders,  long,  at  $  .401. 

80.  On  Frankfort  for  2,350  marks,  short,  at  $  .961  (4). 
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TRUE   DISCOUNT. 

S31»  The  present  w&rth  of  a  debt  due  at  a  future  time  is  the  sum 
of  money  that,  loaned  at  interest  to-day,  will  amount  to  the  debt  at 
maturity.    » 

332*  True  discount  is  the  interest  on  the  present  worth  of  a  debt, 
from  to-day  to  maturity.    It  is  the  debt  minus  its  present  worth. 

$100  put  at  interest  to-day,  at  6^,  will  amount  to  $103  in  6  months. 
Hence,  $100  is  the  present  worth  of,  and  $3  is  the  true  discount  on  $103 
due  in  6  months,  at  the  rate  of  6^  discount. 

Present  worth  is  also  called  true  pregerU  worth  and  e^itdUe  present  worth;  and 
true  discount  is  also  called  eqtutable  discount. 

True  discount  is  the  interest  on  the  present  worth  of  a  debt  from  a 
given  time  to  maturity  (Def.),  and  bank  discount  is  the  interest  on  the 
debt  itself  for  the  same  time  {S08).  e,g.^  The  true  discount  on  $103 
due  in  6  months,  rate  of  interest  6^,  is  $3 ;  and  the  bank  discount  is 
($103  X  .03  =)  $3.09.    Hence, 

B33»  Impobtant  Fact. — Bank  discount  exceeds  tnte  discount  by  the 
interest  on  the  true  discount. 

From  the  definition  {510)  it  is  evident  that  the  sum  to  be  discounted  is 

(1)  The  face  of  a  debt  that  does  not  bear  interest;  or 

(2)  The  amount  of  a  debt  that  bears  interest. 

Commercial  discount  and  bank  discount  having  largely  taken  the  place  of  true 
discount,  the  latter  is  now  but  little  used. 

S34*  In  computations  in  true  discount. 


True  discount  =  interest; 
Sum  to  be  discounted  =  amotmt; 


Present  worth  =  principal; 
Bate  of  discount  =  rate  of  interest; 

Amount  —present  worth  =  tr\ie  discount. 

S3S*  The  process  of  finding  present  worth  is  an  application  of  Case 
rV  of  the  Six  General  Problems  of  Interest     (See  ^75.) 

Ex.  A  debt  of  $751.40  is  due  in  8  months.     If  it  is  discounted  at  the 
rate  of  6^,  what  is  the  present  worth  ?    What  is  the  true  discount  ? 
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Analytical  Procbss. 

8  mo.  =  .^  -J,  tJie  per  cent  of  interest 
1  +  .04=z  1.04i  or  1  plus  the  per  cent  of  interest, 
$7 6 1,40 -i- 1.04=^  $722,50^  the  required preaerU  worth;  and 
$76140  —  $722.50  =  $28.9  0,  the  required  true  discount. 


What  is  the  present  worth 

or  dae  in  dlaooanted 

81.  $761  4  mo.  12  da.    at  8^  ? 

82.  $83.44       90  da.  at  3^^  ? 

83.  $132.25     15  mo.  at  6^  ? 


Pboblbms. 

What  is  the  true  disconnt 

On  due  in 

84.  $900  20  da. 

85.  $1,000       3  mo.  3  da. 

86.  $47,50       4  mo.  3  da. 


Find  the  presc^nt  worth  of,  and  the  true  discount  on 


Fiper 

for 

dated 

due 

87. 

A  note 

$6841^, 

July  10,  1886, 

in  1  JE.  4  mo.. 

88. 

A  mortgage 

$3,800, 

Nov.  1,  1887, 

March  25,  1889, 

89. 

A  bond 

$660, 

June  15,  1887, 

Oct.  19,  1887, 

90. 

A  claim 

$1,125.75, 

Sept.  9,  1888, 

Jan.  15,  1889, 

SECTION  ri. 

diBoonnted 
at  5^? 

at  4^? 

at  6^? 

nUe  of 
discount 

6jf. 
5^. 


ACCOUNTS  IN  WHICH   INTEREST  IS  AN   ELEMENT. 

I.   SAVINGS-BANK   ACCOUNTS. 

S36m  Savings-banks  pay  compound  interest  to  their  depositors. 
They  add  the  interest  to  the  principal  either  monthly,  quarterly,  or 
semi-annually. 

S37*  An  interest  term  is  the  regular  interval  at  the  end  of  which 
interest  on  deposits  is  compounded. 

a.  Montlily  interest  terms  begin  on  the  1st  day  of  each  month ;  quarterly  terms 

on  the  Ist  days  of  Jan.,  Apr,  July,  and  Oct;  and  semi-annual  terms  on 
the  Ist  days  of  Jan.  and  July. 

b.  The  interest  term  of  most  savings-banks  is  three  months. 
e.  No  interest  k  allowed  on  fractional  parts  of  a  dollar. 
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S38m  Most  BavingB-banks  allow  intereBt  on  only  those  suns  tliat  have 
been  oa  deposit  a  full  interest  term.     Hence, 

Ihfobtant  Fact. — Interest  is  computed  at  the  end  of  the  interest  term, 
on  the  emaUeat  balance  on  dqKmt  at  any  one  time  during  the  term. 

Example. — The  folloving  statement  is  taken  from  the  books  of  a 
savingB-bank  that  pays  interest  quarterly  at  4^  per  annnm,  and  shows 
the  depositor's  balance  July  1, 1686. 
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ExFLAKATioN  OF  Statement.— The  inlerest  term  being  qaftrt«r]f,  the  iDlercrt  Is 
added  to  the  dailj  balance  on  Ilie  Srat  day  of  each  quarter. 

The  smallest  balance  during  the  flrat  quarter  la  {86,  Iho  interest  on  which  (f.BS) 
Is  added  to  the  daily  balance  April  I. 

The  smallest  balance  during  the  second  quarter  ia  )1IQ.68,  and  the  interest  on  (119 
(II.IS),  together  with  a  deposit  of  $12,  is  added  to  Uic:  daily  baUnce  July  1. 
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Pboblsmb. 

1.  Make  a  statement  of  the  following  account,  and  find  the  balance 
due  the  depositor  Dec.  1,  1888,  interest  at  4<i(  per  annum. 


Dm. 
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Make  statements  of  the  following  narratives,  and  in  each  find  the 
balance  due  on  the  first  day  of  the  quarter  following  the  last  transaction. 

2»  East-Side  Savings-Bank.  Depositor,  Martin  Godfrey.  Deposits, — 
1885,  June  24,  $100 ;  Sept.  20,  $55 ;  Oct.  12,  $36  ;  Nov.  11,  $25 ;  Dec. 
28,  $32;  1886,  Apr.  15,  $50;  May  10,  $20.  Checked  out,— 1885,  Aug. 
10,  $24.50;  Dec.  1,  $33.75;  1886,  Mar.  20,  $21.80;  Aug.  5,  $18.35.  In- 
terest term  3  mo.    Bate  of  interest  4^. 

3*  Fidelity  Savings -Bank.  Depositor,  Elsie  Whipple.  Deposits, — 
1888,  Jan.  18,  $10 ;  Feb.  12,  $6.50 ;  Mar.  1,  $5 ;  Mar.  22,  $4.75 ;  Apr. 
10,  $3.50;  May  18,  $7;  June  2,  $4;  June  29,  $3.50;  July  16,  $5.25. 
Checked  out, — 1888,  Mar.  29,  $7.65;  May  3,  $2.85;  May  16,  $5.36; 
June  13,  $8.25.     Interest  term  1  mo.     Bate  of  interest  65^. 

II.  AVERAGE  OR  EQUATION  OF  PAYMENTS. 

S39.  Equation  of  payments  is  the  process  of  finding  the  equitahle 
time  for  paying,  in  one  sum,  several  debts  due  at  different  times. 

B4:0»  The  term  of  credit  is  the  time  that  must  elapse  before  a  debt 
becomes  due. 

S41»  The  avertige  term  of  credit  is  the  time  that  must  elapse  before 
several  debts,  due  at  different  times,  may  be  equitably  paid  in  one  sum. 
S42*  The  equated  time  is  the  equitable  date  of  payment. 

SdSm  A  foc€U  date  is  a  date  from  which  the  terms  of  credit  are 
computed. 

Any  date  may  be  assumed  as  the  focal  date ;  but  the  focal  date  usually  assumed 
is  the  earliest  date  at  which  any  of  the  debts  become  due. 

Sd4m  Equation  of  payments  is  based  on  the  following  obvious 

Business  Pbikcifles. 

I.  Any  debt  is  equitably  sulject  to  legal  interest  from  the  time  it  is  due. 

II.  The  interest  of  any  sum  for  a  given  time  equals  the  interest  of  two 
times  that  sum  for  one  half  of  that  time^  or  of  one  half  of  that  sum  for 
two  times  that  time;  and  so  on. 

IIL  7%€  use  of  any  sum,  paid  ctt  any  time  before  it  is  due,  equals  the 
use  of  an  equal  sum  not  paid  till  the  same  length  of  time  after  it  is  due. 
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Case  I.  The  terms  of  credit  b^flimiiig  at  the  same  date. 

545*  Ex.  What  is  the  equated  time  for  the  payment  of  8500  due 
to-day  (Jan.  9),  $300  due  in  6  months,  and  $400  due  in  9  months  ? 

(1)  Solution  bt  thb  Pboduct  Method. 

ExFLANATioiT.— The  inter-  Pbocess. 

est  of  any  number  of  dollars  50  0 

for   any   given    number  of  ^ 

months  equals  the  interest  of  300  x  6  mo.z:z  1,800  mo. 

$1  for  the  number  of  months  AOO  x  5    "    =  3,60  0    '' 

expressed  by  the  product  of  1,200  x  f    "    z:z  5,^00  mo. 

the  given  dollars  and  months. 

The  use  of  $600  for  no  time     ^^00  mo.  -f- 1,200  =  ^  mo.  =  i  mo.  15  da. 

equals  the  use  of  $1  for  no  Jan.  9  +  4  mo.  15  da.=z  May  24. 

time.    The  use  of  (800  for  6 

months  equals  the  use  of  |1  for  1,800  months,— 800  times  6  months ;  and  the  use 
of  $400  for  9  months  equals  the  use  of  $1  for  3,600  months.  The  use  of  $1  for  5,400 
months  (the  sum  of  all  the  times)  equals  the  use  of  $1,200  (the  sum  of  all  the  pay- 
ments) for  y^  of  5,400  months.  I  therefore  divide  5,400  months  by  1,200,  and  ob- 
tain H  mo.,  or  4  mo.  15  da.,  Tvhich  is  the  average  term  of  credit.  Then,  adding  this 
time  to  Jan.  9,  the  date  of  the  purchase,  I  have  May  24,  the  equated  time. 

(2)  Solution  bt  the  iNTEBEar  Method. 

For  conyenience,  interest  is  computed,  in  the  solutions  in  this  article, 

at  12ji(  per  annum,  or  1^  per  month.    Any  other  rate  of  interest  gives 

the  same  result 

Process. 


DtM         AmoufOB 

Jan.  9,     $500 
July  9,       300 
Oct.   9,       iOO 

Tim€9 

IfUeretU 

6  mo. 
9  mo. 
1  mo.  = 

$18 

36 

Int.  of  $1^00 

$12]$5i 

4^  times  =  4  mo.  15  da. 

BxPLANATioH.-— By  paying  the  entire  amount— $1,200— to-day,  the  debtor  will 
lose  the  interest  of  $300  for  6  mo.,  and  of  $400  for  9  mo.,— or  $18  +  $36,  which  is 
$54.  To  equitably  offset  this  loss,  he  may  keep  the  $1,200  time  enough  for  the  in- 
terest on  it,  at  12^,  to  amount  to  $54.  $12  is  the  interest  on  $1,200  for  1  month,  at 
12^,  and  $54  is  the  interest  on  the  same  sum  for  as  many  months  as  the  times  $12 
are  contained  in  $54,  which  is  4}  times,  or  4  mo.  15  da.,  the  average  term  of  credit. 
Then,  Jan.  9  +  4  ma  15  da.  =  May  24,  the  equated  time. 

U 
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Find  the  equated  time  for  the  payment  of  the  following  accounts: — 

4.  $150  due  in  30  days,  $200  due  in  60  days,  and  $260  due  in  90  days. 

5»  The  rent  of  a  house  at  $300  per  annum,  payable  quarterly. 

6»  Five  notes,  all  dated  June  17, — for  $300  on  3  mo.,  $600  on  5  mo., 
$150  on  7  mo.,  $350  on  9  mo.,  and  $200  on  1  yr. 

7.  Four  bills  of  goods,  due  as  follows:  Feb.  12,  $300;  Feb.  18,  $275; 
Apr.  6,  $500;  July  24,  $100. 

Case  II.  The  terms  of  credit  beginning  at  different  dates. 

S46»  Ex.  March  20,  I  bought  a  horse  for  $175,  on  a  credit  of  4 
months;  May  5,  a  harness  for  $35,  on  3  months;  and  June  15,  a  carriage 
for  $225,  on  6  months.  Find  the  equated  time  for  the  payment  of  these 
debts. 


Explanation.  —  To  find  the 
dates  on  which  the  several  pay- 
ments are  due,  I  add  to  the  date 
of  each  payment  its  term  of  credit 

Since  the  first  payment  is  due 
July  20, 1  take  that 
date  as  a  focal  date. 

Subtracting  that 
date  from  the  date 
on  which  each  of  the 
other  payments  is 
due,  I  have  $175  due 
at  the  focal  date, 
$85  due  in  15  days, 
and  $255  due  in  4 
months  25  days. 
Then  proceeding  by 
either  method  given 
in  Case  I.,  I  find 
the  average  term  of 
credit  to  be  2  months 
21    days,    and    the 


PnocBsa 
Mar,  20  +  4  ^o.  =  Jtdy  SO 
May    5  +  3  mo,  =  Atig,    5 
June  15  +  6  mo,  =  Dec,  1 5 

(1)    By  Pboduct  Method. 
175 

35  X  15da,=i        17  mo,  15  da. 

255  X  i  mo.  25  da,  =  1,232  mo.  15  da, 
465  X  f  mo,  =  1,250  mo, 

1,25  0  mo.  4-  465  =  2.68  mo,  =2  mo.  21  da. 
July  20  +  2  mo.  2 1  da.  =  Oct,  U 


(2)    By  Inteuest  Method. 


Amounts 

$175 
35 


Timu 


InUruU 


t     ,175 
12,325 


15  da, 
255      4  mo.  25  da. 
equated  time  Oct.  11.   j^^^  of  $46  5  fori  mo,  =  $4.6  5]  $12.50 

NoTB.  — Most   ac- 
conntants  prefer  the 


Interest  Method. 


2,68=2mo.21da. 
July  20  +  2  mo.  21  da.  =  Oct.  1 1 
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Pboblsms. 
Find  the  dates  for  the  eqaitable  settlement  of  the  following : — 


8.  Bill  No.  1. 

Terms  cash. 

9. 

Bill  No.  2. 

Terms  2 

Jan.  10, 

$416.— 

Mar.    5, 

$63.25 

Feb.  25, 

342.— 

May  17, 

46.91 

Apr.   6, 

167.60 

Jane    2, 

100.— 

"     30, 

90.21 

Aug.  20, 

82.70 

10. 

Bill  No.  3 

• 

11.  Find  the  equated  time  for  the  payment  of  three  notes,  as  follows : 
for  $650,  dated  July  12,  on  90  da. ;  $555,  dated  July  25,  on  60  da.;  and 
$445,  dated  Aug.  14,  on  30  da. 


S47.  Rules  fob  Equation  op  Payments. 
I.  When  all  the  texma  of  credit  begin  at  the  same  date. 
1.  For  the  average  term  of  credit: — 

Pboduct  Mbthod. — MuUiply  each  term  of  credit  by  the  number  ex^ 
pressing  the  payment^  and  divide  the  sum  of  the  products  by  the  sum  of 
the  payments.    Or, 

LrrsBSST  Mjbthod. — Mnd  the  interest  of  each  debt  for  its  term  of 
credit,  and  divide  the  sum  of  the  interests  by  the  interest  of  the  sum  of  the 
debts  for  one  period  of  the  time  of  the  same  denomination  as  the  terms 
of  credit. 
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2.  For  the  eqaated  time : — 

Add  the  average  term  of  credit  to  the  dcUe  at  which  the  several  credits 
begin. 

II.  "Wlieii  the  texnui  of  credit  begin  at  different  dates. 

1.  JFind  the  date  at  which  each  debt  became  duCy  and  from  the  earliest 
of  these  dates  as  a  focal  date,  compute  the  time  to  each  of  the  others. 

2.  Mnd  t/ie  average  term  of  credit  and  the  equated  time,  as  in  Case  I. 

a.  In  finding  the  average  term  of  credit, — 

1.  When  the  ieveral  terms  of  credit  are  for  morUhs,  use  months  or  monthg 
and  days;  and 

2.  When  the  several  terms  of  credit  are  for  days,  use  days  only, 

b»  In  finding  products  or  interests, — 

J(f  the  cents  in  any  item  are  less  than  60,  r^eet  them; 
If  they  are  60  or  m^nre,  reckon  them  as  1  daiUar. 

e«  ^  any  result  contains  a  fraction  of  a  day  less  than  ^,  r^ect  it;  if^or  more, 
reckon  it  as  1  day, 

Pboblems. 

12.  Find  the  equated  time  for  the  payment  of  five  bills  of  goods, 
bought  May  29,  as  follows:  $825  on  3  mo.,  $675  on  4  mo.,  $450  on  2 
mo.^  and  $800  on  1  mo. 

ISm  I  make  the  following  advances  of  money  for  a  friend : — ^May  19, 
$107 ;  May  28,  $35 ;  June  27,  $130 ;  July  3,  $70 ;  Aug.  24,  $80 ;  and 
Sept.  II,  $175.  If  I  take  his  note  for  the  whole  amount,  dated  at  the 
equated  time,  what  will  be  the  date  of  the  note  ? 

14.  March  8, 1  sold  a  farm  for  $3,300,  payments — $750  cash,  $800  in 
4  mo.,  $500  in  8  mo.,  and  the  balance  in  I  yr.  Had  I  taken  a  mortgage 
for  the  whole  amount,  to  be  paid  in  one  payment,  when  would  it  have 
been  equitably  due? 

15.  B  works  for  C  6  months  from  May  15,  at  $60  per  month,  his 
wages  to  be  paid— one  half  monthly,  and  the  other  half  in  3  months. 
In  lieu  of  receiving  his  pay  according  to  contract,  he  takes  C's  note  for 
the  whole  amount,  bearing  date.  froQi  the  average  time,  with  interest. 
What  is  the  date  of  the  note? 


INTEREST,-^ AVEEAQE  OF  ACCOUNTS. 


309 


16,  Find  the  eqaated  time  for  paying  the  following 

Statement  of  a/c. 


i//»t^ 


(^Tj 


\A/Uii 


4/S^ 


c?////J 


'    I 


III.   AVERAGE   OF  ACCOUNTS. 

S^8*  The  balance  of  an  account  is  the  difference  between  the 
amounts  of  its  debits  and  credits. 

Merehafidm  balance  is  the  difTerence  between  the  two  sides  of  an  account 

SdOm  Averaging  an  a^ccautU  is  the  process  of  finding  the  equated 
time  for  paying  the  balance  of  the  account. 

550.  The  averaging  of  accounts  is  based  on  the  following 

Business  Pbinciplss. 

I.  JEIack  item  of  an  account  is  equitably  subject  to  interest  from  the 
time  it  is  due. 

TL  All  payments  made  before  the  average  term  of  credit  expires,  are 
equitably  subject  to  discount  fro^n  the  time  they  are  made. 
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III.  AU  debits  not  paid  till  after  the  average  term  of  credit  eaqnres,  are 
equitably  milject  to  interest  from  the  eoqnration  of  the  average  term  of 
credit 

Example. — Find  the  average  time  for  the  payment  of  the  balance 
of  the  following  account. 


(^ 


Process. 
Focal  date,  Dec.  31,  1887. 


Dim  IUfn%» 

Jan.  18,  $250 


TimtB  IwttrwU 

18  da.  t  1.50 


Mar.    6y       85  2  mo.   6  "        1.87 

May20y    324,  4  «   20  «     15.12 

$659  $1849 

449  15.44 

$210  $8.05 


Dim  ItetM  Tim€9  Intend 

Ihb.  11,  $189  1  mo.  11  da.  $2.58 

Apr.  27,       90  8  "  27  "      S.51 

June  15,    170  5  "  15  "      9. 85 

$449  $1544 

Int.  on  $210  for  1  mo.  =  $2.10 


$3.0 5  -T-  $2,1 0  =z  1.452  ^  1  mo.  1 4  da.,  average  term  of  credit. 
Dec.  31  +  1  mo.  I4  da.  =  Mb.  H,  average  time  of  payment. 

Explanation.— Assuming  Dec.  81, 1887,  for  a  focal  date,  I  first  find  the  interest 
on  each  item  of  the  account  from  the  focal  date  to  the  time  it  is  due. 

I  next  find  the  respective  sums  of  the  debit  items,  the  debit  interests,  the  credit 
items,  and  the  credit  interests ;  and  subtracting  $449,  the  sum  of  the  credits,  from 
$659,  the  sum  of  the  debits,  and  $15.44,  the  sum  of  the  interests  on  the  credits,  from 
$18.49,  the  sum  of  the  interests  on  the  debits,  I  obtain  a  merchandise  balance  of  $210, 
and  an  interest  balance  of  $8.05,  both  in  favor  of  the  debit  side  of  the  account 

The  merchandise  balance  $210  is  entitled  to  credit  a  sufllcient  time  for  the  interest 
to  amount  to  $8.05, — i.  e.,  for  as  many  months  as  the  times  the  interest  on  $310  for  1 
month  is  contained  in  the  interest  balance.    I  therefore  then  divide  $8.05  of  interest 
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by  $2.10  (tbo  interest  on  $210  for  1  month),  and  obtain  1.453,  wliicli  equals  1  mo.  14 
da.,  the  average  term  of  credit  for  the  balance  of  the  account. 

Since  both  merchandise  and  interest  balances  are  in  favor  of  the  debtor  side  of  the 
account,  I  add  the  1  mo.  14  da.  to  the  focal  date,  and  obtain  Feb.  14,  the  average  time 
of  payment. 

In  this  example  the  merchandise  balance  and  the  mterest  balance  are  in  favor  of 
the  Dr.  side  of  the  ^, — i.  e,,  the  greater  interest  is  on  the  greater  side  of  the  ^. 

If  the  greater  interest  were  on  the  less  side  of  the  ^,  the  average  term  of  credit 
would  be  the  same,  but  the  average  time  of  payment  would  be  1  mo.  14  da. 
.  before  the  focal  date. 

S51m  Bulb  fob  AvBBAGiNa  Accounts. 

I.  lind  the  interest  on  each  item^  for  the  time  between  the  focal  date  and 
the  date  the  item  is  due, 

XL  ^nd  the  merchandise  balance^  and  the  interest  balance;  a^id  divide 
the  interest  balance  by  the  interest  on  the  merchandise  balance  fo^'  1  months 
easpressing  the  result  as  mofit/is  and  days. 

m.  Add  this  time  to  the  focal  datCy  if  the  greater  interest  is  on  the 
greater  side  of  the  account;  but  subtract  it,  if  the  greater  interest  is  on 
the  less  side. 

a.  /jT  an  aeeaunt  is  seUUd  after  the  average  Ume  (if  payment,  charge  interest  on  the 
merchandise  balance  from  tJte  average  time. 

bg  J^it  is  settled  before  the  average  time,  discount  the  merchandise  balance  for  the 
difference  of  time,  at  the  legal  rate. 

Pboblehs. 
17»  Find  the  average  time  for  paying  the  balance  of  the  following  <Jfe. 
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IS*  Average  the  following  accoant,  allowing  a  credit  of  4  mo.  for 
each  debit  item. 


/J/SJ 


1^.  If  a  note,  drawing  interest,  be  given  to  balance  the  following  % 
for  what  sum  will  it  be  drawn,  and  what  will  be  its  date  ? 
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did 


20*  When  will  the  balance  of  the  following  ^  begin  to  draw  interest? 


.fZfSC 


/i/s 


6s 


OUvr 


99 


SO 


f,       /(Iff. 


<f£>0 


21,  Find  the  balance  of  the  following  <J^,  June  1,  1888,  allowing  in- 
terest at  6^. 


J%. 


^/9?tc^<3^mc.  t/<fO 


i» 


99 


^f^Hm^/K^ 


^^ 


lY.    CASH   BALANCE. 


5S2.  Define  (l)  Account  current  (^90) ;  (2)  Merchandise  balance  {fi4LS). 

553m  The  cash  halance  of  an  account  is  the  difference  between  the 
two  sides,  after  interest  has  been  added  to  each  item  past  due  at  the  date 
of  settlement,  and  deducted  from  each  item  not  due  at  that  date. 

554km  Cash  balance  is  based  on  the  following 

BusiKESs  Pbinciples. 

I.  EoLch  item  of  an  (iccount  equitably  dratos  interest  from  the  time  it 
is  due. 

n.  An  item  paid  before  it  is  due  is  equitably  entitled  to  discount  for 
the  time  from  the  date  of  payment  to  the  date  it  is  due. 
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Example. — Find  the  cash  balance  Nov.  18^  1888,  on  the  following 
account,  interest  at  6^. 


J2 


Z4^ih:U,^^^7iy 


/fU^^C€li4^^n^Ai^i^^ 


yj/ 


//// 


\^. 


/* 


//  // 


n     t» 


ft 


^oT^ 


^/dff^ 


J//^^ 


y^ 


yc^/cajAf 


»'      // 


// 


// 


f^o 


Pbocess  by  Intebest  Method. 


Dim  djoJtu       Itenu  TitM  Interett 

Apr.  S,  $850.—  7  mo.  15  da.  $13.13 
June  ly  575.80  5  mo.  17  da.  16.03 
Oct.  11,  268.50  lmx>.  7  da.  1.66 
Sept.  15,    725.— 2  mo.  3  da.      7.61 


Credit  daU$      Itenu  ThM  Interut 

Apr.  16,  $176.—  7  mo.  3  da.  $  6.21 
June  3,  600.—  5  mo.  15  da.  16.50 
July  7,  95.30  4  mo.  11  da.  2.07 
Nov.  1,    800.—  17  da.      2.27 


$1,919.30 

$38.43               $1,670.30 

$27.05 

1,670.30 

27.05 

$249.— 

$11.38,  balance  of  interest. 

11.38 

$260.38,  cash  balance  required. 

Pbocess  bt  Pboduct  Method. 

Dim  date*         Item* 

Time          Produet* 

Credit  datte       Items 

Tims 

Produett 

Apr. 

3,    $350.— 

225  da.     78,750 

Apr.  15,    $175.— 

213  da. 

37^75 

June 

1,     575.80 

167   "      96,192 

June  3,      600.— 

165   « 

99,000 

Oct. 

11,     268.60 

37   "        9,953 

July   7,       96.30 

131   « 

12,445 

Sq>t 

6,      725,— 

63   "      46,676 

Nov.   1,     800.— 

17  " 

13,600 

$1,919.30 

230,670                  $1,670.30 

162,320 

1,670.30 

162,320 

$249.- 

6\  68250 

11.38 

11.38  = 

$11.38,  balance  of  interest  (4 

\68;  II). 

$260.38,  cash  balance  required.     Bee  Notes,  page  81IS. 
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Noras.—!.  When  tho  balance  of  tnterest  Is  on  the  «i 
uic«  of  items,  It  Is  added  to  tbe  balance  of  Items ;  If  o: 
It  is  snbtiacted  from  tbe  balance  at  itenu. 

3,  In  OndiDg  intereet  or  products,  fncUoDsl  parts  less  than  flRy  cents  of  tbe  principal 
snm  we  disregarded;  and  frscUonal  parts  fltt;  cents  or  greater  are  compnted  as  one  dollar. 


sa.  Find  tbe  cask 
interest  at  6;^. 


Pbobleus. 

of  the  following  acconnt,  Nov.  10,  : 


23.  Find  the  cash  balance  of  the  following  acconnt,  Dec.  1,  1886, 
mterest  at  1^. 
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24.  Find  the  cash  balance  of  the  following  account,  Nov.  1,  1888, 
interest  at  6^. 


J2i< 


J/wt^t 


'/ 


99  9f 


91  99 


99  99 


<3  ..  \/^^<^ 


^» 


//& 


¥6 


yfff 


/dyycadAf 


99 


99 


6<^ofo 


v.    AVERAQINQ   ACCOUNTS  SALES. 

SS5m  An  acanint  sales  is  a  statement  of  account  made  by  an  agent 
to  a  consignor,  showing  the  merchandise  sold,  expenses  paid  by  him, 
and  his  commission. 

a.  Expenses  include  freight,  cartage,  storage,  insurance,  advertislDg,  etc. 

h.  The  commission  is  sometimes  increased  by  an  extra  per  cent  on  credit  sales, 
for  guaranty,— f.«.,  for  the  agent's  aBsuming  all  losses  from  bad  debts. 

SSQ*  Averaging  accounts  sales  is  based  upon  the  following 

BusixBss  Pbinoiples. 

I.  An  agent  U  entiUed  to  interest  on  money  advanced  by  him  on  behalf 
of  his  principal. 

IL  An  agent  may  pay  himself  this  interest  by  retaining  the  proceeds 
of  the  sale  according  to  an  average  of  (zccounts. 

UL  The  date  on  which  an  agent^s  fees  are  due  is  that  of  the  average 
of  the  sales. 
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Pboblems. 

25.  Account  sales  of  1,840  barrels  of  flour  received  June  1,  1886, 
from  Minneapolis,  Minn. 


jlii/m/ 


»f 


/ 

/ 


Cuc^  / 


/fd'^fj^ 


Am/ i/^^ /^^4<  Ji  yUr^' yC€ri^ 


// 


*/ 


// 


oT^iir 


*/ 


—  —       */ 


—  — .        /^ 


^ ., 


V 


What  are  the  net  proceeds  of  the  above  account,  and  when  due  ? 
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Notes.— 1.  All  fractions  of  weeks  are  connted  full  weeks  in  computing  storage. 
2.  The  steps  in  the  solation  of  the  foregoing  problem  ore 

(1)  Extend  all  items  to  commission. 

(2)  Average  the  sales  alone  to  find  the  date  of  commission  and  guaranty. 

(8)*  Find  commission  on  the  total  of  the  sales. 

(4)  Make  the  sales  the  Dr.  side  of  an  account,  and  the  charges  the  Gr.  side,  and  average 
this  account  for  the  date  on  which  the  net  proceeds  are  due. 

Pat  the  following  narratives  in  the  form  of  acconnts  sales,  and  find 
in  each  the  net  proceeds  and  the  equated  time  of  payment: — 

26.  J.  O.  Wilcox  of  Denver,  Col.,  sold  for  account  and  risk  of  Arnold, 
Constable  and  Co.  of  New  York  City,  the  following : — 1886,  Aug.  8,  7  pc, 
summer  silks,  273  yd.,  @  $  .68 ;  Aug.  16,  5  pc.  blk.  silk,  217  yd.,  @  $1.26; 
Sept.  5,  29  pc.  French  sateens,  1,392  yd.,  @  23^ ;  Sept.  11,  23  pc.  alpaca, 
874^  y^«>  @  48^;  Oct.  3,  17  pc.  diagonals,  691  yd.,  @  71^.  The  charges 
are, — ^Aug.  2,  freight  and  cartage,  $53.89 ;  Sept.  1,  fi-eight  and  cartage, 
$29.33  ;  Aug.  4,  advertising,  $18.75 ;  commission,  3^. 

27*  EUwood  E.  Potter  of  Phila.,  Pa.,  sold  for  account  of  Allen  Bro's 
of  Battle  Creek,  Mich.,  the  following: — 1888,  Nov.  1,  800  bu.  of  potatoes, 
@  64^;  Nov.  13,  550  bu.  @  68^;  Nov.  28,  1,200  bu.  @  57^ ;  Deo.  12, 
1,460  bu.  @  61^ ;  Dec.  20,  910  bu.  @  63^ ;  Jan.  14,  1889,  1,025  bu.  @ 
68^.  The  charges  are, — 1888,  Oct.  20,  freight,  $98.50 ;  Nov.  22,  freight, 
$118.43;  Jan.  14,  1889,  storage,  $82.25;  commission,  5^;  guaranty  on 
a  bill  of  $430,  at  1^^. 


SECTION  rii. 

PARTNERSHIP 


3S7m  A  parinership  or  company  is  an  association  of  persons  for 

the  transaction  of  any  business. 

A  flrm,  firm -name,  or  Jiouse  is  the  name  under  which  a  partnenhip 
business  is  transacted. 

5S8»  Partners  are  the  persons  associated  in  a  partnership  or  com- 
pany. 
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5o9»  Partners  are  active  or  sUenty  general  or  tpeciai. 

a.  An  €ictive  partner  is  one  who  takes  an  active  part  in  the  management 

of  the  business. 

&.  A  silent  partner  is  one  who  furnishes  capital,  and  shares  in  the  profits 
and  losses,  but  takes  no  active  part  in  the  management  of  the  business. 

c.  A  general  partner  is  one  who  is  responsible  for  the  debts  of  the  com- 

pany to  the  amount  of  his  entire  property. 

d.  A  special  partner  is  one  whose  responsibility  is  limited  to  a  certain 

amount  specified  in  the  written  articlea  cf  partTierMp. 

Unless  specified  to  the  contrary  in  the  written  articles  of  partnership,  in  common 
law  the  partners  share  equally  in  the  profits  and  losses  of  business,  without  regard  to 
their  contributary  shares  of  the  capital  or  stock  of  the  company.  Hence,  in  drafting 
arti6U%  of  partnership,  grectt  care  shauld  be  taken  to  state  all  the  details  clearly  and 
minutely, 

S60*  Partnerships  are  general^  special^  and  limited. 

a*  A  general  partnership  is  one  in  which  the  property  of  the  company  and 
the  private  property  of  each  partner  are  liable  for  the  debts  of  the  company. 

b.  A  limited  partnership  is  one  having  one  or  more  general  partners,  and 

one  or  more  special  partners.  Each  special  partner  is  responsible  only 
to  the  amount  of  his  contributary  share  of  the  capital  for  the  debts  of  the 
company,  in  case  of  failure. 

c.  A  special  partnership  is  one  having  one  or  more  general  partners,  who 

furnish  a  stipulated  amount  of  the  capital,  and  are  liable  for  only  that 
amount  of  the  debts  of  the  company  in  case  of  failure. 

The  laws  relating  to  limited  partnerships,  In  most  of  the  States,  reqalrc  that 

!•  The  articles  of  partnership  must  bo  in  writing,  must  be  signed  by  all  the  partners, 
aod  must  be  recorded  in  a  specified  public  office. 

2»  There  mnst  be  at  least  one  general  partner. 

3»  Special  partners  can  take  no  active  part  in  the  management  of  the  business,  and 
their  names  mnst  not  appear  In  the  firm-name. 

4»  The  amount  of  capital  that  each  special  partner  contributes  must  be  actually  paid 
in,  and  notice  of  the  same  must  bo  duly  advertised. 

An  omission  of  any  one  of  these  requirements  makes  the  partnership  a  general  part- 
oershlp. 

S61»  Capital  or  stock  is  the  money^  or  its  eqaivalent^  invested  in 
any  business. 

a.  Ckipital  may  be  money,  real-estate,  personal  property,  time,  labor,  or  skill. 

5.  Hesaurees  or  assets  are  the  entire  property  of  a  company,  including 
capita]  and  all  demands  in  its  favor. 

c.  lAaMlUies  or  obligations  are  the  entire  indebtedness  of  a  company,  or 
all  demands  against  it. 
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d»  Ket  capital  or  8urplU8  is  the  excess  of  resources  over  liabilities. 

6«  A  de/lcU  is  the  excess  of  liabilities  over  resources. 

/•  When  the  resources  of  a  company  exceed  the  liabilities,  the  company  is 
solvent;  when  the  liabilities  exceed  the  resources,  the  company  is  in^ 
solvent  or  bankrupt. 

S62»  Net  gain  or  loss  is  the  difference  between  the  total  gains  and 

the  total  losses. 

Gains  and  losses  are  shared  among  the  partners  according  to  the  stipulations 
and  conditions  of  the  articles  of  partnership.  If  no  stipulations  are  men- 
tioned, they  are  divided  equally. 

S63*  Dividends  are  the  profits  divided  among  the  partners  of  a 
company. 

S64»  Assessments  are  the  sums  to  be  paid  by  the  partners  of  a 
company,  to  meet  expenses  or  cover  losses. 

56S*  In  partnership  business,  profits  and  losses  are  commonly  com- 
puted (1)  by  fractional  parts;  (2)  by  percentage;  or  (3)  by  propor- 
tion,— as  shown  in  the  solutions  of  the  three  questions  in  the  following 

Example. — R,  T,  and  W  form  a.  partnership  for  manufacturing  win- 
dow sash,  doors,  and  blinds.  In  the  written  articles  of  partnership  it  is 
stipulated  that  the  cash  capital  shall  be  $10,000,  of  which  B  shall  fur- 
nish $2,500,  T  $3,500,  and  W  the  remainder;  and  that  the  profits  and 
losses  shall  be  shared  by  the  partners  severally  according  to  their  pro- 
portionate shares  of  the  capital.    Each  partner's  share  of  the  whole  gain 

1.  Is  what  fractional  part  of  the  whole  gain  or  loss  ? 

2.  Is  what  per  cent  of  the  whole  gain  or  loss  ? 

3.  Is  what  proportional  part  of  the  whole  gain  or  loss  ? 

Solutions. 

(1) 
R^s  stocky  $2,60  0        jR^s  fractional  part  of  stocky  rfi^d^  =  i 

w's  "     UyOoo     w's    "        «  "    "   ^vyw  =  f 

Total''    %10yOOO  Hencey 

of  the  total  gains  or  losses,  H^s  fractional  part  is  |^,  T^s  fractional  part 
is  /y,  and  W^s  fractional  part  is  f. 
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(2) 

Bh  sUxJc  U  -ff^  =  i  ^.25^26^0/  entire  capital; 

^'«    "     "  7VW5f=  i  ^.hO^^Oi  "      "  "  JETence, 

q^  ^  toto/  ^a»n«  or  laasesy  Ji^s  share  is  26^^  T^s  share  is  35fiy  and  W^s 
share  is  40^, 

(3) 

U'5  Stock  is  -fi^fjs  -=,  fy  of  entire  capital; 

W's    «     «  7VyW  =  A  "      " 
jSmee  «Ae  entire  capital  w  (^  +  /^  +  ^  =)  |^,  <>/^  t(?AicA  -B'*  par^  w  A> 
7'«  /^y  ^^^  ^'^  /ffi  tfie  proportionate  shares  of  the  total  gains  or  losses 
of  the  several  partners  are  as  foUotos : — 

Ji^s  share  of  gains  or  losses  i  the  total  gains  or  losses  ::  o  :  20 
T^s  share  of  gains  or  losses  :  the  total  gains  or  losses  : :  7 :  20 
W^s  share  of  gains  or  losses  :  the  total  gains  or  losses  ::  8 :  20 

S66m  The  methods  of  computation  employed  in  distributing  divi- 
dends and  apportioning  assessments  are  based  upon  the  following 

Impobtant  Facts. 

Each  partner^s  share  of  a  dividend  or  assessment 

L  Is  such  a  fractional  part  of  \  las  his  share  of  the  capital  isfraC' 
the  vohole  dividend  or  assessment     )  ( tional  part  of  the  whole  capital, 

IL  Is  such  a  per  cent  of  the)  i as  his  share  of  the  capital  is  per 
vohole  dividend  or  assessment  )  ( cent  of  the  whole  capital. 

nL  Is  to  the  whole  dividend  or )  J  cm  his  share  of  the  capital  is  to 
assessment  )lthe  whole  capital 

Pboblsms.  . 
!•  BrowUy  Smith,  Holt,  and  Perry  were  in  partnership  with  a  capital 
as  follows:  Brown  $41,000,  Smith  $58,000,  Holt  $93,000,  and  Perry 
$95,000.  They  gained  in  one  year  $14,568,  which  they  shared  in  pro- 
portion to  their  shares  of  the  capital.  The  gain  was  added  to  the  capi- 
tal at  the  end  of  the  year.  What  was  each  partner's  interest  at  tire 
beginning  of  the  second  year  ? 

X 
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2.  M,  N,  P,  and  Q  form  a  partnership  for  the  manufacture  of  glass, 
M's  share  of  the  capital  is  fSS^SOO,  NV  share  $62,0009  P's  $93,000,  and  Q's 
$98,000.  They  gain  $14,568.  After  A  receives  $1,800  for  managing  the 
business,  the  profits  are  divided  among  the  partners  in  proportion  to  their 
shares  of  the  capital,  and  the  net  gain  is  added  to  the  capital.  How  much 
is  each  partner's  share  of  the  capital  at  the  beginning  of  the  second  year? 

3.  Jan.  1  three  men  form  a  partnership  in  the  milling  business.  The 
first  invests  $6,500,  to  which  he  adds  $800  at  the  end  of  7  months.  He 
withdraws  $650  at  the  end  of  9  months.  The  second  invests  $4,500,  and 
at  the  end  of  each  3  months  withdraws  $400.  The  third  invests  a  cer- 
tain sum,  and  at  the  end  of  4  months  -f^  as  much  more,  and  from  the 
sum  of  these  investments  ($4,900)  he  withdraws  $1,800  at  the  end  of  the 
eleventh  month.  The  average  monthly  profits  of  the  business  are  $340, 
which  are  shared  among  the  partners  at  the  end  of  the  year  according 
to  each  one's  share  of  the  capital  and  the  length  of  time  it  remained  in 
the  business.    What  is  each  partner's  share  of  the  gain  ? 

4.  Sept.  1  D,  E,  and  F  began  the  manufacture  of  wagons  with  a  joint 
capital  of  $45,000,  30^  of  which  was  D's,  45^  E's,  and  the  remainder 
F's.  If  the  profits  of  the  business  exceed  $12,000  per  year,  \  of  the 
excess  is  to  be  given  to  the  employes ;  and  if  the  profits  exceed  $15,000 
per  year,  the  employes  are  to  receive  an  additional  \  of  the  excess  over 
$15,000.  The  profits  of  the  business  the  first  year  were  $16,570.  What 
was  each  partner's  share  in  proportion  to  his  investment  ? 

5*  A,  B^  and  C  owned  an  iron  foundery  from  which  their  profits  in 
one  year  were  $50,464.50.  A's  capital  was  $90,000,  \  of  which  was 
equal  to  ^  of  B's  and  \  of  C's.  What  were  B's  and  C's  shares  of  the 
capital  ?  What  was  each  partner's  share  of  the  profits  divided  on  the 
basis  of  investments  ? 

6»  Brooks  and  Boss  began  the  manufacture  of  shoes  June  1.  Brooks's 
investment  was  $9,700  made  June  1.  Ross's  was  $10,300,  made.  July  1. 
Each  man  received  b^  interest  on  the  sum  invested.  They  gained  $5,640 
in  one  year.  How  shall  the  gain  be  divided  between  Brooks  and  Boss, 
paying  Brooks  $750  for  services,  and  Ross  $540  ? 
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7*  Tho  claims  allowed  by  the  administrator  of  an  estate  of  $90,000 
were,  for  the  widow,  \ ;  for  each  of  two  sons,  ^ ;  for  each  of  three 
daughters,  \.  After  deducting  \^  of  the  estate  for  expenses  in  settle- 
ment, how  much  should  each  claimant  receive  ? 

8w  H,  I,  and  J  in  company  invested  $72,000  in  stocks,  of  which  sum 
J  invested  $25,000.  H  took  $8,400,  and  I  $2,500  of  the  profits.  How 
much  did  U  and  I  invest  respectively  ?  and  how  much  is  J's  gain  ? 

9.  August  1  two  men  entered  into  partnership  in  canning  and  evap- 
orating fruit, — with  a  paid-up  capital  of  $13,500.  Before  beginning 
business  they  admitted  two  other  partners,  who  purchased  ^  interest, 
one  paying  $3,500  and  tho  other  $3,000.  The  firm  lost  $1,300,  which 
was  shared  in  proportion  to  their  shares  of  the  capital.  How  much 
did  each  partner  lose  ? 

10.  Three  drovers  hired  a  pasture  for  a  season  of  six  months,  for 
which  they  paid  $360.  They  agreed  to  pay  in  proportion  to  the  number  of 
animals  pastured,  allowing  3  sheep  to  equal  2  calves ;  7  calves  to  equal  2 
horses ;  and  3  cows  to  equal  5  horses.  At  the  beginning  of  the  time  one 
put  in  90  sheep  and  17  calves;  another  16  horses,  20  calves,  and  9  sheep; 
and  the  third  25  cows,  4  horses,  18  calves,  and  12  sheep.  At  the  end  of 
the  2d  month  the  second  man  took  out  15  calves  and  4  sheep,  and  put  in 
12  cows.  At  the  end  of  the  dd  month  the  third  man  put  in  7  calves  and 
took  out  19  cows.  At  the  end  of  the  5th  month  the  first  man  took  out  75 
sheep  and  13  calves.    How  much  of  the  rent  ought  each  partner  to  pay  ? 

11»  A,  B,  and  C  enter  into  partnership  for  five  years  to  manufacture 
fine  shoes,  on  the  following  conditions : — Each  partner  invests  $10,000, 
and  is  to  receive  6^  interest  on  all  sums  that  he  shall  have  invested 
from  year  to  year,  in  excess  of  the  lowest  amount  remaining  in  the  busi- 
ness to  the  credit  of  any  one  of  them ;  A  is  to  receive  $800  per  annum 
from  the  profits  on  account  of  his  superior  knowledge  of  the  business ; 
and  each  partner  is  entitled  to  draw  annually  from  the  business  a  sum 
not  to  exceed  $1,800 ;  all  other  profits  are  to  remain  in  the  business 
and  are  to  bo  added  to  the  capitals  They  drew  from  the  business  as 
follows : — 
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Iflt  yr.  Sd  yr.  Bd  yr.                    4tb  yr.  6th  yr. 

A     tljeiS.lS  ♦1,470.10  $1,775  ♦l,5S1.75  $1,712.90 

B        1,200  1,652.90  1,337.50           1,617.68  1,465.43 

C        1,520.85  1,340  1,610.48           1,283.05  1,362.37 

Required  each  partner's  interest  at  the  close  of  the  term,  the  net  capital 
being  $47,214.77. 

567 •  PupilA  Bbould  now  be  required  to  axrange  the  proper  fozmnlaB  for 
all  the  oasea  in  each  aubject  in  Percentage  in  "which  per  cent  ia  a  compound 
element  The  title  for  theae  outUnea  will  be  OUTLINES  FOR  Alili  THE 
FORMUIJB  IN  PERCENTAGE  IN  WHICH  PER  CENT  IS  A  COM- 
POUND ETiElVi  r%tk%  and  the  general  form  wlU  correapond  to  that  given  on 
page  265. 

Theae  two  aeta  of  outUnea — the  one  given  on  page  265,  and  the  one  pre- 
pared in  accordance  with  the  above  directiona — ^will  form 

A  COMPLETE  CHART  OF  ALL  THE  PROCESSES  IN  PERCENTAOE 


SECTION    VIII. 

REVIEW. 

S68.    PBOBLEBiS. 

1.  June  24, 1887, 1  bought  a  mill  for  $2,240  cash  and  a  7j^  mortgage 
for  $5,760.  Jan.  1,  1890, 1  paid  the  mortgage.  How  much  was  the 
payment  ? 

2.  How  mnch  is  the  interest,  in  this  State,  on  a  moi*tgage  for  $2,750 
for  3  yr.  6  mo.  20  da.  ? 

3m  An  estate  that  is  divided  between  a  widow  and  her  son  yields  a 
yearly  income,  at  5^,  to  the  widow  of  $1,325.75,  and  to  the  Bon  of 
$1,025.    What  is  the  value  of  the  estate  ? 

4.  The  difference  between  the  interest  of  $600  and  $750  at  5^  is 
$18.75.    What  is  the  time  ? 

5.  A  college  received,  by  will,  $50,000  to  endow  a  professorship,  the 
endowment  being  payable  $12,500  in  6  months,  $20,000  in  1  year,  and 
the  remainder  in  3  years.  How  much  ready  money  should  a  banker 
pay  the  college  for  the  endowment,  money  being  worth  A^  ? 
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6.  Required,  the  difference  between  the  true  and  the  bank  discount 
on  $200  for  1  yr.  6  mo.  12  da.,  at  6fi. 

7*  A  pension  of  $96  per  year  is  4  years  in  arrears.      Find  the 
amount  now  due,  at  5^  compound  interest. 

S*  What  investment  in  Baltimore  6^  water  bonds  bought  at  9d|, 
brokerage  \^^  will  pay  the  interest  of  $5,270  at  7^  ? 

9,  A  Charleston,  S.  C,  merchant  paid  $890,  which  sum  was^  the 
amount  of  a  note  for  $825.     How  long  had  the  note  run  ? 

10.  A  Connecticut  farmer  mortgaged  his  farm  for  $3,125,  and  loaned 
the  money,  through  a  Western  Loan  Association,  on  real  estate  in  Den- 
ver, Colo.,  for  3  yr.  3  mo.  18  da.    How  much  were  his  profits  ? 

11.  At  5^,  what  principal  will  amount  to  $1,477.59  from  April  8, 
1887,  to  Sept.  5,  1889? 

12.  Find  the  equated  time  for  the  payment  of  $120  due  in  8  mo., 
$150  due  in  1  yr.,  $500  due  in  1  yr.  3  mo.,  and  $100  due  in  1  yr.  9  mo. 

13»  255^  of  a  note  that  I  took  in  payment  for  goods  was  profit,  and  I 
sold  the  note  at  10^  discount.  What  per  cent  net  profit  did  I  realize 
on  the  goods  sold  ? 

14.  Memorandum. — ^Note  for  $1,245,  dated  Springfield,  Mass.,  June 
10,  1887.  Indorsements:  May  10,  1888,  $125;  Sept.  22,  1888,  $11.50; 
July  10,  1889,  $21;  Jan.  22,  1890,  $165;  Sept.  10,  1891,  $154.  Taken 
up,  Jan.  10,  1892.    How  much  was  the  last  payment  ? 

Required, 

15.  The  interest  of  $17,650  for  4  yr.  3  mo.  15  da.,  at  5^. 

16.  The  amount  of  $815.87  from  May  5,  '81,  to  Apr.  8,  '82,  at  85^. 

17.  The  rate  of  interest  at  which  $800  will  gain  $30  in  10  months. 

18.  The  principal  that  will  gain  $42.50  in  3  yr.  4  mo.,  at  7^. 

19.  The  time  in  which  $900  will  gain  $75  interest  in  this  State. 

Find  the  bank  discount  on,  and  the  proceeds  of 

20-23.  $350     )  , .    .     (  90  da.  )    .  Mj^. 

V  payable  m  -{  v  at  •< 

24-27.  $7,128  [  (  4  mo.  20  da.  )        (  1%. 
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Find  tho  compound  interest,  at  6^,  of 

28  "31.  $590  )  .      (  3  yr.  6  mo.  )  _   ,  (  quarterly. 

v-  for  ^      •'  V  compounded  i^  ^ 

32-35.  $266  )         (  4  yr.  9  mo.  )  (  iemi-annually. 

^6*.  I  have  a  mortgage  for  $5,325  due  in  1  yr.  6  mo.  21  da.,  at  5^ 
simple  interest.  A  banker  discounts  the  mortgage  for  me  at  8^,  and  I 
loan  the  proceeds  on  real  estate  security  in  Kansas,  at  the  highest  legal 
rate  of  interest.     What  are  my  net  profits  ? 

37.  For  a  horse,  wagon,  and  harness  I  am  offered  $350  cash  or  a  note 
for  $370  due  in  1  yr.  10  mo.  22  da.  Money  being  worth  7^  interest, 
which  is  the  better  offer,  and  how  much  the  better? 

38.  What  is  the  present  worth  of  a  debt  of  $912.48  due  in  10} 
months,  discounted  at  8^  true  discount? 

30.  At  6^  per  annum  what  is  the  difference  between  the  interest  of, 
and  the  true  discount  on  $325.25  for  1  yr.  10  mo.  15  da.  ? 

40.  Find  the  equated  time  for  the  payment  of  $1,000  cash,  $1,187.50 
in  4  mo.,  $788.33^  in  9  mo.,  and  $394.16}  in  1  yr. 

41.  Thie  proceeds  of  a  note  payable  in  90  days,  at  6^,  were  $505. 
What  was  the  face  of  the  note  ? 

42.  B  in  St.  Paul  draws  on  C  in  Memphis  for  $2,500  at  20  days'  sight, 
and  a  St.  Paul  bank  cashes  the  draft.  Exchange  on  Memphis  being  at 
2}^  discount,  what  sum  does  B  realize  ? 

43.  Find  the  present  worth  of  a  6%  mortgage  for  $8,650  due  2  yr.  7 
mo.  hence,  if  discounted  at  7^  true  discount. 

44.  A  broker  boiTows  $500  of  a  banker  for  90  days  and  pays  1^^  per 
month.    For  what  sum  must  the  broker  give  his  note  ? 

45.  What  are  the  proceeds  of  a  60-day,  bankable  note  for  $800,  dis- 
counted at  7^  ? 

46.  I  owe  $1,000  to-day,  and  I  obtain  a  discount  at  a  bank  for  60 
days,  at  8^,  and  pay  the  debt.    For  what  sum  do  I  draw  my  note  ? 

47.  Find  the  discount  on,  and  the  proceeds  of  the  following  note : — 
TJJo  Pkovidbkcb,  R  L,  Nov.  10, 1889. 

Ninety  days  after  date  I  promise  to  pay  to  the  order  of  Jamks 
R.  Parsons  Three  Hundred  JFbrty  Dollars  at  the  First  National  Bank 
in  this  city,  for  value  received,  Walter  Wilson. 
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48*  What  is  the  cash  value  of  an  8^  mortgage  for  $616.25  dae  5 
years  hence,  at  5^  bank  discount  ? 

49*  When  money  is  worth  10^,  I  sell  a  note  for  $1,137.22  payable  in 
8  mo.  9  da.,  interest  after  3  mo«    How  much  do  I  receive  for  the  note  ? 

60.  A  banker  discounts  a  claim  due  in  2  mo.  10  da.,  and  charges  8^. 
The  discount  is  $34.73.    What  is  the  amount  of  the  claim  ? 

51m  In  what  time  will  $500  amount  to  $872,  at  5^  simple  interest  ? 

Find  the  true  discount  on  the  following  bills  of  exchange  on  Lon- 
don, exchange  at  par : 

Face  Drawn  Diaconnted 

62.  £250   128.  6d.        Mar.  6  at  6  mo.,         July  15,  at  5^. 

53.  £47     18s.  Jan.  14  at  4  mo.,         Apr.    1,  at  4^. 

54.  £432   10s.  4d.        Feb.  20  at  90  da.,        Mar.  30,  at  3|^. 

55.  On  arriving  in  New  York  from  a  European  tour  a  lady  sold  to  a 
Nassau  St.  Banking  House  the  following  bill  of  foreign  coins : 

4  20-Franc8  ®  $3U  Find  the 

£6    10s.  English  coins  @  4^^  value  in  U.  S. 

3  Marks  ®  26^  money. 

1|  Francs  @  19^ 

56.  The  books  of  account  of  S  and  W  show  that 

S  owes  W  W  owes  S 


$436.70  due  Jan.  6 
218.65  "  Feb.  2 
169.28     "    Apr.   13 


$148.37  due  Jan.   29 

173.19     "  Feb.  25 

587.23     "  May     7 

321.57     "     Aug.  29.  258.—     "  Sept.  30. 

Make  a  copy  of  the  account  as  it  appears  on  W's  books,  average  the  % 
and  find  the  cash  balance  Nov.  1,  at  6^  interest. 

57.  If  you  buy  bills  of  goods  as  follows : — Aug.  Id,  $l23  on  4  mo. ; 
Sept.  23,  $356  on  6  mo. ;  and  Oct  3,  $270  on  3  mo. ; — and  give  your  note 
dated  Nov.  25  for  the  payment  of  the  sum  total  at  the  equated  time, 
and  then  discount  your  note  at  bank  at  6ji(,  how  much  cash  will  you  pay  ? 
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Date  of  note,  Oct.  19,  1888 ;  face,  $1,290 ;  rate  of  interest,  6^.  In- 
dorsements,— Jan.  21,  1889,  $25;  May  30,  1889,  $250;  Sept.  1,  1891, 
$575.    Required,  the  sum  due,  Dec.  5,  1891.         (See  Supplement,  page  447.) 


S8.  By  the  U.  S.  Court  Rule. 
59^  By  the  Yermon4i  Rule. 


60^  By  the  New  Hampshire  Rule. 
^1.  By  the  Connecticut  Rule. 

62,  Find  the  annual  interest  of  $854  for  4  yr.  8  mo.  24  da.  at  5^. 

63»  Find  the  interest  on  a  U.  S.  3^^  bond  of  $5,000  from  June  4  to 
September  28. 

64.  A  clerk  deposits  $50  quarterly  in  a  savings-bank,  and  the  rate 
of  interest  paid  is  4^^  payable  quarterly.  How  much  money  has  he  on 
deposit  at  the  end  of  3  years  ? 

65.  What  is  the  exact  interest,  at  6^,  of  $1,275  from  Jan.  9  to  May  7  ? 

66.  Five  cents  per  day  is  the  income  of  what  principal,  at  *l%  per  annum  ? 

67 "71.  In  what  time  will  any  sum  of  money  double  itself  at  Ij^  sim- 
ple interest  ?    At  4j^  ?    At  6j<  ?    At  7j<  ?    At  3^^  ? 

72.  How  much  longer  time  will  be  required  for  any  sum  of  money 
to  double  itself  at  5^  compound  interest  than  at  7^^  simple  interest? 

73*  In  how  much  time  will  I  pay  a  sum  equal  to  the  face  of  a  debt, 
if  I  pay  f  ^  per  month  ? 

74.  Find  the  cash  balance  of  the  following  account,  June  12,  1888, 
interest  at  5<^-: 


y/€md^ 


//^/ 


f9 


9* 


»* 


yJZ4m./fcf7^ 


9i 


// 


9t 


//O 


^ff 


MM 


V 


*t 


*J 


99 


■ 


/7S 


EEVIEW.-'PBOBLEMS.  829 

75.  A  contractor  paihtfl  a  church  for  $700  payable  in  7  equal  semi-an- 
nual iustalmentSy  interest  at  ^^  included.    How  much  is  each  instahnent  ? 

76.  What  is  the  present  value  of  the  claim  in  problem  50,  if  dis- 
X  counted  at  10^  per  annum  true  discount  ? 

77*  If  from  the  age  of  14  to  18  years  yon  save  20f  per  week,  and 
from  the  age  of  18  to  21  years  45 j(  per  week,  and  deposit  your  money 
in  a  savings-bank  that  allows  Z^  interest,  payable  quarterly,  how  much 
money  will  you  have  on  deposit  when  you  are  21  years  old? 

78.  My  salary  of  $50  per  month  remains  unpaid  at  the  end  of  the 
year.  How  much  is  due  to  me,  if  I  receive  65^  interest  on  each  month's 
salary  after  it  is  due  ? 

79.  A  6^  mortgage  for  $500,  dated  Oct.  15, 1887,  was  sold  Apr.  15, 1889, 
for  a  sum  that  netted  the  seller  8^.  How  much  was  paid  for  the  mortgage  ? 

80.  I  sold  a  city  lot  of  25  feet  front  at  $250  per  front  foot, — ^terms, 
one  fourth  cash  and  the  remainder  in  3  equal  annual  payments,  with 
interest  at  5^,  secured  by  mortgage.  The  same  day  I  sold  the  mortgage 
at  6^  true  discount.    How  much  cash  did  I  receive  for  the  property  ? 

81.  B  loans  $2,000  for  2^  years  at  8^^,  and  W  loans  an  equal  sum 
at  8^,  but  collects  his  interest  semi-annually,  and  loans  that  also  at  8^. 
Which  person  has  the  greater  amount,  principal  and  interest,  at  the  end 
of  the  2^  years,  and  how  much  the  greater  ? 

82.  I  take  a  lease  of  a  store  for  8  years  at  $650  per  year,  and  pay 
the  amount  in  advance  at  a  true  discount  of  7^.  At  the  same  time  I 
deposit,  in  a  savings-bank,  a  sum  the  compound  interest  of  which,  at  4^, 
interest  payable  quarterly,  will,  at  the  end  of  the  8  years,  equal  the 
present  cash  value  of  the  lease.    What  sum  do  I  deposit  ? 

83.  A  tradesman  whose  house-rent  is  $360  per  year,  buys  the  house 
for  $3,750,  agreeing  to  pay  $360  at  the  end  of  each  year,  and  to  allow  5^ 
interest  on  each  unpaid  balance.    In  what  time  will  he  pay  for  the  house  ? 

84.  Allowing  65^  compound  interest,  what  is  the  present  worth  of  a  paid- 
up  lease  that  has  4  years  to  run,  if  the  property  rents  for  $2,000  a  year  ? 

85.  Memorandum. — Burlington,  Iowa,  May  25,  1888.  Bought  city 
lots  for  $3,250,  and  paid  cash,  $800.  Nov.  10,  paid  $500;  Aug.  26, 
1889,  paid  $750.    How  much  did  I  owe  June  18,  1890? 
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86.  Memorandum. — Fort  Wayne,  Ind.,  Jnly  17,  1884,  I  gave  my 
note  for  $1,675  with  interest.  I  paid  $200  Dec.  11;  |50  Jane  21, 1885 ; 
t50  Sept.  3,  1885;  $175  April  14,  1886;  $175  Nov.  1,  1886;  $30  Feb. 
15, 1888;  $125  June  13,  1888;  and  $290  Oct.  25, 1888.  How  much  was 
due  March  28,  1889  ? 

87*  Memorandum. — Face  of  mortgage,  $4,500.  Dated  at  Fre- 
mont, Neb.,  Jan.  15,  1885.  Indorsement,  June  1,  1888,  $2,000.  Paid 
in  full,  Jan.  2,  1890.    How  much  was  the  final  payment? 

88.  July  10,  1887.  Edward  Haynes  of  Denver,  Colo.,  borrowed  of 
Robt.  St.  Clair  of  the  same  city  $2,000,  giving  his  note  ''on  demand*' 
at  1^^  per  month  interest.  Aug.  17,  '89,  H.  paid  $700,  and  Dec.  2  he 
paid  $75.  Write  the  note,  make  the  indorsements,  and  compute  the 
amount  due  May  15,  1890. 

89.  A  public  highway  200  rods  long  and  4  rods  wide  is  laid  across  a 
farm,  and  the  land  is  appraised  at  $62.50  per  acre.  It  costs  the  owner 
$125  to  fence  the  road,  and  the  fence  must  be  renewed  every  15  years. 
Money  being  worth  6^  compound  interest,  what  damages  should  the 
farmer  receive  ? 

S69.  TEST  QUBSTZONa 

PupilA  Bhotild  now  be  required  to  prepare,  in  aets  of  ten  each,  thirty  test 
questions  on  that  part  of  Percentage  in  which  the  per  cent  is  a  simple  de- 
ment, thirty  questions  in  whioh  the  per  cent  is  a  oompoand  element,  and 
twenty  questions  covering  the  contents  of  the  entire  Chapter. 

S70.   BLACKBOARD  OX7TLINEB. 

Pupils  should  be  required  to  prepare  complete  outlines  fior  review  of  the 
entire  sul^jeot  of  Percentage. 
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CHAPTER  IX. 

MEASUREMENTS. 

S69»  Mensuration  is  the  process  of  determining  the  number  of 
units  of  extension  in  any  magnitude,  by  measurement  or  by  computation. 

S70m  Impobtant  Fact. — The  mcUhemaiical  dimetmojis  of  eurfaces 
and  solids  extend  at  right  angles  to  each  other. 

S71m  Ih  business  transactions,  quantities  and  values  are  associated 
with  certain  units  suited  to  the  various  departments  of  business. 

In  estimating  materials  and  kbor  the  following  units  are  used : — 

1.  Square  foci, — ^f or  stone-cutting,  flagging,  lumber,  and  masonry. 

2.  Board  foot,  i.  6.,  ^^  of  a  cubic  foot, — for  sawed  timber,  and  for 
lumber  more  than  1  inch  thick. 

3.  Square  yard, — for  painting,  pla^ering,  ceiling,  paving,  bricklay- 
ing, and  masonry. 

4.  Square,  ».e.,  100  square  feet, — for  flooring,  roofing,  and  bricklaying. 

5.  Bunch  of  lath, — 100  pieces,  each  4  feet  long. 

a.  In  estimating  tntUched  lumber  |  is  added  to  the  surface  measure. 

6.  Shingles  are  estimated  to  average  4  inches  wide  across  the  butt.  A  shingle 
is  9aid  to  be  "laid  to  the  weather"  the  length  of  that  portion  not  covered 
by  the  next  succeeding  course  of  shingles  on  the  roof. 

e*  1,000  shingles  are  estimated  to  cover  a  square. 

d.  In  estimating  brick  walls  by  surface  measure,  they  are  supposed  to  be  1^ 

bricks  thick. 

e.  A  bunch  of  lath  is  estimated  to  cover  5  square  yards. 

6.  Cubic  foot, — ^for  bricklaying,  masonry,  and  hewn  or  round  timber. 

7.  Cubic  yard, — for  heavy  masonry,  excavations,  and  embankments. 

8.  Brick, — of  different  sizes,  as  follows : 
Common       brick,  8    x  4    x  2    in. 
Maine  "       7i  X  3f  x  2f  " 
North  River    "       8    x  3^  x  2i  " 


Philadelphia  brick  )g^^^^^  2^.^ 
Baltimore         *'      ) 


Milwaukee        '^        8|  x  4|  x  2f 


/•  On  public  works,  a  cubic  yard  of  earth  is  a  standard  load. 
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g.  la  computiog  the  number  of  bricks  in  a  wall,  the  dimensions  of  the  brick 
used  must  be  increased  by  the  thickness  of  the  layer  of  mortar. 

hm  In  computing  the  cubic  contents  of  walls  of  buildings  and  of  foundations, 
the  length  of  each  wall  is  measured  on  the  outside.  Each  comer  is  thus 
measured  twice. 

i.  In  computing  the  capacity  of  bins,  a  cubic  foot  is  either  .8  of  a  bushel  even 
measure,  or  .64  of  a  bushel  heaped  measure. 

J.  In  computing  the  contents  of  mows  and  stacks,  450  cubic  feet  of  hay  (or  if 
well  settled  270  cubic  feet)  are  called  a  ton. 

^7)9«   In  computing  painting,  plastering,  ceilings  bricklaying,  and 
masonryy  the  following  deductions  are  usually  made : — 

1.  Materials, — openings  in  walls — i.  €.,  doors  and  windows. 

2.  Labor, — \  the  openings  and  \  the  comers. 

Materials  are  commonly  estimated  by  solid  measure,  and  the  work  by  either 
solid  or  surface  measure. 


SECTION   I. 

LINES. 

573.  Define,—!.  A  line  (103).     2.  A  straight  line  {103,  a).    3.  A 
curved  line,  or  curve  {103,  5). 

All  mathematical  lines  are  imxiginary  lines.. 

1.  A  straight  line  never  changes  its  direction ;  hence,  to  produce  a 
straight  line  is  to  extend  or  continue  it  in  the  same  direction. 

2.  A  uniform,  curve  is  one  that  changes  its  direction  regularly ; 
A  varying  curve  is  one  that  changes  its  direction  irregularly. 

a.  FartUlel  lines  are  lines  that  are  in  the  same  plane,  extend  in  the  same 
direction,  and  never  meet  however  far  produced. 

5.  Oblique  lines  are  lines  that  lie  in  the  same  plane,  extend  in  different  di- 
rections, and  must  meet  if  sufficiently  produced. 

c.  Horizontal  lines  are  lines  parallel  to  the  plane  of  the  horizon. 

d.  Vertical  lines  arc  parts  of  radii  of  the  earth  or  of  radii  produced. 

e.  A  line  is  perpendicular  to  another  line  when  its  direction  is  at 

right  angles  to  the  direction  of  the  other  line. 
/•  Lines  perpendicular  to  the  plane  of  the  horizon  are  commonly  regarded  as 

vertical  lines. 
g.  The  extent  of  a  line  taken  alone  is  always  measured,— never  compute 
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Draw  a  representation  of 


Exercises. 


1.  A  straight  line. 

2.  Parallel  lines. 

3.  A  vertical  line. 


4.  Obliqae  lines. 

5.  A  horizontal  line. 


7.  A  uniform  curved  line. 

8.  A  varying  curved  line. 

9.  A  straight  line  produced. 


6.  A  broken  line. 

10.  A  line  perpendicular  to  an  oblique  line. 

11.  Three  lines  parallel  to  one  another  and  oblique  to  a  horizontal  line. 
12.  Show  that  vertical  lines  are  never  parallel  to  each  other. 

S74:.  The  units  of  extension  used  in  measuring  lines  arc  the  miiey 
Todj  yardy  foot,  inch,  cAcfiw,  and  link;  also  the  meter,  hand,  fathom,  and 
knot  or  geographic  mile. 


SECTION   II. 

ANGLES. 

S7S.  Define,—!.  An  angle  (114).     2.  A  right  angle  (116). 

a»  An  obtU8e  angle  is  one  that  is  greater  than  a  right  angle. 
6.  An  a>eute  angle  is  one  that  is  less  than  a  right  angle. 

Obtuse  and  acute  angles  are  also  called  nbliqtie  angles. 
€•  A  plane  angle  is  one  formed  by  the  meeting  of  two  straight  lines. 

Plane  angles  only  are  considered  in  this  work. 

d.  Angles  are  measured  by  degrees, — a  degree  being  one  of  the  860  equal 
spaces  about  a  point  in  a  plane. 

An  angle  of  90°  is  ^^,  or  one  fourth,  of  the  space  about  a  point  in  a  plane ; 
and  on  angle  of  60°  is  -ff^,  or  },  of  such  space. 


Draw  a  representation 

1.  Of  a  right  angle. 

2.  Of  an  acute  angle. 

3.  Of  an  obtuse  angle. 

4.  Of  an  angle  of  45^. 

5.  Of  an  angle  of  30^ 

6.  Of  an  angle  of  120''. 


EXEBCISSS. 

Show 

7.  That  a  right  angle  may  be  divided  into  two 
or  more  acute  angles. 

8.  Tliat  an  obtuse  angle  may  be  divided  into  a 
right  angle  and  an  acute  angle. 

9.  That  an  angle  of  40^  added  to  an  angle  of 
50^  equals  an  angle  of  00°. 
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SECTION    III, 
SURFACES. 

S76*  Define  a  plane  surface,  qr  plane  (US). 

A  surface  or  area  has  two  dimensions^  length  and  breadth. 
A  plane  surface  does  not  change  its  line  of  direction  between  any  of  its  points 

577*  A  curved  mirface  is  one  that  changes  its  line  of  direction 
constantly  between  some  or  all  of  its  points. 

a.  The  lateral  surfaces  of  cylinders  and  cones,  and  the  surfaces  of  spheres,  are 
curved  surfaces. 

h.  Land  is  commonly  treated  as  portions  of  a  plane  surface,  in  measuring  its 
dimensions  or  in  computing  its  area. 

c.  The  areas  of  surfaces  are  computed,— not  measured. 

dm  The  units  of  extension  applied  to  area  are  the  CcnonMip,  tectum,  acre,  square 
chain,  and  square  Unk;  square  mile,  square  rod,  square  yard,  square  foot,  and 
square  inch;  square  meter,  ar,  and  hectar;  and  the  square,  t.  e.,  100  sq.  ft. 

Ii78»  A  plane  figure  is  a  plane  surface  or  area  bounded  by  lines  or 
curves,  or  by  a  combination  of  lines  and  curves. 

I.   RECTILINEAR   FIGURES. 
579*  A  polygon  is  a  plane  figure  bounded  by  straight  lines. 

580m  A  regular  polygon  is  one  that  has  all  its  sides  equal. 

a.  All  the  angles  of  a  regular  polygon  are  equaL 

6.  The  perimeter  of  a  polygon  is  the  sum  of  all  its  sides  (».«.,  the  distance 
around  it). 

S81m  A  triangle  is  a  polygon  of  three  sides. 

a.  A  rigJU'angled  triangle  is  one  that  has  one  right  angle. 
5.  An  obtuse^angled  triangle  is  one  that  has  one  obtuse  angle. 
c*  An  acute^angled  triangle  is  one  that  has  three  acute  angles. 
d»  An  equiangular  triangle  is  one  that  has  all  its  angles  equal. 
€m  An  equilateral  triatigle  is  one  that  has  all  its  sides  equal. 
/•  An  isosceles  triangle  is  one  that  has  two  of  its  sides  equal. 
g»  A  scalene  triangle  is  one  that  has  no  two  of  its  sides  equal. 
h»  The  base  of  a  triangle  is  the  side  upon  which  it  is  supposed  to  stand, 
<•  The  vertex  of  a.  triangle  is  the  angle  opposite  the  base. 
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J»  The  aUUude  of  a  triangle  is  the  shortest  distance  between  the  line  of  the 
base  and  the  angle  opposite  the  base.  It  is  always  perpendicular  to  the 
line  of  the  base. 

U.  The  perpendicular  of  a  right  rntigled  triangle  is  the  side  that 
Joins  the  base  at  the  right  angle ;  and 

I.  The  hypotenuae  is  the  side  opposite  the  right  angle. 

In  right-angled  triangles  either  side  about  the  right  angle  may  be  taken  for 
the  base.    In  all  other  triangles  any  side  may  be  regarded  as  the  base. 

lit.  Equiangular  triangles  are  equilateral,  and  vice  versa. 
NoTB.— Altitude  is  a  dimenBion ;  slant  height  is  not    DIstiDgnieh  clearly  between  them. 


Exercises. 


Draw,  and  indic&te  the  base 


1.  Of  a  right-angled  trianglct 

2.  Of  an  isosceles  triangle. 

3.  Of  an  obtuse-angled  triangle. 

4.  Of  a  scalene  triangle. 


5.  Of  an  obtuse-angled  triangle  having  one 
of  its  shorter  sides  for  a  base. 

6.  Of  an  equilateral  triangle. 

7.  Of  an  acute-angled  triangle. 

8.  To  each  of  these  figures,  drawn  as  above  required,  add  a  line  rep- 
resenting its  altitude. 

S82.  A  quadrilateral,  or  qunklrangie,  is  a  polygon  of  fonr  sides. 

a.  A  parallelogram  is  a  quadrilateral  whose  opposite  sides  are  equal  and 
parallel. 

6.  A  rectangle  is  a  right-angled  parallelogram. 

e.  A  eqUar^  is  an  equilateral  rectangle. 

d»  A  rhomboid  is  an  oblique-angled  parallelogram, 

e.  A  rhombus  is  an  equilateral  rhomboid. 

/•  A  trapezoid  is  a  quadrilateral  that  has  two  of  its  sides  parallel  and  the 
other  two  oblique. 

g^  A  trapezium  is  a  quadrikteral  that  has  no  two  of  its  sides  parallel 

h»  The  dia^gonal  of  a  quadrilateral  is  a  straight  line  joining  opposite  angles ; 
it  divides  the  quadrilateral  into  two  triangles. 

<•  The  altitude  of  a  parallelogram  or  of  a  trapezoid  is  the  shortest  distance 
between  two  parallel  sides,  one  of  which  is  taken  for  the  base.  It  is  always 
perpendicular  to  the  base.    (See  681,  Note.) 


S83.  A  polygon  is  called 

Of  five  sides  a  pentagon. 

Of  six  sides  a  hexagon. 

Of  seven  sides  a  heptagon. 


A  polygon 
Of  eight  sides 
Of  nine  sides 
Of  ten  sides 


is  called 

an  octagon, 
a  nonagon. 
a  decagon. 
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EXBBCISEB. 

Draw,  and  indicate  its  altitude, 


9.  A  parallelogram. 

10.  A  trapezoid. 

11.  A  rhombus. 


12.  A  square. 

13.  A  trapeziam. 

14.  A  rhomboid. 


15.  A  rectangle. 

16.  An  irregular  pentagon. 
1^.  A  regular  hexagon. 


Case  I.  To  compute  a  required  side  of  a  right-angled  triangle, 
the  other  two  sides  being  given. 

All  the  Important  Facts  in  this  chapter  are  deduced  from  geometric 
demonstrations. 

» 

584*  Important  Fact  I. — The  square  of  the  hypotenuse  of  a  right- 
angled  triangle  equals  the  sum  of  the  squares  of  the  other  sides. 

(See  Suppleaeatypage  419.) 

Ex.  1.  Required  the  hypotenuse  of  a  right-angled  triangle  whose  base 
is  24  feet  and  perpendicular  18  feet. 

Explanation. — Considering  the  numbers  expressing  the 
lengths  of  the  given  sides  as  abstract,  I  square  24  the  base, 
and  18  the  perpendicular,  add  the  results,  and  obtain  900, 
the  sum  of  the  squares  on  the  given  sides. 

I  then  extract  the  square  root  of  this  sum,  afi^  the  de- 
nomination common  to  the  base  and  perpendicular,  and 
obtain  80  ft.,  the  hypotenuse  required. 

Ex.  2.  The  base  of  a  right-angled  triangle  is  35  rods,  and  the  hypot- 
enuse 37  rods.    What  is  the  perpendicular? 

Explanation. — Considering  the  numbers  expressing  the  Process. 

lengths  of  the  given  sides  as  abstract,  I  find  the  difference  S  7*  -^  35'  —  111 

of  the  squares  of  the  given  sides,  which  is  144.  ~     **  ** 

I  then  extract  the  square  root  of  this  difference,  affix  the  y-^  4  4^=^  12 

denomination  common  to  the  given  sides,  and  obtain  12  Sence  12  rods. 
rods,  the  perpendicular. 

Pboblems. 


PaocBfla. 

24'  +  18'  =  900 
V900=:30 
Sence,  3  0  feet. 


Given,  of  a  right-angled  triangle, 
1»  The  hypotenuse  30  ft,  and  the  base  18  ft, 
2,  The  perpendicular  36  ch.,  and  the  base  48  ch., 
3*  The  base  12  ft,  and  the  hypotenase  20  ft, 


to  find 

the  perpendicular, 
the  hypotenuse; 
the  perpendicular. 


4.  The  perpendicular  143  rd.,  and  the  liypotenuse  145  rd.,   the  base. 
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3.  The  base  is  27  in.,  and  the  perpendicular  33  in. ;  find  the  hypotenuse. 

6.  The  hypotenuse  is  320  rd.,  and  the  perpendicular  200  rd.;  find  the  base. 

7«  The  gable  of  a  building  is  28  feet  wide,  and  the  ridge  of  the  roof 
is  9  ft.  4  in.  above  the  sides  of  the  building.  If  each  side  of  the  roof 
projects  18  inches,  what  is  the  width  of  the  roof? 

8.  From  the  comer  where  my  front  fence  is  joined  by  a  side  fence,  I 
measure  along  the  front  fence  12  feet  and  along  the  side  fence  5  feet; 
the  points  thus  obtained  are  13  feet  apart.  Is  the  corner  what  is  known 
as  a  square  corner? 

Pboposition. — Prove  that  the  diagonal  of  a  parallelogram  divides  the 
parallelogram  into  two  equal  triangles, 

Casb  n.  Areas  and  dimensions  of  paraUelograms. 

S8S»  Ex.  1.  Find  the  area  of  a  field  48  rods  long  and  36  rods  wide. 

Akalysis.— Since  the  field  is  48  Pkocess. 

rods  long  and  36  rods  wide,  its  area 
consists  of  86  strips  of  land  each  1        S6  x  48  sq.  rd.  =  1^728  sq.  rd. 

rod  wide,  48  rods  long,  and  contain-  1^728  sq.  rd.  =  10  A.  128  sq.  rd. 

ing  48  sq.  rd.     Hence,  86  times  48 

sq.  rd.  (equals  1,728  sq.  rd.  =  10  A.  128  sq.  rd.)  is  the  area  of  the  field. 

Ex.  2.  The  area  of  a  rectangular  field  is  5  A.  40  sq.  rd.,  and  its  length 
is  35  rods.    Required  its  width. 

Akaltsis.— 5  A.  40  sq.  rd.  equals  Frockss. 

840  sq.  rd.    Since  the  field  consists  6  A.  40  sq.  rd.  =  8 40  sq.  rd. 

of  strips  of  land  each  1  lod  wide  85     g^o  sq.rd.  ^  3S  sq.  rd,  =  40 
rods  long,  and  containing  85  sq.  rd.,        '*'      x  x  -r 

there  are  as  many  rods  in  the  width  JHimce^  4  0  rods, 

of  the  field  as  there  are  such  strips. 

Hence,  the  quotient  (40)  of  the  area  of  the  field  (840  sq.  rd.)  divided  by  the  area 
of  each  strip  (85  sq.  rd.)  is  the  number  of  rods  in  the  width  of  the  field. 

Ex.  3.  A  rhomboid  18  ft.  long  and  9  ft.  6  in.  wide  contains  how  many 

square  feet  ?  Process. 

Outlines  OF  Analysis.— (1)  The  width  o  ^.  /?  •  04  a 

(*.  e.,  the  altitude)  of  the  rhomboid  reduced     W  ^  /^-  ^  *^-  =  ^t  P- 

to  feet,— that  the  dimensions  may  be  ex-     (2)   9^  X  18  sq.ft.  =  17 1  sq.ft. 
pressed  in  a  common  unit. 

(2)  9^  strips  1  foot  wide  and  18  feet  long,— hence,  9|  times  18  sq.  ft. 

Besult — 171  sq.  ft,  the  superficial  contents  required. 

Y 
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Pboblems. 
Find  the  area  of  a  rectangle  whose  dimensions  are 


9.  iVrd.andlSrd. 
/0.119  ft  and  68  ft 
M.7iin.byl8ift 


15.  38.5  X  76  ft 

16. 1.375  X  14.6  mi. 

17.  8  by  12  in.  \  18. 13  ft  by  11  in. 


12.  63.5  mi.  and  27.25  mi. 
13.1^  cb.and  5  cb.  42  I. 
14.  37  by  75.7  rd. 

What  is  the  area  of  a  rhomboid 

19.  Whose  base  is  137  rods  and  altitude  75  rods  ? 

20.  Whose  altitude  is  93.785  rods,  and  base  3  rd.  11  ft  2  in.? 

21.  Whose  base  is  23f  rods,  and  altitude  19.28  yards  ? 

What  is  the  other  dimension 

22.  Of  a  rectangle  37^  feet  long,  and  containing  975  sq.  ft.  ? 

23.  Of  a  rectangle  56  rods  wide,  whose  area  is  80.4  acres  ? 

24.  Of  a  rhomboid  415  feet  long,  and  containing  513  sq.  yd.? 

25.  Of  a  rectangle  115.75  rd.  long, whose  area  is  320  acres? 

26.  Of  an  oblique-angled  parallelogram  68.5  feet  wide,  and  contain^ 
ing  72.2  square  rods  ? 

Case  III.  Areas  and  dimensions  of  triangles. 

S86.  Important  Fact  II. — The  area  of  a  triangle  equals  one  half 
the  area  of  a  re(Aangle  of  equal  base  and  equal  aUitude.   (See  584,  Pbop.) 

Ex.  1.  The  altitude  of  a  triangle  Process. 

is  29  inches,  and  the  base  is  14      (1)  ^^  X  i-*  sq.  in.  =  406sq.  in. 
inches.    Required  the  area.  W  406  sq.  in.  •^^  =  SOSsq.  in. 

OuTLn^ES.OF  Akaltbib.— (1)  Area  of  rectangle  of  equal  altitude  and  base. 
(2)  One  half  of  area  of  such  rectangle. 

Ex.  2.  The  area  of  a  Process. 

triangle  is  1  sq.  yd.  4  (l)  ^  ^9- 1/^-  i  «?•  A  ^^  «?•  »^-  =^1,962  sq.  in. 

sq.  ft.  80  sq.  in.,  and  W  2xl,952sq.  in.  =  3,904  sq.  in. 

the  altitude  is  6  ft.  4  (3)  S  fi.  4  in.  -64  in. 

in.    What  is  the  length  (4)    S,904sq.in.'r-64sq.in.z=:61 
of  its  base  ?  Sence,  6 1  in.  =  5  ft.  1  in. 
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OUTLINSS  OF  AkALTSU. 

(1)  Area  of  triangle  reduced  to  one  denomination. 

(2)  Area  of  rectangle  of  equal  base  and  altitude. 

(3)  Length  of  altitude  reduced  to  units  of  length  corresponding  to  unit  of  area. 

(4)  Base  of  rectangle,  hence,  of  the  triangle. 

Ex.  3.  Wliat  is  the  area  of  a  triangle  whose  three  sides  are  respec- 
tiyely  8  rods,  7  rods,  and  5  rods  ? 

NoTB.— The  proccsB  here  given  docs  not  admit  of  arithmetical  demonBtration. 

Explanation.— Considering  the  given  num- 
bers as  abstract,  I  first  find  one  half  the  sum  of 
the  three  sides — which  is  10. 

I  next  subtract  each  side  separately  from  one 
half  of  the  sum  of  the  three  sides,  and  obtain 
the  three  remainders  2,  8,  and  5. 

I  then  find  the  continued  product  of  the  half- 
sum  10,  and  the  three  remainders  3,  8,  and  5. 

I  now  extract  the  square  root  of  800,  the 
product  found;  supply  the  unit  of  area  cor- 
responding to  the  common  unit  of  the  sides; 
and  I  have  17.82+  sq.  rd.,  the  area  required. 


Peocsss. 

2 
10^8z=2 

10  x2  X3  x6  =  300 

VIOO  =  17.32 +  ; 
hencey  17.32  +  sq.  rd. 


Find  the  area  of  a  triangle 
the  base  being     and  the  altitade 


Pboblems. 


27.  48ifcet 

28.  38  inches 

29.  9.25  yards 


60  feet 
4  ft  4  in. 
16  ft  8  in. 


the  altitude  being 

50.  6  ch.  40  1. 

51.  98|  rods 

52.  13  rods 


and  the  base 

0  cb.  37  1. 
116i  ^ods. 
5  rd.  6  ft  9  in. 


SS.  24  ft,  39  ft,  and  57  ft 
the  three  sides  being  •{  S4.  27  rd.,  63  rd.,  and  11  ch.  7  1. 

Slf.   8  yd.,  11  yd.,  and  13  yd. 


Find  the  altitude  of  a  triangle 
the  base  being  and  the  area 

36.  62  rods  279  sq.  rd. 

37.  2  yd.  2  ft  9  in.  117^  sq.  yd. 

38.  19  cb.  5  1.  136  sq.  ch. 

39.  9.75  feet  86.2  sq.  ft 


Find  the  base  of  a  triangle 
the  area  being     and  the  altitude 

40.  126  sq.  in.  4  feet 

41.  97.38  sq.  ch.  15  ch.  19  1. 

42.  47  sq.  rd.  19  ft  6  in. 
4S.  17  A.  29.8  sq.  rd.     12  ch.  44^  i. 


44.  A  triangular  field  whose  base  is  50  rods  and  altitude  48^  rods 
produced  196  bushels  of  wheat    What  was  the  yield  per  acre  ? 
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45,  The  three  sides  of  a  triangle  are  17  ch.,  22  oh.,  and  31  ch.  If  the 
longest  side  is  taken  as  the  base,  what  is  the  altitude  ? 

46*  A  triangular  piece  of  land  contains  38jt  acres,  and  the  length  of 
one  side  is  24  chains.  What  is  the  shortest  distance  between  the  given 
side  and  the  opposite  comer  ? 

Case  IY.  Areas  and  dimensions  of  trapezoids. 

S87»  Tiie  averc^jfe  length  of  a  trapezoid  is  one  half  the  sum  of  its 
parallel  sides. 

Impobta]!9t  Fact  HI. — The  area  of  a  trapezoid  eguaU  the  area  of  a 
rectangle  whose  altitude  equals  the  altititde  of  the  trapezoid^  and  whose 
base  is  the  average  length  of  the  trapezoid. 

Ex.  1.  Find  the  area  of  a  trapezoid  whose  parallel  sides  are  38  ft.  and 
32  ft.,  and  whose  altitude  is  26  ft.  Pbocebs. 

Outlines  op  Analysis.— (1)  One  half            38  ft, +  38ft,  __ojrA 
the  sum  of  the  parallel  sides  equals  the      '*/   o ' 35  ft, 

average  width.  /-.x^r»«i-^-«^^^ 

,«x  A         *      *      I      1         n*  ^    .       {2)  26x36  sq,ft.:=i910  sq,ft. 
(2)  Area  of  rectangle  whose  altitude  is      ^  '  ^  •'  ^  •' 

that  of  the  trapezoid,  and  whose  base  is  its  average  width. 

Ex.  2.  Find  the  altitude  of  a  trapezoid  whose  area  is  12  sq.  ft.  72  sq. 
in.,  and  whose  parallel  sides  are  6  ft.  and  4  ft.  6  in. 

PfiOCESS. 

12  sq,ft,  72  sq.  in.  =  1,800  sq.  in.;  6  ft.  =  72  in.;  ift.6  in.  =  54  in. 

— *^'+  -^  ^'  -_  QQ  {fi^^  ij^^  average  width  ;  1,800  sq.  t».-f-  60  sq.  in.  =  30; 

hence,  30  in.  or  2  ft.  6  in,,  the  altitude  required, 

Ex.  3.  The  area  of  a  trapezoid  is  988  sq.  rd.,  its  altitude  is  26  rd.,  and 
one  of  its  parallel  sides  is  32  rd.  What  is  the  length  of  the  other  par- 
allel side  ?  -^ 

Process. 

988  sq.  rd.-^  26  sq.  rd.  =  38, — hence  38  rd.  average  width; 

38  rd.  —  32  rd.  =  6  rd.,  the  difference  between  length  of  each  side  and 
average  width; 

38  rd.  +  6  rd.  =44^  ^^-9  length  of  side  required. 
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Pboblbks. 

Find  the  areas  of  trapezoids  of  the  following  measurements : — 


Parallel  sides  AlUtade 

47*  18  in.,  and  42  in.;       23  iuclies. 

48.  22^^  ft,  and  19  ft.  3  in. ;  16  ft. 

49.  28.5  mi.,  and  7^  mi. ;  1  mi.  73  rd. 

50.  29  yd.,  and  17.65  yd. ;  35  ft  7  in. 


Parallel  sides  Altitude 

/fl.  2i  yd.,  and  16  rd. ;      96  rd. 

52.  2  ft  7  iD.,  and  13  ft ;  5|  id. 

53.  I7j^  L,  and  46  1. ;  21  ft  11  in. 

54.  60.125  rd.,and  30} rd.;  ^  mi. 


55.  What  is  the  altitude  of  a  trapezoid  whose  area  is  1,056  sq.  rd., 
the  parallel  sides  being  54  rd.  and  42  rd.  ? 

56.  How  many  square  feet  are  there  in  a  wany  board  16  ft  long  and 
11  in.  average  width  ? 

57*  The  area  of  a  board  is  12  sq.  ft,  its  length  is  14  ft.,  and  one  end 
is  13  inches  wide.    How  wide  is  the  other  end  of  the  board  ? 

58.  A  field  has  two  parallel  sides,  one  11  eh.  38  L,  the  other  14  eh. 
29  1.,  and  they  are  13  ch.  85  1.  apart  What  is  the  value  of  the  land  at 
$46  per  acre  ? 

Casb  Y.  Areas  of  trapeziams. 

S88m  Ex.  1.  Find  the  area  of  a  trapezium  whose  diagonal  is  13  ch. 

28  1.  and  the  altitudes  of  the  triangles,  with  a  diagonal  as  a  base,  are 

9  ch.  5  1.  and  6  ch.  59  1. 

Process. 


(1)    lS.S8X9.06,q.ch.^^^^^^^^^^ 

Si 

(3)  Sum,  104.85"  sq.  ch.  =  10485-  A. 

OUTLINBS  OF  AnALTBIB. 

The  diagonal  divides  the  trapezium  into  two  triangles  {582 f  h). 

(1)  The  area  of  one  triangle. 

(2)  The  area  of  the  other  triangle. 

(3)  The  sum  of  the  triangular  areas ;  hence,  the  area  of  the  trapezium. 
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Ex.  2.  The  foar  sides  of  a  trapeziam  in  consecutive  order  are  48  rd., 
32  rd.y  27  rd.,  and  21  rd.,  and  the  diagonal,  separating  the  first  and  sec- 
ond sides  from  the.  third  and  fourth,  is  36  rd.    Required  the  area. 

Pbocbbs. 


(1) 

2 

58-32  =  26 
68  —  86  =  22 
68  X  10X26X22  =  331,760 

V331,760  =  676.996  + 


(2) 
27  +  21  +  36 


=  i2 


2 

42-27  =  16 
42-21  =  21 
42-36=6 
42X16X21X6  =  7  9,3  80 

V79,380  =  281.667  + 


(3)  676.996  +  281.667  =  867.66+;  hence,  8 6 7.6 6  +  sq.  rd. 

OuTUKss  OF  Analysis. 

The  diagonal  divides  the  trapezium  into  two  triangles,  and  forms  a  side  of  each. 

(1)  Area  of  triangle  whose  sides  are  48  rd.,  83  rd.,  and  86  rd. 

(2)  Area  of  triangle  whose  sides  are  27  rd.,  21  rd.,  and  86  rd. 

(3)  Bum  of  areas  of  triangles. 

PfiOBLEMS. 

59»  The  diagonal  of  a  trapezium  is  62  rd.  9  ft,  and  the  altitudes  of 
the  resulting  triangles  are  27  rd.  4  ft.  and  38  rd.  3  ft.    Find  the  area. 

60»  The  diagonal  of  a  trapezium,  and  the  four  aides  in  consecutive 
order,  beginning  at  one  extremity  of  the  diagonal,  are  respectively  18 
ch.  72  L,  16  cb.  14  1.,  12  ch.  2  1.,  11  ch.  Id  1.,  and  13  cb.    What  is  the  area? 

II.   CURVILINEAR   FIGURES. 

SSO*  Define  —  1.  A  circle  (122).  2.  A  circumference  (122,  a). 
3.  A  diameter  (122,  c).     4.  A  radius  (122,  d). 

KoTE.— An  ilstronomictU  circle  is  a  mere  circnmference,  and  does  not  Imply  areo. 

a.  Astronomical  circles  are  divided  into  860  equal  parts  eaJkd  degrees,  and  are 
used  in  measuring  angles.  When  so  used  the  point  about  which  Uie  angu- 
lar space  is  taken  is  the  centre  about  which  the  circumference  is  drawn. 

h.  Meridian  circles  and  parallels  of  latitude,  either  celestial  or  terrestrial,  are 
astronomical  circles. 
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S90m  An  Mip9e  is  a  plane  bounded  by  a  regularly  varying  curved 
line  the  sum  of  the  distances  from  every  point  of  which  to  two  fixed 
points  about  which  the  boundary  curve  is  described,  equals  the  longest 
distance  across  the  ellipse. 

a.  The  major  axis  of  an  ellipse  is  the  longest  straight  line  that  can  be 

drawn  in  it. 

b.  The  minor  axis  of  an  ellipse  is  a  straight  line  perpendicular  to  tlie  major 

axis  at  its  middle  point,  and  terminating  at  both  ends  in  the  boundary  curve. 

€•  The  foci  of  an  ellipse  are  the  two  points  in  the  major  axis  about  which  the 
boundaiy  curve  is  described. 

Note. — ^The  bonndary  curve  of  an  eUIpBe  is  readily  drawn  by  fastening  a  tack  or  pin 
aecnrely  in  each  of  the  foci,  and  fastening  to  the  tacks  or  pins  thus  placed  a  cord  as  long 
as  the  major  axis ;  a  pencil  is  held  flrmly  against  this  cord  and  moved  round,  thus  de- 
scribing the  required  curve. 


1.   A  circle. 
Draw  -{   2.  A  diameter  of  the  circle. 
3.  A  radius  of  the  circle. 


EXBBCISBS. 

4.  An  ellipse,  and  locate  the  foci. 

5.  The  major  axis  of  the  ellipse. 

6.  The  minor  axis  of  the  ellipse. 

Using  a  circumference  as  an  astronomical  circle,  show 

7.  That  a  right  angle  is  an  angle  of  90^,  and  is  measured  by  one 
fourth  of  the  circle. 

&  That  an  acute  angle  is  an  angle  of  less  than  90^ 

9.  That  an  obtuse  angle  is  an  angle  of  more  than  90^. 

10.  That  an  angle  of  45°  is  one  half  of  a  right  angle. 

11.  The  relative  circular  space  occupied  by  each  of  the  zones  of  the 
earth. 

Cass  L  Radii,  diameters,  and  eirciimferences  of  eireles. 

S91»  Important  Fact  IV. — The  circumference  of  a  circle  is  SJ^IS 
times  its  diameter. 

For  circles  less  than  100  feet  in  diameter,  it  is  sufficiently  accurate  to  estimate 
the  circumference  as  8f  times  the  diameter. 
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Ex.  1.  Find  the  circumference  of  a  circle  whose  diameter  is  46  rods. 

ExpLANATioN.-I  mulUply  Processes. 

the  diameter  46  rd.  by  8.1416, 
the  ratio  of  the  circumference         1.     S.H16  X  J^6  rd.^ m,6 1+  rd,;  or 

144.51+  rd.;  or  ^  ^-r«        • 

I  divide  46  rd.,  the  diameter,  by  .8183— the  reciprocal  of  8.1416  (;9^(#,  YI)— and 
obtain  144.51+  rd.,  the  circumference  required. 

Ex.  2.  Required  the  circumference  of  a  log  4  ft.  8  in.  in  diameter. 

PB0CB8& 

ift.  8  in.— 56  in.;  and  5f  X  66  in.  =  176  in.  =  Hft.8  in. 

Ex.  3.  Required  the  diameter  of  a  circle  whose  circumference  is 

143.7  rods.  -. 

Pbocessbs. 

1.  HS.7  rd-i- 3.1416  =  45.7 3+  rd;  or 

2.  .3183X143.7  rd.  =  4^'73+  rd. 

Ex.  4.  The  circumference  of  a  tree  is  0  ft.  3  in.    Find  the  diameter. 

Process. 
9ft.3in.  =  lll  in.;  and  111  in.  -^ 3^^  =  35.3+  in.  =2ft.l  1.3+  in. 

Ex.  5.  Find  the  radius  of  a  circle  138  ft.  in  circumference. 

Process. 
138Jt.'r-34r=:45.2  72+ft.;  and 
46.272+  ft,-^2  =  22.636+  ft.  =  22  ft.7.6+  in. 

Pboblkhb. 
Given  to  find 

61.  The  diameter  of  a  circle,  20  feet,  the  circumference. 

62.  The  radius  of  a  circle,  15  inches,  the  circumference. 

63.  The  circumference  of  a  circle,  75^  rods,  the  diameter. 

64.  The  radius  of  a  circle,  13.73  feet,  the  diameter. 
05.  The  circumference,  100  miles,  the  radius. 

66.  The  diameter,  43  ch.  76  1.,  the  circumference. 

67*  The  radius,  27  rd.  1  ft.  7|  in.,  the  circumference. 

68.  The  circumference,  107  yd.  1  ft.  11  in.,  the  diameter. 
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69.  Find  the  diameter  of  a  circnlar  cistern  whose  circumference  is 
15  ft  0  in. 

70.  What  is  the  circumference  of  a  wheel  3  ft.  8  in.  in  diameter? 

71*  Find  the  radius  of  a  globe  whose  circumference  is  88  inches. 

72.  What  is  the  distance  around  a  circular  race  track  840  ft.  4  in.  in 

diameter  ? 

y 
Case  II.  Areas  of  circles. 

592.  Any  circle  may  be  supposed 
to  consist  of  a  great  number  of  tri- 
angles whose  common  altitude  is  the 
radius  of  the  circle,  and  the  sum  of 
whose  bases  is  the  circumference  of  the  circle. 

593.  The  total  area  of  any  number  of  triangles  having  a  common 
altitude  may  be  computed  by  multiplying  the  sum  of  their  bases  by 
the  common  altitude  and  diyiding  the  product  by  2.    Hence, 

Ihpobtant  Fact  V, — The  number  of  units  in  the  area  of  a  circle 
equald  one  half  the  product  of  the  numbers  expressing  the  radius  and  the 
circumference. 

594.  And  since  the  radius  is  one  half  the  diameter, 

Important  Fact  VI. — ITie  number  of  units  in  the  area  of  a  circle 
equals  one  fourth  the  product  of  the  numbers  expressing  the  diameter  and 
the  circumference, 

S9S»  Since  the  circumference  equals  3.1416  times  the  diameter, 

diam,  x  drcum,     €Uam,  x  (diam,  x  S,U16)     diam'  x  S,U1S      ,.      s  ^  „oet 
_ ^ r= =  (uam,     x  ,7o04 

Important  Fact  VII. — 77ie  number  of  units  in  the  area  of  a  circle 
equals  ,7854,  of  the  square  of  the  number  eoepressing  its  diameter, 

S96»  Since  the  diameter  equals  .3183  times  the  circumference, 

dreum,  x  diam,      eircum.  x  (eireum,  x  ,918S)     eireum,'  x  .glSS       . 2^  /waco 

=  ^ ■  ^  ctrcutn,   X  ,%/7voo 

4  4  4 
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Impohtant  Pact  VIII. — The  number  of  units  in  the  area  of  a,  circle 
equals  ,07958  of  the  square  of  the  number  expressing  its  cireumferenee. 

Ex.  1.  Find  tho  area  of  a  circle  whose  radias  is  8  feet. 

Steps  in  Processes. 

^ .    -r*  ^  -  V    ^.        M  Processes. 

1st  ProceBSt-^{X)    Circmnference 

computed  from  radius.  Ist,— (1)  S^  y.2  y,8  ft.^60^  ft. 

(2)  One  half  of  product  of  radius  /^x  8  \c  60t 

and  circumference.  ^  ^ =^2014^ 

2 

£d  Process, -^(1)  Diameter  com-  tt         «i^  ^ 

puted  from  radius.  Mence,  2014^  sq.ft.     Or 

(2)  .7854  time  square  of  diameter.        ^^_^^^  2x8  ft.^  16  ft. 

The  difference  of  the  results  by 
the  two  processes  is  about  t>^  of  W   .7  8  6  ^x  16'  -20 1.06  + 

a  square  foot,  the  second  result  Hence,  201.06+  so.  ft. 

being  more  nearly  accurate. 

Ex.  2.  What  is  the  area  of  a  circle  75  feet  in  circumference  ? 

Process. 
.07958  X  75'  =  J^49.64'';  hence,  JH9.6^-  sq.ft. 

Ex.  3.  Find  the  diameter  of  a  circle  whose  area  is  846.3  sq.  rd. 

Akaltsis.  —  Since    the  p 

area  of  a  circle  is  .7864  ^bocess. 

time  the  square  of  the  di-      8 4 6.8  sq.  rd.  4-  .7 8 5 4  =  Ifi 77.5^0  1  sq.rd. 

ameter,  the  first  step  in  the  ^1,077.5^01  =:  3  2.8  2  6  3  + 

process  of  finding  the  di-  ^    '  ^  ' 

ameter  from  the  area,  must      Hence,  3  2.8  263  +  rd.=3  2  rd.  1 3.6  +  ft. 

be  to  find  the  quotient  of  * 

the  area,  846.8  sq.  rd.,  divided  by  .7854.    This  quotient  is  1,077.5401  sq.  rd.,  and  it 

must  be  the  square  of  the  diameter. 

Tlie  square  root  of  1,077.5401  is  82.8268+  ;  hence,  tho  required  diameter  is 
82.8268+  rd.  =  82  rd.  18.6+  ft. 


Problemr. 
Find  the  area  of  a  circle,  having  given 


7S.  Radius  12  in. 

7^«  Circumference  1  mi. 

7^«  Diameter  26  rd. 


7^-  Diameter  15  ft.  4  in. 
77 •  Circnm.  8  yd.  2  ft  9  in. 
7^.  Radius  17  ch.  2  I. . 


79.  Radius  .6469  mi. 
SO.  Circnm.  62  ft  10  in. 
81.  Diameter  1.1  yd. 


S2.  Circum.  25.1328  rd.,  diameter  132  ft  |  S3.  Radias  10  ft,  circum.  62  ft  10  in. 
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Find  the  diameter  of  a  circle 
84*  Whose  area  is  1  sq.  mi. 
8S.  Whose  area  is  20  sq.  in. 
86*  Whose  area  is  10  A.  23  sq.  rd. 


Find  the  circumference  of  a  circle 
87*  Whose  area  is  37.013  sq.  yd. 

88,  Whose  area  is  200  sq.  ft  87  sq.  in. 

89,  Whose  area  is  1  sq.  ft 


Casb  IIL  Areas  of  ellipses. 

S97m  Impobtant  Fact  IX. — 2%e  number  of  units  in  t/ie  area  of  an 
eUipae  equals  ,7854  of  the  proditct  of  the  numbers  esq^ressing  its  two  axes. 

Ex.  The  major  axis  of  an  ellipse  is  24  feet  and  the  minor  axis  is  18 

feet.    Required  the  area. 

Pbocbsb. 

.7854x  18  xS4  =  SS9,^9+;  hence,  339.29+  sq.  ft.,  the  area. 

P&OBLEHS. 

90m  The  major  axis  of  an  ellipse  is  20  inches,  and  the  minor  axis  is 
14  inches.    What  is  its  area  ? 

91*  Find  the  area  of  an  ellipse  whose  axes  are  18  rd.  and  12  rd. 

92,  The  area  of  an  ellipse  is  192  sq.  in.,  and  its  major  axis  is  18|  in. 
Find  its  minor  axis. 

93,  What  is  the  major  axis  of  an  ellipse  whose  minor  axis  is  3  ft  9^ 
in.,  and  whose  area  is  14  sq.  ft.  76.75  sq.  in.  ? 

94,  The  area  of  an  ellipse  is  86  square  rods  and  the  ratio,  of  its  axes 
is  as  7 : 4.    Find  the  axes. 

Casb  IY.  Inscribed  squares* 

S98»  A  square  is  inscribed  in  i^  circle,  or  conversely, — a  circle  is 
HrcunMcribed  about  a  square, — if  the  vertex  of 
each  angle  of  the  square  is  in  the  circumference 
of  the  circle. 

The  diameter  of  a  circle  is  the  hypotenuse  of  a 
right-angled  triangle  whose  base  and  perpendicular 
are  each  a  side  of  the  inscribed  square. 
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Ex.  1.  Find  one  side  of  a  sqaare  inscribed  in  a  circle  15  ft.  in  diameter. 

OUTUinSS  OF  A^TALTBia 

(1)  The  square  of  the  hypotenuse.  Pbockss. 

Since  the  square  of  the  hypotenuse  equals      (X)  15*  =-226 

the  sum  of  the  squares  of  the  other  two  sides, 
and  since  these  two  sides  are  equal,  their  squares      i?)  iof225=^ll  2,5 

must  be  equal.  ^3^     ^ITKB  =  10.6066+ 

(2)  The  square  of  the  base  or  of  the  perpen- 
dicular. JSence,  10.6  0  6  6+ ft 

(3)  The  base  or  the  perpendicular. 

Ex.  2.  Find  tbe  diameter  of  a  circle  circumscribing  a  square  8  inches 

on  each  side. 

Fbocess. 


2xS'=^128;  y/128^11.Sl+;  hence,11.31+  tn.,  the  diameter  required. 

PfiOBUSUS. 

95»  What  is  one  side  of  the  largest  square  stick  of  timber  that  can 
be  cut  out  of  a  log  2  ft.  9  in.  in  diameter  ? 

96.  I  wish  to  cut  a  tree  that  will  exactly  square  1  ft.  9  in.  at  the  butt 
What  must  be  the  circumference  of  the  tree  ? 

97.  What  are  the  lateral  dimensions  of  the  largest  square  stick  that 
can  be  passed  through  a  ring  whose  inside  circumference  is  3  ft.  1.7  in.? 

Case  V.  Areas  of  rings. 

^99*  The  area  of  a  ring  bounded  by  two  concentric  circles  equals 

the  difference  of  the  areas  of  the  two  circles ;  but 
.7854  X  the  greater  diam.*  (i,e.y  the  area  of  the  greater 
circle)  minus  .7854  x  the  less  diam.*  (the  area  of  the 
smaller  circle)  =  .7854  x  (».  e.f  greater  diam.*  —  less 
diam.') ;  the  difference  of  the  squares  of  two  num- 
bers equals  the  product  of  their  sum  and  difference 
{584\ — hence,  the  area  of  a  ring  bounded  by  two 

concetitric  circles  eqwda  .7854  x  {greater  diam.  +  leas  diam.)  x  (greater 

diank  •—  kee  diam.). 
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Pboblsmb. 


08*  What  is  the  area  of  a  ring  whose  inside  diameter  is  325  feet, 
and  outside  diameter  375  feet  ? 

99.  The  inside  diameter  of  a  ring  4  rods  wide  is  64  rods.    Required 
its  area. 

too.  A  circular  race-track  ^  mile  inside  circumference  is  8  rods  wide. 
How  many  acres  are  there  in  the  track  ? 

101.  An  elliptical  race-course  has  for  its  major  and  minor  axes— out- 
side measurements — 18  ch.  5  1.  and  13  ch.  77  1.,  and  the  track  is  12  rods 
wide.    Required  the  area  of  the  track. 

For  finding  ^^^*  Foekui^ 


I.  Hypotenuse  of  right-angled  triangle  : — V base' + perpendicular', 
XL  Perpendicular  of  right-angled  triangle : — ^/ hypotenuse'  —  base'. 
III.  Base  of  right-angled  triangle : — ^hypotenuse' —perpendicular'. 
lY.  Areas  of  parallelograms : — Altitude  x  ba^e. 

Y.  Dimensions  of  parallelograms : — Area  -^  given  dimension. 

,y»    A            -  ^  .       ,          Altitude  X  base 
VI.  Areas  of  triangles: 

VII.  Dimensions  of  triangles : 


given  dimension 
VIII.  Areas  of  trapezoids : — Altitude  x  average  length. 

IX.  Altitudes  of  trapezoids : — Area  4-  average  length. 

X.  Longer  parallel  sides  of  trapezoids : — Area  -f-  altitude  +  (average 
length  —  shorter  parallel  side). 

XL  Shorter  parallel  sides  of  trapezoids: — Area -r- altitude — {longer 
parallel  side  —  average  length). 

Xn.  Circumferences  of  circles : — S.H16  x  diameter;  or  diam.  -^  .3183. 
XIIL  Diameters  of  circles: — circum. -^ 3.H16;  or  .8183  x  circum. 

-^-rrr    a           i?    •    i         Dtametcr  X  circumference  ^^n      j. 

XrV.  Areas  of  circles : ^ ;  or  .7854  x  diame- 

4 

ter';  or  .07968  x  circumference'. 
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XV.  Areas  of  ellipses : — ,7864  X  minor  axis  x  major  axis. 
XVI.  Sides  of  inscribed  squares : — \/——^ — --• 

XVII.  Diameters  of  circumscribing  circles : — V^  X  area  of  inscribed  sq, 
XVIII.  Areas  of  rings: — {greater  diameter  +  less  diameter)  x  {greater 
diameter  —  less  diameter)  x  .7^5^ 

XIX.  Areas  of  regular  polygons: — ^  of  distance  from  ceivtre  to  middle 
of  any  side  x  perimeter  of  polygon. 

XX.  Areas  of  trapeziums  and  of  irregular  polygons  of  more  than  four 
sides : — Separate  into  triangles,  compute  the  area  of  each,  and 
find  the  sum  of  these  areas. 

Pboblsus. 

102.  An  assembly  hall  is  67  ft.  8  in.  long  and  40  ft.  3  in.  wide.  How 
much  will  it  cost  to  ceil  the  hall  at  $9.38  per  square  ? 

103.  The  area  of  a  floor  26  ft.  9  in.  wide  is  902}  sq.  ft.    Find  ito  length. 

104.  What  will  be  the  cost  of  slating  a  roof  32  feet  long  and  26  feet 
wide  at  $1.86  per  square  yard? 

105.  A  board  9}  inches  wide  contains  12}  square  feet.    How  long  is  it  ? 

106.  A  ladder  28  feet  long  standing  with  its  foot  6  feet  from  a  build- 
ing, reaches  how  high  on  the  building  ? 

107.  Find  the  diagonal  of  this  school-room, — i.  e,  the  distance  from 
one  of  its  upper  comers  to  the  opposite  lower  comer. 

108.  The  length  of  one  of  the  parallel  sides  of  a  trapezoid  is  35  ft., 
its  area  is  468  sq.  ft.,  and  its  altitude  is  18  ft.  Required  the  length  of 
the  other  parallel  side. 

i09«  A  tinsmith  wishes  to  make  a  lot  of  6-inch  pipe.  If  he  allows  } 
of  an  inch  for  the  seam,  how  wide  shall  he  cut  the  material? 

110.  A  trapezoid  has  two  right  angles,  its  parallel  sides  are  24  feet 
and  32  feet,  and  its  slant  height  is  40  feet.    Find  its  area. 

111.  Find  the  cost  of  lathing  and  plastering  the  walls  and  ceiling  of 
a  room  16  feet  square  and  8  ft.  6  in.  high,  at  32{^  per  square  yard,  no 
deductions  being  made  for  doors  nor  windows. 
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Diagram  1. 
N 


W 


112,  The  posts  of  a  grape  trellis  are  8  feet  high  and  12  feet  apart. 
How  long  a  scantling  will  be  required  for  a  brace  extending  from  the 
top  of  one  post  to  the  foot  of  the  next  ? 

113»  What  is  the  length  of  the  diagonal  of  a  mile  square  ? 

114.  Find  the  number  of  acres  in  a  triangular  field  whose  sides  are 
25  rods,  32  rods,  and  47  rods. 

III.   GOVERNMENT   LANDS. 

601»  Oavemtnent  lands  are  commonly  divided  by  parallels  and 
meridians  into  rectangular  tracts  known  as  Townships,  Sections,  and 
Quarter-Sections. 

a.  A  township  is  a  tract  of  land  6  miles  square. 

ft.  A  section  is  ^  of  a  township,  and  is  1  mile 
square. 

c.  A  quarter-section  is  J  of  a  section,  and  is 
^  mile  square. 

dm  A  J^nge  is  a  line  of  townships  extending 
north  and  soutli. 

•e.  A  base  line  is  the  parallel  of  latitude  from 
wliich  townships  are  surveyed,  and  num- 
bered north  and  south. 

/•  A  principal  meridian  is  the  meridian 
from  which  ranges  are  surveyed,  and  num- 
bered east  and  west 

Tp.  22  N.  of  B.  8  E.  is  the  22d  township 
north  of  a  base  line  and  in  the  8th  range  east 
of  a  principal  meridian. 

ffm  In  transfers  and  by  private  surveys  sections  are 
also  subdivided  into  Half -Sections,  Half- 
Quarter-Sections,  or  80's,  and  Quarter-Quar- 
ter-Sections, or  40's,  as  shown  in  Diagram  2. 

/4.  Sections  ore  numbered  from  the  north-east  cor- 
ner of  a  township,  west  and  east  consecutive- 
ly, as  shown  by  Diagram  1;  and  parts  of 
sections  are  described  by  their  location  in 
the  section  and  by  their  size,  as  shown  by 
Diagram  2. 

Pboblkms. 

Write  a  description  of  each  tract  marked  A  in  the  following  diagrams 
of  sections,  and  find  the  entire  number  of  acres  of  each  section  included 
in  the  tracts  so  marked. 
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Draw  a  diagram  to  show  the  location  of  each  part  of  a  section,  explain 
the  location  of  the  section  and  township,  and  find  the  number  of  acres 
conveyed,  in  the  following  descriptions : — 

5.  The  N.  I  of  the  S.  E.  J  of  Sec.  12,  Tp.  13  K  of  Range  6  W. 

6.  The  N.  W.  i  of  the  N.  W.  J,  and  the  E.  |  of  the  N.  W.  i  of  Sec. 
23,  Tp.  6  N.  of  Range  11  E. 

7.  The  S.  I  of  the  N.  E.  J,  and  the  W.  |  of  the  S.  E.  J,  and  the  K  E. 
i  of  S.  W.  i,— of  Sec.  30,  Tp.  28  N.  of  Range  6  W. 


SECTION  ir. 
SOLIDS  OR  BODIES. 

602.  Define  (l)  A  solid  {108) ;  (2)  Volume  {109) ;  (3)  Cubic  con- 
tents  {111) ;  (4)  Solidity  {111,  a) ;  (5)  Capacity  {111,  h) ;  (6)  A  rec- 
tangular solid  {120) ;  (7)  A  cube  {121). 

603.  The  convex  surface  of  a  solid  is  its  surface  exclusive  of  its 
ends  or  bases. 

The  term  convex  is  thus  applied  to  the  sum  of  plane  surfaces  as  well  as  to 
curved  surfaces.  The  plane  surfaces  composing  a  convex  surface  are  known 
as  laterai  surfaces. 

I.    PRISMS. 

OOd^  A  primn  is  a  solid  whose  ends  or  bases  are  equal  parallel  poly- 
gons, and  whose  sides  are  parallelograms. 

a*  The  aUUude  of  a  prism  is  the  per];>endicular  distance  between  its  bases  or 
the  planes  of  its  bases. 

h.  A  riglU  prism  is  one  whose  sides  are  rectangles. 

c.  The  entire  surface  of  a  prism  is  the  total  surface  of  its  sides  and  ends. 

cf •  Prisms  are  named  from  the  plane  figures  that  form  their  bases ;  as  triangular 
prisms,  rectangular  prisms,  pentagonal  prisms. 
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Gasb  L  Sarlkces  of  prisms. 

60S*  Ex.  Required,  the  entire  surface  of  a  rectangular  solid  16  feet 
long,  4  feet  wide,  and  3  feet  thick. 

OuTLiNss  OF  Analysis.  Process. 

(1)  Area  of  the  two  ends  or  bases,     (i)      2  x  {S  x  J^  sq,  ft.)  ^     2  J^  sq.ft. 

(2)  Area  of  the  two  sides  8  ft.  wide.     (2)    2  x  {3x16  sq.ft.)  =96  sq.ft. 

(3)  Area  of  the  two  sides  4  ft.  wide.      /^\    e^  ^    t ,       10        -c*  \       i  6%  o        ^ 
/^v  o         «  1     /,v  /«v  /-x       (3)    2  XUX  16  sq.ft.)  =  128  sq.ft. 

(4)  Sum  of  areas  in  (1),  (2),  (3) ;     ^  '  ^^  ^  ^   J      £_^ 

or  entire  surface.  (4)  HencCy        2^,8  sq.  ft. 

Pboblems. 

1.  The  base  of  a  triangular  prism  is  1  ft.  8  in.  on  each  side,  and  the 
altitude  of  the  prism  is  13  ft.  2  in.    Required  the  convex  surface. 

2m  Find  the  entire  surface  of  a  cube  8  ft.  5  in.  on  each  edge. 

8m  A  prism  11  ft.  5  in.  long  has  for  its  base  an  iscosoeles  triangle  the 
base  and  altitude  of  which  are  3  ft.  2  in.  and  4  ft.  1  in.  respectively. 
What  is  the  entire  surface  of  the  prism  ? 

4m  The  entire  surface  of  a  cube  is  294  sq.  in.    Find  one  of  its  edges. 

5m  The  base  of  a  regular  hexagonal  prism  is  2  inches  on  each  side,  and 
the  altitude  of  the  prism  is  1  ft.  3  in.    Required  its  entire  surface. 

Case  II.  Yolumes  of  prisms. 

606»  Ex.  1.  A  rectangular  prism  is  8  feet  long,  9  inches  wide,  and  6 

inches  thick.    Required  its  cubic  contents. 

AKALTSia — The  area  .  _ 

of  the  base  (6  in.  by  0  in.)  Analytical  Pbocess. 

Siwefoo?"  ""'  *  ""^  ""      ^  ^  ^  sq.hi.^5i  sq.in.  =  ^sq.ft.=i  sq.ft. 

Since  the  area  of  the  ^  ^  *  ^- A  =  ^  <^-y^- 

base  is  t  of  a  square  foot, 

each  foot  in  length  of  the  prism  wiU  contdn  f  of  a  cubic  foot ;  hence,  8  x  f  cu.  ft. 
equals  8  cu.  ft.,  the  cubic  contents  required. 

Explanation.— I  first  reduce  all  the  dimensions  to  the        p  PTinnci». 

common  denomination  feet,  and,  considering  the  results  as 
abstract  numbers,  find  their  continued  product  which  is  8.  -A,  x  -^   x  8  :=  "^ 

Supplying  the  unit  of  volume  corresponding  to  feet,  I  have 
8  cu.  ft.,  the  solid  contents  required.  JSisnce^  3  cu.ft. 

Z 
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Ex.  2.  The  base  of  a  triangular  prism  is  a  right-angled  triangle  whose 
base  and  perpendicular  are  8  inches  and  1  foot,  and  the  altitude  of  the 
prism  is  10  feet.     Required  its  cubic  contents. 

OirrLIKES  OF  AlTALTSIS.  i'BOCESS. 

(1)  Area  of  triangular  base.  (1)  i  of  fy  of  1  sq.  ft.^i  ^2-  A 

(2)  Cubic  contenU  of  the  prism.  (2)  10  x  i  cu.  ft.  =  3^  cu.  ft. 

Ex.  3.  The  cubic  or  solid  contents  of  a  rectangular  solid  are  3  cu.  ft., 
its  length  is  18  ft.,  and  its  width  6  in.    Required  its  thickness. 

outlinss  of  altalysis.  .  ... 

Process. 

(1)  Area  of  surface  18  ft.  long  and  6  in.  wide. 

Since  the  area  of  one  side  of  the  solid  is  9  sq.  ft,  W  ^^  ^  A  ^J-A  =  ^  ^-A 
each  foot  in  thickness  contains  0  cu.  ft ;  hence,      (2)     S  cu.ft.^^O  cu.ft.z=^ 

^^!  If  "'/^t  "f "V  (3)  ^<>»^^'  i  A.  or  4  in. 

(3)  ^  ft  reduced  to  inches.  ^  '  >  j  ^   >       -»• 

607*  Important  Fact  I.  —  The  dimensions  of  the  plane  flgurts 
bounding  a  prism  are  also  dimensions  of  the  prism. 

Problems. 
O.  How  many  cubic  feet  of  timber  are  there  in  a  stick  26  ft.  long  by 
1  ft.  9  in.,  by  1  ft.  9  in.  ? 

7.  How  much  is  the  cost  of  a  cubic  block  of  marble  4  feet  on  each 
edge,  at  65^  per  cubic  foot? 

8»  D  purchased  35  joists  each  16  ft.  long,  8  in.  wide,  and  2^  in.  thick, 
at  $13.80  per  M  board  measure.    What  was  the  cost? 

9.  A  stone  wall  1  ft.  4  in.  thick  surrounds  a  lot  100  ft.  by  240  ft., 

and  is  capped  by  triangular  coping-stones  9  in.  high  and  as  wide  as  the 

wall.    Required  their  cost  at  56$^  per  cu.  ft. 

10.  What  is  the  capacity  in  gallons  of  a  water  tank  8  f t.  x  6  ft.  x  4  ft.? 

11»  A  wood -rack  is  10^  ft.  long,  and  8  ft.  4  in.  wide.     How  high 

must  it  be  to  hold  1  cord  ? 

A  box  is  18  in.  X  14  in.,  inside  measurement.  How  deep  must  it  be, 
12.  To  hold  a  bushel  of  beans  ?     |     13.  To  hold  a  bushel  of  peaches  ? 

IL   CYLINDERS. 

608*  A  cylinder  is  a  solid  of  uniform  diameter  whose  bases  or  ends 
are  equal  parallel  circles. 

The  €txis  of  a  cylinder  is  a  line  that  Joins  the  centres  of  its  bases. 
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Cass  L  SwrflEuses  of  cylinders. 

« 

609»  Ex.  1.  Find  the  convex  surface  of  a  cylinder  2  feet  in  diameter 

and  12  feet  long.  .^^ 

^  Pbocess. 

AsALYasa. — ^The  convex  surface  of  a  cylinder  ©  ^     '  /?     ^ 

may  be  supposed  to  be  cut  by  a  line  perpen-  ^r  X  ^  ft''=of  ft, 

dicular  to  its  bases,  and  spread  out  on  a  plane,     12  x  €§-  sq.ft.  :=76f  sq,  ft. 
thus  fonniug  a  rectaogle  whose  base  is  the  cir- 
cumference of  the  cylinder  and  whose  altitude  is  the  altitude  of  the  cylinder.   Hence, 

I  first  find  the  circumference  of  a  circle  2  ft.  in  diameter,  which  is  6f  ft. 

I  then  find  the  area  of  a  rectangle  12  ft.  by  6|  ft,  which  is  75f  sq.  ft,  the  conyez 
surface  required. 

Ex.  2.  Find  the  entire  surface  of  a  4-foot  cylinder  16  feet  long. 

OnTLiNES  OP  Analysis.  Pbocess. 

(1)  Circumference  found       (1)   3i^xift.  —  12^ft. 

from  diameter.  (2)  16  X  12^  sq.ft.zn20 1^  sq.ft. 

(2)  Convex  surface.  (3)  2x^X^x12^  sq.ft.  =    ^5f  sq.ft. 

(3)  Surf  ace  of  ends  or  bases.  ..  ^                       ^ 

(4)  Sum  of  surfaces  W  ^^^>                -^^f  ^Q-J^- 

Pboblbms. 

14»  How  mncli  will  be  the  cost  of  painting  a  cylindrical  water-tanlc 
3  ft  10  in.  in  diameter  and  12  ft.  4  in.  long,  at  11.18  per  square  ? 

15»  How  many  feet  of  lumber  are  there  in  a  cistern  7^  feet  in  diame- 
ter,  8  feet  high,  open  at  one  end,  and  made  of  material  If  inches  thick  ? 

16,  Find  the  inside  surface  of  a  standard  Winchester  bushel  measure. 

170  How  many  square  feet  of  boiler  iron  are  there  in  a  petroleum-car 
tank  33  ft.  long  and  4^  ft.  in  diameter,  allowing  ^  for  laps  ? 

18*  How  many  square  feet  of  iron  are  there  in  a  length  of  6-in.  Rus- 
sia stove-pipe  2  ft  4  in.  long,  allowing  ^  inch  for  seam  ? 

19m  The  entire  surface  of  a  cylinder  3  ft.  2  in.  in  diameter  is  182.6 
sq.  ft    Required  its  length. 

Cass  II.  Yolumes  of  cylinders. 

610»  Ex.  1.  Find  the  volume  of  a  cylinder  11  in.  in  diameter  and 
3  ft.  4  in.  long.  Pbocess. 

OuTLiNBS  OF  ANALYsia      (i)  J  g  ^  j^  X 1 1  X 1 1  sq.  in.  =  95.0334.  sq.  in. 

(1)  Area  of  circular  base.    (2)    40  x  95.033  J^cu.  in.  =3,80 1.336  cu.  in. 

(2)  Solid  oontenU,— from    ,  .  -  P  ^i.  />  <?  /  A  ^_i_  /^/  *V 
linear  nnit-(inche8).              \^)  -2  cu.ft.34  0.3+  cu.  tn. 

(3]  Volume  reduced  to  higher  denominations. 
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Ex.  2.  The  volame  of  a  cylinder  10  ft.  long  is  49  ou.  ft.  151.2  ca.  in. 
Find  the  diameter.  _^ 

Outlines  of  Analysis.    ,  x         .  ^         ^   ^  ^  ^  ^         .         ^    ^ 

/,x  r.    ♦    •  \1,    !r  W        i^  ^-A  -^^^-^  <^-  in.  =  84,8 23^  cujn. 

(1)  Contents  reduced     ^  '  -^  -^ 

to  cubic  inches.  (2)       ^ 4,8 2 SJ2  sq.  in. -^  120  =  706.86  sq.  in. 

(2)  Area  1  in.  long     (3)      706.86  aq.  in.  -f-  .7854  =  900  sq.  in. 
SmTdtidSV'JSe     W  V90d=30;  hence,  SO  in.  =  8  ft.  6  in. 
number  expressing  inches  in  length. 

(3)  Area  of  circumscribed  square.       (4)  One  side  of  circumscribed  square. 

Pboblems. 

20.  Prove  that  the  capacity  of  the  standard  Winchester  bushel  meas- 
ure is  2y  150.42+  cubic  inches. 

21»  A  pail  6  inches  in  diameter  and  6^  inches  deep  contains  how 
many  quarts  ? 

22»  What  is  the  capacity,  in  barrels,  of  the  petroleum  car -tank  in 
prob.  IV? 

23.  The  tank  of  a  street  sprinkler  is  12  ft  long  and  12  ft.  6.2  in.  in 
circumference,  outside  measurements.  If  constructed  of  l^inch  lumber, 
with  heads  2  inches  from  the  ends  of  the  staves,  what  is  its  capacity  in 
gallons  ? 

24.  The  capacity  of  a  cylindrical  cistern  is  18.572  barrels,  and  its 
diameter  is  5  ft.  4  in.    Required  its  depth. 

III.    PYRAMIDS  AND   CONES. 

611m  A  pyramid  is  a  solid  whose  base  is  a  polygon,  and  whose 
sides  are  triangles  terminating  in  a  common  point  or  vertex. 

612*  A  anie  is  a  solid  whose  base  is  a  circle,  whose  top  terminates 
in  a  point  or  vertex,  and  any  straight  line  connecting  its  vertex  and  the 
circumference  of  its^base  is  wholly  in  its  surface. 

a.  The  axis  of  a  pyramid  or  of  a  cone  is  the  line  connecting  the  vertex 
with  the  centre  of  the  base. 

&.  A  right  pyramid  or  a  right  cone  is  one  whose  axis  is  perpendicular 
to  its  base. 
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c.  Tbe  attitude  of  a  pyramid  or  of  a  cone  is  the  perpendicular  height 

of  its  vertex  above  its  base  or  the  plane  of  its  base. 

d.  The  siant  IieiglU  of  a  pyramid  is  the  distance  from  its  vertex  to  the 

middle  of  a  side  of  its  base.    And 

The  tiant  height  of  a  cone  is  the  distance  from  its  vertex  to  the  cir- 
cumference of  its  base. 

e«  The  convex  surface  of  a  pyram,id  or  of  a  cone  is  its  total  surface 
exclusive  of  its  base. 

/•  Pyramids,  like  prisms,  are  named  from  their  bases. 

Note.— Do  not  fail  to  dLBtingaLBb  between  aUUude  and  dant  height 

613m  Impobtant  Facts. 

11.  The  alant  height  of  a  pyramid  or  of  a  cone  is  a  dimension  of 
siarfaces  that  bound  it,  but  is  not  a  dimension  of  tJie  solid, 

in.  The  volume  of  a  pyramid  equals  one  third  of  the  volume  of  a 
prism  having  the  same  base  and  altitude, 

IV.  The  volume  of  a  cone  equals  one  third  of  the  volume  of  a  cylinder 
having  the  same  base  and  altitude. 

Case  I.  Surfaces  of  pyramids  and  cones. 

614»  Ex.  1.  Find  the  convex  surface  of  a  triangular  pyramid  whose 
slant  height  is  5  ft.,  and  the  sides  of  whose  base  are  4  f t.,  5  ft,  and  7  ft. 

OOTLINSS  OF  Al7ALYBia  PR0CE8& 

(1)  Area  of  triangular  side  4  ft.  at  base,  (l)  i  of  5  x  i  sq,  ft,  =  10    sq.  ft. 

(2)  Area  of  triangular  side  6  ft.  at  base.  (2)  ^  of  5  x  5  sq.  ft.  =  12i  sq.  ft. 

(3)  Area  of  triangular  side  7  ft.  at  base.  (3)  i  of  6  x  7  sq.  ft.  =  17^  sq.ft. 

(4)  Convex  surface.  (4)  HencCy            40    sq.ft. 

Common  Pbocbss. 
t  of5xU  +  5  +  7)  sq.ft.  =  40  sq.ft. 

Ex.  2.  Find  the  entire  surface  of  a  cone  whose  altitude  is  4  feet  and 

whose  base  is  6  feet  in  diameter.  .^^ 

Pbooess. 

OuTLiNBS  OF  Analysis.  ^ 

Since  the  axis  and  the  slant      W    V  4  *  +  ^  *  =  5;  hence,  6  ft. 

height  of  a  cone  are  respective-      (2)    3^^  x  6  ft.  =  ISfjrft. 

ly  the  perpendicular  and  the 

hypotenuse  of  a  right-angled      (3)      i  of  6  x  18 f  sq.ft.  =  471r  sq.ft. 

triangle  and  the  radius  of  the      (^^   ^^^^  x  ^  X^  sq.ft.  =  2  8.2  7  sq.ft. 
base  of  the  cone  is  the  base  of^'  ^  ''  ^  ^ 


the  triangle,—  (5)  HencCy         76.41+  sq.ft. 
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(1)  Slant  height.  (3)  Convez  surface. 

(2)  Circumfeience  of  base.  (4)  Surface  of  base.         (5)  Entire  surface. 

Pboblsms. 

25,  Find  the  entire  surface  of  a  cone  whose  base  is  5  ft  8  in.  in  di- 
ameter/and  whose  slant  height  is  ?  ft.  2  in. 

26m  Find  the  entire  surface  of  a  square  pyramid  whose  base  is  5  ft. 
on  each  side,  and  whose  slant  height  is  9.65  ft. 

27*  Required  the  cost  of  slating  a  church  spire  whose  base  is  an  octagon 
4^  ft.  on  each  side,  and  whose  slant  height  is  75  ft.,  at  19.63  per  square. 

Case  II.  Yolumes  of  pyramids  and  cones. 

G15»  Ex.  1.  Find  the  volume  of  a  rectangular  pyramid  whose  base 
is  5  ft.  on  each  side,  and  whose  altitude  is  14  ft. 

OTTTLiKBS  OF  A17ALY8IS.  PbOCESS. 

(1)  Area  of  base  of  pyramid. 

(2)  One  third  of  volume  of  a      (l)  5x5  8g.ft.  =  25  sg.fi. 

prism  of  the  same  bwe  and  altitude      (2)  i  of  lU  X  25  cu.fi.  =  116i  cu.fi. 
as  the  pyramid  yolSf  III). 

Ex.  2.  Required  the  solid  contents  of  a  cone  3  feet  in  diameter  at  the 
base,  and  4  ft.  6  in.  high.  Process 

OUTLIinSS  OF  AKALTSI& 

(1)  Area  of  circular  base.      W        .'r85ix3xSBq.fi.^7.0686,q.fi. 

(2)  Solid  contenU  of  cone     (2)  i  of  ii  X  7.0686  cu.  ft.^  1 0.6+  eu.  fi. 
{613,  IV). 

Pboblehs. 

28.  A  lye  vat  4  feet  deep  is  4  feet  square  at  the  top  and  tapers  to  a 
point  at  the  bottom.    How  many  bushels  of  ashes  will  it  contain  ? 

29.  The  cup  of  a  funnel  is  8  inches  in  diameter  and  6^  inches  deep. 
Required  its  capacity. 

30.  The  sides  of  the  base  of  a  triangular  pyramid  are  6  ft.,  7  ft.,  and 
8  ft.,  and  the  altitude  of  the  pyramid  is  21  ft    Find  its  volume. 

31.  A  conical  pile  of  grain  is  48  ft.  4  in.  in  circumference,  and  3  ft. 
10  in.  deep  at  the  apex.    How  many  bushels  are  there  in  the  pile  ? 
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IV.   FRUSTUMS. 

616*  A  frustum  of  a  pyramid  or  of  a  cone  is  the  bottom  part  *of 
the  pyramid  or  cone  cut  off  by  a  plane  parallel  to  the  base. 

617 •  A  segment  of  a  pyramid  or  of  a  cone  is  the  top  part  of  the 

pyramid  or  cone  cut  off  by  a  plane  parallel  to  the  base. 

a,  Tbe  tMitude  of  a  frustum  is  the  perpendicular  distance  between  its 
ends  or  bases. 

b»  The  siant  height  of  a  frustum  is  the  shortest  distance  between  the 
perimeters  of  its  bases. 

618»  Impobtant  Facts. 

Y.  J%e  volume  of  a  frustum  of  a  pyramid  equals  the  total  volume  of 
three  pyramids  each  of  equal  altitude  unth  the  frustum^  and  having  for 
their  bases  respectively^ — (1)  the  top  of  the  frustum,  (2)  the  base  of  the 
frustum^  and  (3)  a  mean  proportional  between  the  top  and  base. 

VL  The  volume  of  a  frustum  of  a  cone  equals  the  total  volumes  of 
three  cones  each  of  equal  altitude  loith  the  frustum^  and  having  for  their 
bases  respectively, — (1)  the  top  of  the  frustum,  (2)  the  base  of  the  frustum, 
and  (3)  a  mean  proportional  between  the  top  and  base. 

619.  Prove 

PBOPoemoN  I.  The  side  of  a  square  that  is  a  mean  proportional  to  two 
other  squares  is  a  mean  proportional  to  their  sides. 

Pboposition  II.  The  diameter  of  a  circle  th€U  is  a  mean  proportional 
to  two  other  circles  is  a  mean  proportioned  to  their  diameters. 

Cabs  L  Surflaces  of  f^stums. 

620m  Ex.  What  is  the  entire  surface  of  a  frustum  of  a  quadrangular 
pyramid,  whose  top  is  4  ft.  square,  base  6  ft  square,  and  slant  height  5  ft.? 

Steps  nr  Pbocess.— Find,—  Pbocbs& 

(1)  Average  width  of  each  side.  ^  ^  ^     ^^  ^ 

(2)  Area  of  four  sides,  or  convex  sur-  )'  ,  ^  /  \i^  i^n  ^ 
f^/  {2)   4x5  xS  sq.ft.  :=100  sq.ft. 

(3)  Area  of  top  of  frustum.  (^)  -*  ><  -*  «?•  A  =    1^  ^q.ft. 

(4)  Area  of  base  of  frustum.  (*)  ^  X  ^  sq.  ft.  =    36  sq.ft. 

(5)  Total  areas,  or  entire  surface.  (5)  Hence,        162  sq.ft. 
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PSOBLBMS. 

S2m  How  many  square  yards  of  surface  are  there  on  the  outside  of  a 
sap  reservoir  or  store-tub,  open  at  the  top,  d  ft.  0^  in.  square  at  the  top, 
2  ft.  11  in.  square  at  the  bottom,  and  4  ft.  deep  ? 

83.  How  many  pounds  of  steel  ^  in.  thick  will  be  required  for  a 
petroleum  tank  12  ft.  in  diameter  at  the  top,  15  ft.  in  diameter  at  the 
bottom,  and  14  ft.  slant  height,  allowing  ^  for  laps  and  waste,  the  steel 
weighing  7.56  pounds  to  the  square  foot? 

Case  II.  Volumes  of  finistums. 

621*  Ex.  1.  Find  the  solid  contents  of  the  frustum  of  a  pyramid  that 
is  4  feet  square  on  the  top,  6  feet  square  on  the  base,  and  5  feet  high. 

Outlines  of  Analysis.  Process. 

(1)  Area  of  base  equal  to  top  of  frus-     (i)  ^  x  4  sq.  ft.  =  16  sq.  ft. 

inm(fll8,Y)  .^^  6  x  6  sq.ft.  =  S6  sq.fi. 

(2)  Area  of  base  equal  to  base  of     ^  '  . ^  •^  ^  -^ 

frustum  {618,  V).  (3)       V  16x36  sq. ft.  =  2 j  sq.ft. 

(3)  Area  of  base  that  is  a  mean  pro-     (4)  7  6  sq.  ft. 
porUonal  to  the  other  two  (««,  V).      (s)  i  of  5  x76  cu.ft.  =  126i  eu.ft. 

(4)  Sum  of  areas  of  bases. 

(5)  Volume  of  the  three  pyramids  having  a  common  altitude  of  5  ft.  (618,  V). 

Common  Process. 
(^«  +  6«  +  4x^)  =  7^;  i  of  5x76  =  126};  hence,  1 26  f  cu.fi. 

Ex.  2.  Find  the  volume  of  the  frustum  of  a  cone  whose  top  diameter 
is  3  feet,  bottom  diameter  5  feet,  and  altitude  4  feet. 

Outlines  of  Analtsi&  Process 

(1)  Area  of  base 

equal  to  top  of  frus-      (l)  .785i  xSxS  sq.fi.  =  7.0686  sq.fi. 

tum  (618,  VI).  (2)  .7854.  x  5  x  5  sq.fi.  =  19.635  sq.fi. 

(2)  Area  of  base      /gx      ^7,0686x19.635  sq.fi.  =  11.771  sq.fi. 
equal  to  base  of  frus-      ^  ^ 


tum  (618,  VI).  (♦)  38.474+  9q.fi. 

(3)  Area   of   base      (5)  i  of  4  x  38.474+  cu.fi.=5 1.298+  cu.fi. 
that  18  a  mean  pro- 
portional to  the  other  two  (618,  VI).  (4)  Sum  of  areas  of  bases. 

(5)  Volume  of  the  three  cones  having  a  common  altitude  of  4  ft.  (618,  VI). 
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Common  Pbocess. 
.7864x{S''  +  6''  +  Sx6)^S84H-[-;  i  of  4  x  S847  j^  =  5  1.298+; 
hence,  61.298  cu,ft. 

PfiOBLEMS. 

34m  Required  the  capacity  of  a  cistern  whose  top  diameter  is  7  ft.  6 
in.,  bottom  diameter  9  ft,  and  height  6  ft. 

85»  A  berry  basket  is  5^  inches  square  at  the  top,  4{-  inches  square  at 
the  bottom,  and  2\  inches  deep.    Will  it  contain  a  quart  of  berries  ? 

86m  A  tin  pail  is  13  inches  in  diameter  at  the  top,  9  inches  in  diameter 
at  the  bottom,  and  8  inches  deep.    Required  its  capacity. 

S7*  In  a  stick  1  ft.  8  in.  square  at  one  end,  2  ft. 
2  in.  square  at  the  other,  and  34  feet  long. 

38*  In  a  log  28  feet  long,  2  ft.  1  in.  in  diameter 
,  at  one  end,  and  2  ft.  9  in.  at  the  other. 


Required 
the  number  of      < 
cubic  feet  of  timber 


Y.   SPHERES. 

622.  A  9phere  or  globe  is  a  solid  bounded  by  a  uniform  curved  surface. 

a.  A  great  circle  of  a  sphere  is  any  circle  on  its  surface  whose  plane  includes 

the  centre  of  the  sphere. 

b.  A  circumference  of  a  sphere  is  any  great  circle  of  the  sphere. 

Cm  A  diameter  of  a  sphere  is  a  straight  line  passing  through  its  centre,  and 
terminating  at  both  ends  in  its  surface. 

dm  Every  point  in  the  surface  of  a  sphere  is  equally  distant  from  the  centre. 

623.  Important  Facts. 

VII.  The  surface  of  a  q>here  equaU  four  times  the  area  of  a  circle  of 
t?ie  same  diameter  as  the  sphere. 

VIII.  The  volume  of  a  ^here  eqtials  two  thirds  of  the  volume  of  a 
cylinder  whose  diameter  and  altitude  are  each  equal  to  the  diameter  of 
the  sphere, 

624.  According  to  623,  YII,  the  surface  of  a  sphere  equals 

-  ^,  diameter  x  circumference       ,.       ....        r 

4  X =  diameter  x  circumference. 
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625m  AcoordiDg  to  623,  VIII,  the  Tolaxne  of  a  sphere  equals 
I  of  diameter  x  (.7854  x  diameter*)=:f  of  .7854  x  diameter' =.JiS^^  x  diameter^. 

Pboblems. 

Find  the  surface  and  the  volume  of  a  sphere 
39f  4tO,  16  ft.  5  in.  in  diameter.    |  41,  42.  56  inches  in  circumference. 

-^        «     -.  626.    FOBMULJE 

l^or  nncling 

L  The  convex  surfaces  of  prisms  or  of  cylinders: — Altitude  x peri- 
meter of  base. 

n.  The  entire  surfaces  of  prisms  or  of  cylinders : — Convex  surface^ 
areas  of  baaea. 

in.  The  volumes  of  prisms  or  of  cylinders : — Attitude  x  area  of  base. 

IV.  The  convex  surfaces  of  pyramids  or  of  cones: — ;f  ofdant  height x 
perimeter  of  base. 

V.  The  volumes  of  pyramids  or  of  cones: — j-  of  altitude  x  area  of  base, 

VI.  The  convex  surfaces  of  frustums : — Slant  height  X  i  of  sum  of 
perimeters  of  bases. 

VII.  The  volumes  of  frustums : — ^  of  altitude  x  (area  of  top  +  area  of 
base  +  mean  proportional  to  areas  of  top  and  base)* 

Vin.  The  surfaces  of  spheres : — Diameter  x  circumference. 

IX.  The  volumes  of  spheres : — .5236  x  diameter^, 

Pboblems. 

43.  A  cubical  bin  holds  200  bushels  of  potatoes.     What  are  its  di« 
mensions  ? 

44.  What  is  the  entire  inner  surface  of  a  cubical  box  whose  capacity 
is  110,592  cu.  in.? 

45.  How  many  feet  of  lumber  are  there  in  a  board  15  feet  long,  16 
inches  wide,  and  1^  inches  thick  ? 

46.  Find  the  cost  of  2-inch  lumber  for  a  platform  64  feet  long  and 
28  feet  wide,  at  122.50  per  M. 
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47*  Wbi^t  is  the  yalue  of  a  pile  of  15-inch  wood,  58  feet  long  and  6 
feet  higfay  at  11.50  per  face  cord  ? 

48.  How  many  cords  in  a  pile  of  4-ft  wood,  18  ft  long,  8  ft.  high  at 
one  end,  and  6  ft.  high  at  the  other  ? 

49.  The  pressure  of  the  atmosphere  at  the  level  of  the  sea  is  15 
pounds  to  the  square  inch.  What  is  its  pressure  on  a  solid  4  feet  long 
on  the  edge,  1  foot  square  at  one  end,  and  2  feet  square  at  the  other? 

50.  How  many  feet  of  matched  lumber  1  inch  thick  will  be  required 
for  a  cubical  box  that  will  contain  100  bushels  of  grain  ? 

51»  A  bunch  of  shingles  1  ft.  8  in.  wide  consists  of  25  double  layers. 
How  many  shingles  are  there  in  the  bunch  ? 

52.  A  teamster  drew  at  one  load  4  stones  each  4  ft.  long,  2  ft.  6  in. 
wide,  and  8  in.  thick.  What  was  the  weight  of  the  load,  if  a  cubic  foot 
of  the  stone  weighs  152.5  lb.  ? 

53.  An  iron  25-lb.  weight  is  4^  in.  square  on  the  bottom  and  3^  in. 
square  on  the  top.  How  high  is  the  weight,  iron  weighing  7,790  oz.  to 
the  cubic  foot  ? 

54.  Find  the  number  of  Philadelphia  brick  in  the  walls  of  a  building 
32  ft.  by  56  ft,  and  28  ft.  high,  the  gables  being  10  ft.  high,  the  walls 
1^  bricks  thick,  and  the  mortar  i  in.  thick ;  allowing  the  doors  and  win- 
dows to  occupy  242  sq.  ft. 

55.  At  22^  per  bunch  for  lath  and  30^  per  square  yard  for  lathing 
and  plastering,  how  much  will  it  cost  to  lath  and  plaster  this  room? 

Lead  weighs  709.375  lb.  to  the  cubic  foot, 

56.  What  is  the  diameter  of  a  ball  of  lead  that  weighs  50  lb.  ? 

57.  Find  the  surface  of  a  leaden  ball  weighing  80  pounds. 

The  "Monument  to  the  Confederate  Dead''  in  Hollywood  Cemetery, 
Richmond,  Ya.,  is  a  pyramid  of  granite,  40  ft  square  at  the  base,  and  90 
ft  high.    Find 


58.  Its  convex  surface. 

59.  Its  cubic  contents. 


60.  Its  slant  height. 

61.  The  length  of  one  slant  edge. 


62.  Its  weight  in  gross  tons,  allowing  a  cubic  yard  to  weigh  4,050  lb. 
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In  a  school-house  40  ft.  long,  26  ft.  wide,  and  having  side  walls  14  ft. 
high,  are  10  windows  7  ft.  4  in.  by  3  ft.  2  in.,  3  oatside  doors  7  ft.  10  in. 
by  3  ft.  4  in.,  3  inside  doors  7  ft.  2  in.  by  3  ft.,  baseboards  8  in.  wide,  and 
a  partition  across  one  end.  The  roof  projects  1  ft.  8  in.,  and  its  ridge  is 
8  ft.  8  in.  above  the  side  walls.  The  foundation  walls  are  4  ft.  high  from 
bottom  of  trench  and  2  ft.  thick.    Find 

63»  The  amount  of  matched  lumber  necessary  to  sheathe  the  building. 
H4»  The  amount  of  siding,  allowing  \  for  laps  and  waste. 

65.  The  cost  of  labor  for  sheathing  and  siding  at  11.62^  per  square. 

66.  The  quantity  of  shingles  required  for  the  roof. 

67*  The  amount  of  \\  in.  matched  flooring  for  the  floor. 

68»  The  cost  of  lathing  and  plastering  at  35$^  per  square  yard. 

69»  The  number  of  rolls  of  paper  16  yd.  long  and  18  in.  wide  required 
to  paper  the  walls. 

70,  The  cost  of  eave  troughs  at  9^  per  running  foot. 

71.  The  number  of  perch  of  stone  in  the  foundation  walla 

See  Sipplenent,  pp.  868»  876. 


SECTION    V. 

REVIEW. 

627*   BLACKBOAItD  OUTIiZNEa 


Prepare  fall  blackboard  oatUnes  for  review  of  this  Chapter  on  Measore- 
meiitBi 

628.  TEST  QX7B8TION8. 

Prepare  forty  fidr,  thorough,  test  question^  in  seta  of  ten  each,  for  the  re- 
view of  MeararementB. 


SUPPLEMENT. 


ROMAN    NOTATION. 
Tage  16;  Art.  43. 

§  1.  The  symbols  of  number  used  in  the  Roman  method  of  notation 
and  the  values  they  express  are  as  follows : — 

Letters;       I  Y  X  L  C  D  M 

Valnea-  ®"®  ^^®  ®°® 

'        one  fire  ten  fifty         hundred       hundred        thonaand 

§  2.  The  symbols  I,  X,  C,  M,  represent  values  corresponding,  respec- 
tively, to  the  first,  second,  third,  and  fourth  orders  of  integral  units  in 
the  Arabic  method;  and  the  intermediate  symbols  Y,  L,  D,  to  one  half 
the  value  of  the  second,  third,  and  fourth  orders.  They  may  therefore 
be  classified  as  follows : 

a.  UnU  letters,— I,  X,  C,  M ; 

b.  Haif-unU  letters,— Y,  L,  D. 

Kon. — ^The  uae  of  half-unit  letters  prevents  much  repetition. 

§  3.  The  letters  of  the  Roman  notation,  like  the  figures  of  the  Arabic, 
express  two  values ; 

a.  A  fixed  (or  simple)  value  when  standing  alone,  and 

b.  A  related  (or  local)  value  when  combined  with  other  letters. 

§  4.  The  law  of  related  values  expressed  by  letters  in  Roman  nota- 
tion is,  increase  by  addition  or  decrease  by  subtraction. 
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Pbinciples. 


§  5.  Afflmmtive, — 
GoTemingr  yalaes. 

I.  The  value  expressed  by  a  unit 
letter  is  rq>eated  with  every  repeti- 
tion of  the  letter. 

II.  The  value  eo^essed  by  any  let- 
ter placed  after  one  eacpressing  greater 
value  is  added  to  that  greater  value. 

IIL  The  value  eo^essed  by  a  unit 
letter  placed  before  a  letter  express- 
ing greater  value  is  subtracted  from 
that  greater  valu^. 

IV.  The  value  expressed  by  a  letter 
with  a  bar  over  it  is  one  thousand 
times  the  fixed  value  of  the  letter* 


§  6.  ItesiricHve,— 

GoTemlng  arrangement* 

I.  A  letter  should  not  be  used  more 
than  three  times  in  expressing  the 
integral  units  of  any  order. 

n.  Half -unit  letters  must  never  be 
repeated^  nor  placed  before  letters  ex- 
pressing greater  value. 

III.  Unit  letters  are  placed  before 

letters  of  the  next  higher  unit  or 

half -unit  value  only. 

t,g,  lY  and  IX,  or  XL  and  XC  \ 
but  never  IL,  IC,  or  XM. 

lY.  A  bar  must  never  be  placed 
over  the  letter  I. 


Non. — ^Principle  lY  of  Yalaes  is  not  used  in  writing  numbers  less  than  four  thousand. 
Hence,  owing  to  the  present  limited  application  of  the  Roman  notation,  this  principle 
is  practically  obsolete. 

Rule  fob  Roman  Notation. 

Write  the  several  orders  of  units  of  a  given  integer  in  successiony  begin- 
ning with  the  highest  order,  and  omitting  all  orders  of  units  not  named 
in  the  integer,  except  ones. 

Exercises. 
Write  in  Arabic  notation 


1.  XX 

2.  ceo 

3.  LX 

4.  CLXI 

5.  XC 

6.  CM 

7.  XLIII 

8.  XIX 


9.  LIY 

10.  MCD 

11.  V_ 

12.  CO 

13.  MMM 

14.  MY 

15.  XXIX 

16.  DY 


17.  CDXLIY 

18.  MXDCCLin 

19.  XCIX 

20.  CMX 

21.  CXYIII 

22.  MXL 

23.  LXXYIl 

24.  CCXXII 


25.  MCXI 

26.  MXCMXCIX 

27.  DCXXXY 

28.  XLMVCDXLIY 

29.  LMLIX 

30.  VMMMDCCCLXXXYUI 

31.  CC^MMCCXXII 

32.  HCXMCDXXYII 
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Write  in  Roman  notation 


33.  14 

38.  68 

43.  257 

48.  1,776 

53.  2,876 

58.    17.874 

34.    7 

39.  25 

44.  821 

49.  1,492 

54.  4,892 

59.    62,587 

35.  93 

40.  96 

45.  555 

50,  1,720 

55.  7,486 

60.  119,856 

36.  80 

41.  88 

46.  718 

51.  1,846 

56.  5,555 

61.  724,211 

37.  44 

42.  79 

47.  987 

52.  1,521 

57.  8,871 

62.  999,999 

63.  This  day  of  the  month. 

65.  The  number  of  this  Christian  year. 

64.  This 

month  of  t 

he  year. 

66.  This  century. 

Write  in  Roman  notation,  and  then  change  into  Arabic,  five  examples 


67-71.  To  illustrate  Principle  I  of  values. 
72-76.   "         "  "      II 


«< 


<< 


77-81.  To  illustrate  Principle  lU  of  values. 
82-86.   "        •'  "        rV  ** 


i< 


87-91.  To  illustrate  Principle  Y  of  values. 


NOTATION   OF  COMPOUND   NUMBERS. 


Tables  and  Scales. 
Fage  35;  Art.  126. 

1.  Arrangement. — In  the  upper  line  of  each  table  are  the  units  of 
the  table,  in  order,  the  lowest  unit  at  the  right ;  and  the  lower  line  is 
the  scale  of  the  table,  ascending  from  right  to  left. 

2.  Readings. — Uniformity  should  be  observed  in  reading  and  reciting 
the  tables.  For  example,  the  first  table  in  measures  of  extension  should 
be  recited  as  follows : 

The  units  of  the  table  of  linear  measure  axe  the  Inch,  foot,  yard,  rod,  mile. 
Of  these  units  12  inohes  are  1  foot,  3  feet  are  1  yard,  5^  yards  are  1  rod,  320 
rods  are  1  mile ;  and  the  soale  (ascending)  is  12,  3,  5^,  320. 

Or,  The  units  of  the  table  of  linear  measure  are  the  mile,  rod,  yard,  foot, 
inch.  Of  these  units  1  mile  is  320  rods,  1  rod  is  5^  yards,  1  yard  is  3  foet, 
1  foot  is  12  inches ;  and  the  soale  (descending)  is  320,  5^,  3,  12. 

a.  In  any  written  compound  number,  the  highest  denomination  expressed  stands 
at  the  left ;  and  the  other  denominations,  from  highest  to  lowest  stand,  in  their 
order,  to  the  right. 

6.  The  proper  abbreviations  for  the  names  of  the  denominations  are  given  in 
the  tables.  Pupils  should  not  be  allowed  to  use  any  other  abbreviations  for 
denominations. 
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126.  BSBASURBa  OF  iULTJBJWBION. 


i.  Linear. 


ii.  doth. 


iiL  Maxinera'- 


ir.  Square. 


T.  Suiveyora'. 


Ti.  Gk>Ud  or  Cubic 


▼ii.  Dry. 


Tiii.  Xaqnld. 


1.  Commercial, 


(  CODg.  1 

f.  PharmaeUU'.  < 


Notes. — 1.  €k>ng.  (congius)  ia  gal,  0.  (octarius)  ia  pt,  /){  ia  fluid  oi.,  f$  is  fluid  dr.,  tn  is 

minim  or  drop. 
2.  The  old  road  measure— /i«r/o7)^  (=  40  rd.) — is  now  but  little  used. 

8.  A  Ounter*»  Chain,  used  in  land  surveying,  is  4  rods,  66  feet,  or  100  links  long. 
Hence,  25  links  are  1  rod.   The  denomination  rod  is  seldom  used  in  linear  chain  measure. 
4.  a.  An  Enffineera^  Chain,  used  by  topographical,  civil,  and  military  engineers, 
is  100  feet  long,  and  consists  of  100  links.    But  engineers  express  short  dis- 
tances in  yards  and  feet 
6*  Since  100  links  are  1  chain,  1  link  is  .01  of  a  chain,  67  links  are  .67  of  a  diain, 
and  so  on.    Hence,  links  may  be  written  as  hundredths  of  a  chain.    They  are 
commonly  so  written  in  computations ;  thus,  46  ch.  14  1.  =  45.14  ch. 
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5.  In  measaring  clock  pendulums,  IS  points  are  1  line,  and  12  lina  are  1  inch, 

6.  The  yard  in  use  at  the  U.  S.  Custom-Houses  is  divided  into  tenths  and  hundredths. 

Y.  The  geographical  miie,  nautical  mile,  or  knot,  is  6,086.7  ft  or  1.162|{ 
statute  miles.  These  terms  are  applied  as  follows : — geographic  mile  to  longi- 
tude ;  nautical  mile  to  sea  distances ;  knot  to  rate  of  speed  of  vessels. 

8.  A  nMtrine  league  is  8  nautical  miles  or  8.458  statute  miles. 

9.  A  degree  of  latitude  as  adopted  by  the  U.  S.  Ck>a8t  Surrey  is.69.16  statute  miles. 

10.  Formerly  40  square  rods  were  called  a  rood,  and  4  roods  an  acre.  The  denomina- 
tion rwid,  common  in  old  deeds,  mortgages,  and  surreys,  is  now  but  little  used. 

11.  A  pile  of  wood,  earth,  or  rough  stone  8  feet  long,  4  feet  wide,  and  4  feet  high,  is  a 
cord.  Hence,  128  eu,  ft.  are  1  ed.  In  many  places  wood  is  sold  by  face  meaturej 
t. «.,  8  f t.  long  and  4  ft.  high — or  82  feet  of  face  of  pile — are  1  cd. 

• 

12.  There  is  no  legal  standard,  neither  State  nor  National,  for  a  perch  of  matonty, 

18.  K  peach  basket  should  hold  21  qt  stricken  measure,  and  apotfxio  basket,  8  pk. 
14.  By  many  retailers,  dry  measure  is  called  wooden  measure,  and  liquid  measure 
is  called  tin  nhcasure. 


iz.  Th>7. 


X.  Apothaoaxies' 


127.   BSBASnilEB  OF  WEIGHT. 

'  1  lb.  1  oz.  1  pwt.  1  gr. 

oz.  1  or  ;  i         dr.  i  or  3  i  sc.  i  or  9  i 

xii  ^vui  — -^iii 


gr.  I 


zi.  AsMLjBnf, 


1  carat       1  carat  gr. 
24        ^^-^4 


1  Troy  gr. 


ri  lb.  1  carat        1  diamond  gr.       1 


zilL  A^didnpois. 


1.  Net  ton. 


flT.  Icwt.         Iqr.  lib.  loz. 

.£,  Oroutork'l^*^-^^^^        ^-^^^^^^        ^\^^  '^•^^^^.^^ 

I     ^^'^20    ^"^--^4   ^"^--^28     ^"^^-^16 
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NoTKS. — 1.  The  pound,  ounce,  and  gndn  of  Troy  and  apothecaries*  weights  are  the  same, 
the  ounce  in  the  two  weights  being  differently  divided. 

2.  Physicians  write  their  prescriptions  in  Roman  notation,  using  small  letters  and  writing 
j  for  the  final  L  The  numeral  is  written  after  the  weight  symbol,  and  is  frequently 
abbreviated  by  writing  a  dot  only  in  place  of  the  numeral  L 

e.g.  5  iv  or  5  T  is  4  dr. ;  f.  gr.  vij  or  f.  gr.  v  'j  is  7  f.  gr. 
5  vi  3  iij  3  i  or  5  V  3  "j  9*  is  6  ojl  8  dr.  1  sc 
8.  A  carat  is  one  twenty-fourth  part  by  weight  of  a  moss  of  precious  metal,  and  is  used 
to  express  the  proportionate  quantity  of  the  more  valuable  metal  in  the  mass. 
€,g,  A  gold  ring  18  carats  fine  is  ^  =  f  pure  gold,  and  \  alloy. 

4.  A  cubic  foot  of  pure  or  distilled  water  weighs  1,000  oz.  or  62j^  lb.  avoirdupois. 

6.  Transportation  companies  estimate  the  weight  of  light  freight  by  the  space  it  occu- 
pies, and  heavy  freight  by  actual  weight 

6.  The  ton  of  2,000  lb.  is  commonly  called  the  mHoH  ton  or  the  nei  Um;  and  the  ton  of 
2,240  lb.  (20  cwt  =  80  qr.  =  2,240  lb.)  is  called  the  Umg  Um  or  the  grou  Um. 

7.  The  gross  ton  is  used  in  wholesale  transactions  in  coal,  iron,  and  iron  ore ;  and  in  the 
United  States  Custom-Houses  in  passing  all  English  goods  sold  by  weight. 

8.  The  denomination  quatier^  avoirdupois  weight,  always  means  28  lb. 

9.  An  English  quarter  of  grain  is  8  Imperial  bu.  of  70  lb.  each,  or  ^  of  a  long  ton. 

10.  In  theory,  16  dr.  (drams)  are  1  oz. ;  but  in  business  the  dram  is  not  used. 

11.  Hundred-weight  and  pounds  may  be  read  together  as  pounds,  or  the  pounds  may  be 
read  as  hundredths  of  a  hundred-weight  Thus,  9  cwt  21  lb.  is  921  lb.,  or  9.21  cwt ; 
8  T.  12  cwt  19  lb.  is  8  T.  1,219  lb.,  or  8  T.  12.19  cwt 

12.  Dry  medicines  are  commonly  sold  by  avoirdupois  weight 
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128.  CtRClTLAR  AND  ANaULAR  MBASURBS. 

^  Surveyor.'  and  ( 1^  1^- 

(  Navigators'.        J  ^^"""^^--^4  ^"^"^ 

18. 


XT.    Astronomeni' 

.12      ^"^--^80     ^^^^60      "^"--v.eo 

Notes. — 1.  The  denominations  of  the  tables  of  circular  and  angular  measures  are  used 

a.  By  wrveyon^  in  determining  the  directions  or  bearings  of  land  boundaries  and  other 
lines; 

b.  By  naviffotors,  in  determining  the  position  and  course  of  vessels  at  sea ; 

e.  By  ffeoffraphera  and  aatronomers,  in  determining  latitude  and  longitude ;  in  determining 
the  position  and  moUon  of  the  heavenly  bodies ;  and  in  computing  difference  in  time. 

2.  Astronomers  divide  the  todiae  (the  sun^s  apparent  path  in  the  heavens)  into  12  equal 
parts  of  80°  each,  for  the  12  months  of  the  year;  these  divisions  are  called  tiffnt. 
Hence,  30°  are  1  S.  (sign),  and  12  signs  are  one  great  circle  of  the  heavens. 

8.  A  minute  of  the  circumference  of  the  earth  is  1  geographic  mile. 
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129*  MBASUREB  OF  DX7RATION. 


Ida. 


xvi  Time.         _ 

(865  or 
1866 

1 7  da.  are  1  wk. ; 
Denomhiatioxis  and  units  not  in  the  scale :-]  28  to  81  da.  are  1  mo. ; 

( 12  mo.  are  1  yr. 


i£<mth$ 


«*r 

^ 


r  March, 
Spring;    -{  April, 
I  May. 

r  June, 
Summer  js  July, 

L  August. 

r  September, 
Antnmn;-!  October, 

t  November. 

r  December, 
^7inter.    <  January, 
t  February. 


jLbbfttittr 

tioru 

Mar. 
Apr. 


Aug. 

Sept. 

Oct. 

Nov. 

Dec 
Jan. 
Feb. 


Nik  <if  month 
in  civil  year 

y<K(^daif9in 
each  month 

inSetuons 

8rd 
4th 
5th 

81           1 
80 

81           J 

'  92 

0th 
7th 
8th 

80  1 
81 

81  J 

^  92 

9th 
10th 
11th 

80          1 

81 

80          J 

'  91 

12th 
1st 
2nd 

81           1 

81 

28  or  29 

*  90  or  91 

Notes. — 1.  The  Society  of  Friends  use  the  numbers  of  the  months  instead  of  the  names ; 
as,  Ist  mo.,  2d  mo.,  Sd  mo.,  etc.  They  also  use  the  numbers  of  the  days  of  the  week 
instead  of  the  names ;  as,  1st  day,  2d  day,  8d  day,  etc 

2.  In  most  business  transactions  80  days  are  considered  1  month. 

8.  The  civil  dap  begins  and  ends  at  12  o'clock,  midnight  AM.  denotes  time  be- 
tween midnight  and  noon ;  M.,  noon ;  and  P.  M.,  between  noon  and  midnight 

§  2.  Blaaeztile  or  Xieap-year. 
1.  The  civil  year  is  the  year  adopted  by  governments  for  the  compa- 


865  da. 

866  da. 


tation  of  time,  and  is  of  two  kinds— j  J^^"'™^^  ^^^^ 

'  ( Leap-year, 

2.  A  trapictU  or  solar  year  is  865  da.  5  h.  48  min.  49.7  sec. 

NoTK. — The  tropical  or  solar  year  is  the  true  year^  and  is  the  time  of  the  eartVs  revolu- 
tion from  the  vernal  equinox  to  the  same  equinox  again. 

3.  If  every  year  were  reckoned  as  a  common  ye^r,  civil  time  would 
gain  on  solar  time 

In   1  year,  5  h.  48  min.  49.7  sec.  or  11  min.  10. 8  sec.  less  than       \  da. 

4    "  23 "  15    "    18.8  "    or  44    "    41.2   "     "     "        1    " 

400    "    96da.21"81    "    20      "    or    8da.2h.28   "    40      ••     "     "    100    " 
4,000    "968  ''28  "18    "    20      "    or  81  "0"  46    "    40      "     "     "1,000    " 
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4*  If  every  fourth  year  were  reckoned  as  leap-year. 

In     4  years  solar  time  would  gain  on  civil  time  44  mio.  41.2  sec. 

400     "       •'       "         "        "     "     "      "   8da.2h.  28    "    40      " 

Note. — ^If  three  centennial  years  of  erery  four  be  reckoned  as  common  years,  the  error 
of  8  da.  in  time  gained  in  400  yr.,  as  shown  above,  will  be  corrected. 

5.  If  every  fourth  year  not  centennial  and  every  fourth  centennial 
year  were  reckoned  as  leap-years, 

In    400  years  solar  time  would  gain  on  civil  time  2  b.  28  min.  40  sec. 

4,000     "       "       "        "        "     "     "      "    lda.0"46    "    40  " 

6.  If  every  fourth  year  not  centennial,  and  every  fourth  centennial 
year  excepting  each  4,000th  year  be  reckoned  as  a  leap-year,  the  error 
of  1  day  in  the  time  gained,  as  shown  above,  will  be  corrected,  and  civil 
time  will  vary  from  solar  time  only  46  min.  40  sec.  in  4,000  years.    Hence, 

I.  Every  fourth  year^  centennial  years  excepted,  is  a  leap-year. 

II.  M>ery  /(north  centennial  year,  the  years  exactly  divisible  by  J^OOO 
excepted,  is  a  leap-year. 

§  3.  Old  Style  and  Kew  Style. 

1.  The  Julian  Calendar,  decreed  by  Julius  CsBsar  B.C.  46,  assumed  the 
civil  year  to  be  365  da.  6  h.,  one  entire  day  being  added  every  four 
years,  and  the  6  hours  rejected. 

2.  A.D.  1582,  the  civil  year  having  gained  on  the  solar  year  10  days, 
Pope  Gregory  XIII  decreed  that  the  day  following  the  3d  of  October 
in  that  year  should  be  called  the  14th,  and  published  the  Gregorian 
Calendar  for  all  Catholic  countries. 

3.  This  calendar  has  since  been  adopted  or  is  used  by  all  civilized 
nations  except  Russia,  whose  dates  are  now  12  days  behind  ours. 

4.  The  manner  of  reckoning  time  by  the  Julian  Calendar  is  called 
Old  Style  (O.  S.),  and  by  the  Gregorian  Calendar,  New  Style  (N.  S.). 

In  O.  S.  the  year  began  March  25 ;  in  N.  S.  it  begins  January  1. 

5.  England  adopted  the  Gregorian  Calendar  A.D.  1752,  the  dates  of 
the  civil  year  then  being  11  days  behind  those  of  the  solar  year. 
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DiCDCAL. 


130.  BSBASURISS  or  MONET  VALUE. 

1  e.  1  dol.  1  dime  1  ct 


'  xvii.  U.  8.      ] 


sviii.  Canada. 


xz.  Sterling, 


e 

e 


a 
H 


DetiomisMtion 

Pound, 
ShUling, 
Penny, 
Farthing, 


Meud 


Coin 


SifmJbol 

£ 

8. 

d. 

far. 

in  U.S. 


3 


/Sovereign,        94.B665 
Half-sovereign,  2.488 

5.11 
2.655 

1.216 
.608 
.486 
.243 
.12 
.08 
.06 

.02 
.01 
.005 


3  i  Guinea, 
[Half -guinea, 

'  Crown, 
Half-crown, 
Florin, 
Shilling, 
Sixpence, 
Fourpence, 
Threepence, 

r  Penny, 
<  Half-^nny, 
[Farthing, 


Forei^in  Cnxreiioloa. 

Denomination 
Franc, 


o 
fl 

e 

e 

A' 
i» 

fl 

£ 


Decime, 

Centime, 

Alillime, 

Metal     Coin 


Sjfmbol 

fr. 

dc. 

ct 

m. 

Value 
inU.& 


I 


flOO-franc.  $19.80 

40-franc,      7.72 

20-franc,      8.86 

lO-franc,       1.93 

5-franc,        .965 

5>franc,  .965 

2-franc,  .886 

1-franc,  .193 

50-centhne,  .096 

25-centime,  .048 

10-centime,  .02 

5-centime,  .01 

2-centime,  .00886 

1-centime,  .00193 


K    Metal    Coin 

d 

e 

g 


m 
d 

a 


O 

a 

e 

e 

a 

g 

0 


(50-cent, 
25-cent, 
10-cent, 
5-cent, 
1-cent, 


Value 
in  U.  8. 

$.462 
.281 
.092 
.046 
.01 


Denomination     Sifmbol 
'  Reichsmarken,    mark 
Pfennig,  pfennig 

Metal    Coin     VaLinU.S. 

20-mark,  $4.77 
10-mark.     2.885 
5-mark,     1.192 

2-mark,       .477 
1-mark,       .2885 
,20-pfennig,  .0477 

10-pfennig,  .02885 
5-pfennig,  .012 

•S.i   2-pfennig,  .0048 
.a  (    1-pfennig,  .0024 


i. 


IS 


Notes. — 1.  The  following-named  ooins,  though  still  in  circulation,  are  no  longer  coined  :-^ 
TitigHah — guinea  and  half-guinea ;  Canada, — 20-cent,  or  Bhilling  (silver) ; 
GtormaDf-^silver  thaler  ($  .746),  and  groschen  ($  .020). 

2.  The  gold  coins  used  in  Canada  arc  the  English  sovereign  and  half-sovereign. 

8.  French  money  is  read  in  francs  and  centimes,  as  U.  S.  m5nej  is  read  in  dollars  and  cents, 

4.  The  French  20-franc  piece  is  equal  in  value  to  the  Napoleon — still  in  circulation. 


sn 
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zxii.  Counting. 


,  COTTNT,  OR  TALB. 

1  doz.  1  unit 

13 


xxiii.  Paper, 


2  things  of  a  kind  are  a  pair, 

and 
6  things  of  a  kind  are  a  set 

1  quire       1  sheet 


Kamt9 

IHmmHon^ 

Letter, 

10x16  in. 

Law  blank, 

18x16  " 

Fkt  cap. 

14x17  " 

Crown, 

16x19  " 

Demy, 

16x21  •* 

Double  cap. 

17x28  " 

Medium, 

18x23  " 

Writing 

Royal, 
Super  royal. 
Elephant, 
Imperial, 

Double  d6my. 
Double  medium, 


-Flat. 

JHrnenaiona 

19x24  in. 

20x28 

28x28 

28x81 

21x82 

16x42 

28x86 

18x46 


II 


(( 


<i 


tt 


If 


KarniM  DimenttoM 

Colombier,  28  x  84  in. 

Double  royal,  ff^^^: 

Atlas,  26x88  " 
Double  elepliant,  27x40'* 

Antiquarian,  31x58  " 

Emperor,  48x72  •' 


Writiiig'  Paper— Folded. 


BUlet  note. 
Octavo  note, 
Commercial  note. 
Packet  note, 
Bath  note. 
Letter, 

Commercial  letter, 
P&cket  post. 
Extra  packet  post. 
Foolscap, 
Legal  cap. 


JHmeiuiona 
6  X  8   in. 
7x9 

8  xlO 

9  xll 
8^x14 

10  xl6 

11  xl7 
lHxl8 
lHxl8| 
12^x16 
12^x16 


«i 


(( 


11 


If 


«f 


K 


11 


«( 


«< 


<< 


Print  Paper— CTMd /or  mwspaptn  and  booU, 


Xamet 

Medium, 
Royal, 
Super  royal, 
Imperial, 
Medium  and  half, 
Small  double  medium. 
Double  medium. 
Double  royal. 

Double  super  royal. 

Broad  twelves. 
Double  imperial. 


19x24  in. 
20x25  " 
22x28  " 
22x82  " 
24x30  *• 
24x86 
24x88 
26x40 
(28x42  " 
(29x43  ** 
28x47  " 
82x46  •• 


II 


*i 


«< 


NoTKS. — 1.  The  sizes  of  paper  given  in  the  table  are  regular  or  trade  sixes. 

2.  The  sizes  of  books  are  known  by  a  com- 
bination of  the  name  of  the  sheet  of  paper 


AVniMf 


xxiv.  Books.  -* 


Saeh  9heet  qfpap«r 
i»  folded  into 

Folio,  2  leaves. 

Quarto,  4 

Octavo  or  8vo,  8 
Duodecimo  or  Ka 
12mo,  \  ^^ 

16mo,  16 

18mo,  18 

24mo,  24 

82mo,  82 

64mo,  64 


It 


n 


€t 


It 


f  < 


(I 


11 


«C 


used  and  the  book  class. 

e.ff.  A  medium  octavo,  or  an  octavo  me- 
dium ;  a  royal  qimrto,  etc. 

8.  The  marlja  A,  B,  C ;  1,  2,  3 ;  1»,  2»  etc., 
found  at  the  bottom  of  pages  of  books, 
are  termed  signatureSf  and  are  for  the 
direction  of  binders  in  folding  the  sheets. 
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4.  The  thickness  of  paper  is  described  by  the  weight  per 
lb.  mediam. 


40  lb.  medium ;  88 


5.  A  printer^  thousand,  sometimes  called  a  printers^  token,  is  2  reams 
or  960  sheets. 

6.  Some  paper  manufacturers  now  sell  paper  in  packages  of  500  sheets  instead  of  the 
ream. 


xxY.  MISCBTiTi ATfBOUS  DBNOBCXNATZON8. 


Idnear. 


CTftOf 

1  Barleycorn 


Um§ 


IHand 


1  Cubit 


For  grading  the  sizes  of  boots  and  shoes. 


For  measuring  the  height  of  horses. 


>  A  unit  of 
.888  in.  ) 


length  mentioned  in  the  Bible. 


IPace 


For  measuring  short  distances  approximately. 


1  Barrel 


Ci^MUXlty.  ^ 


.  [ 

t.  m. ) 

,.l 


For  measuring  grains,  seeds,  peas,  beans,  small 
fruits,  etc.    (U.  S.  standard  bushel.) 


1  Stricken  Bushel 

.2150.42  cu 

1  Heaped  Bushel  i  p^^  measuring  com  in  the  ear,  coarse  fruits, 

M  stricken  bu.  J     vegetables,  lime,  coal,  etc. 

The  standard  of  exchange  and  transportation 
42  gal.  )     '^^  petroleum  and  its  products. 

dry  meas.  [  ^^'  •PP^®*  *"*^  potatoes. 
.81.5  gal— 


1  Hogshead 


I 


For  estimating  the  capacity  of  vats,  cis- 
terns, reservoirs,  etc. 


iPipe 


)     Original  package  of 

.   >  Madeira  wine ; 
110  gal.  ) 

^^^"^120  gal.— Barcelona,  Yidonia,  or  TenerifPe  wine; 

180  gal. — Sherry  wine ; 

188  gal.— Port  wine ; 

140  gal. — Lisbon  wine. 
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Voluiie. 


1  Perch 


ILoad 


UmtU 


Um§ 


1  Chaldron 


ICord 


ITon 


"Weight 


1  Barrel 


1  Cental 


1  Quintal 


IKeg 


>•  For  estimating  rough  building-stone. 
.2475  cu.  ft) 


For  estimating  excavations,  and  in  the  trans- 
portation of  earth. 

For  wholesaling  charcoal. 

For  wood,  earth,  undressed  and  refuse  stone, 
manure,  etc. 

For  estimating  the  carrying  capacity  of  ships 
and  other  sea-going  vessels. 


bu.) 

.ft.) 
.ft.) 


40  cu  f t  \  ^^^  estimating  amount  of  freight  on  vessels, 
'  (     and  in  making  freight  charges. 


J 


For  the  packing,  sale,  and  transportation 

Of  flour; 
196  lb. 

200  lb.— Of  salt  meats  and  fish ; 

280  lb.— Of  salt.    (New  York  standard.) 


For  grain.     Used  by  some  wholesale  dealers 
100  lb  ^     ^^^  shippers. 


} 
.1 


A  measure  for  dry,  salt  fish. 


A  measure  for  nails. 


xxvi.  STANDARD  UlTITS. 


Unit 


t3 


Bztension 


( Linear,  ) 

;  i  Superficial,      V  Yard, 
(SoUd.  ) 


Capacity;    j|^' 


Weight ; 
,  Money; 


Gallon, 
Bushel, 

( Afxnrdupai8.     Pound, 

Dollar, 


ValuB 
d6in. 

231  cu.  in. 
2,150.42  cu.  in. 


Derived  from 


Scale  of  Troughton. 


5. 

7, 


,000  gr.        )  (      weigl 


412igr. 


inch  of  di»- 

water    that 

ghs  252.458  gr. 

Standard  silver. 
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377 


o 

I 

• 


n 


( lAnear, 
'EztenBlon;  <  SwperfiGial^ 

{Liquid, 
Capacity;  -j 

\Dry. 
Troy, 


UnU 

( Imperial 
(  Gallon, 


VtUUB 


96  in. 


j  Imperial 
( Bushel, 

Weight ;     \  ApaOeearie^,  \  Pound, 
( Awirdupaia.      Pound, 

Money; 


i  277.274  cu.  in. 

|2,2iai92cu.in.. 

5,760  gr. 
7,000  gr. 


D$fitid  ^tou^ 


The  restored  Stand- 
ard Yard. 


I 


A  cubic  inch  of  dis- 
tilled water  that 
weighs  252.458  gr. 

Gold  22  caraU  fine. 


Notes.  —  1.  The  unvarying  standard  unit  from  which  all  measures  and 
wdghts  of  both  the  English  and  U.  S.  governments  are  deriycd,  is  the  day  of  24  h. ; 
the  linear  standard  yard  being  f}ff{}  of  the  length  of  a  pendulum  that  yibrates 
onoe  a  second  in  a  vacuum,  at  the  level  of  the  sea,  in  the  latitude  of  London. 

2.  The  impossibility  of  absolute  accuracy  in  the  application  of  the  foregoing  standard 
makes  its  use  impracticable;  henoe,  each  of  the  governments  that  has  adopted  it, 
has  provided  itself  with  a  metal  standard  linear  measure  which  is  securely  kept  in 
government  depositories. 

8.  The  Scale  of  Traughton  is  a  brass  rod  or  scale  82  inches  long,  prepared  for 
the  U.  S.  Coast  Survey  by  the  celebrated  English  mechanician,  Troughton.  It  is  the 
standard  with  which  U.  S.  standard  units  are  compared. 

4.  The  Imperial  standard  yard  of  Oreai  Britain  was  destroyed  at  the  burning  of  the 
Houses  of  Parliament  in  1884.  The  Mestored  standard  yard  consists  of  a 
solid  bar  of  bronze,  88  inches  long  and  1  inch  square.  Near  each  end  of  this  bar 
is  a  hole  about  one  half-inch  deep,  and  the  distance  between  the  centres  of  these 
holes  is  86  inches,  or  the  Imperial  yard* 

5.  The  old  English  standard  of  dry  measure  was  the  Winchester  bushel  of 
2,150.42  cu.  in.,  so  called  from  the  standard  bushel  measure  kept  at  Winchester.  The 
U»  8»  standard  bushel  is  of  the  same  dimensions  as  the  Winchester  standard, 
viz.,  a  cylinder  18^  inches  in  diameter  and  8  inches  deep,  inside  measurements. 

6.  The  U.  8m  standard  far  gold  coin  is  26.8  gr.  of  standard  gold  to  the  doUar. 


§  5.  Standard  Seta  of  Meaaozea  and  Weig^ta. 

In  1842,  the  General  Government  furnished  to  each  of  the  States  a 
uniform  set  of  measures  and  weights,  consisting  of 

1.  A  yard; 

2.  A  wine  gallon  and  its  subdivinans; 
8.  A  half-lnuhd  and  its  mbditinons; 

4.  Atetof  Troy  weight$; 

5.  A  set  of  avoirdupois  weights. 
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County  authorities  receive,  from  the  State  Government,  sets  of  stand* 
ard  measures  and  weights,  eaoh  set  consisting  of 

1.  A  Iran  yard  mectsure  graduated  on  one  side  to  feet  and  inches  (the  first  foot 

graduated  to  tcDths  and  also  to  eighths  of  an  inch),  and  on  the  opposite  side  to 
cloth  measure. 

2.  Aaetof  liquid  meamres  (copper);—!  gal.,  ^  gal.,  1  qt,  1  pt.,  \  pt.,  1  gi. 
d,  Aietof  dry  meamres  (copper) ; — |  bu.,  1  pk.,  ^  pk.,  2  qt.,  1  qt. 

4  A  large  brau  balance,  with  set  of  brass  freights,  50  lb.,  20  lb.,  10  lb.,  and  5  lb. 

5.  A  smaU  brass  balance,  wOh  set  of  brass  weights,  4  lb.,  2  lb.,  1  lb.,  8  oz.,  4  oz.,  2  oz., 
1  oz.,  i  oz.,  ^  oz. 


132.  METRIC  SYSTEM  OF  MEA8X7RES  AND  WEiaHTB. 
Fage  38;  Art.  132. 

§  1.  In  the  metric  system  the  m^eter  is  the  standard  unit  for  all 
measures,  whether  of  extension,  weight,  or  money  value;  and  the  sue* 
cessive  multiples  and  divisors  of  this  unit  are  in  the  decimal  scale. 

Notes. — 1.  The  term  meter  means  measure. 

2.  An  endeavor  to  select  from  nature  an  unchangeable,  scientific,  standard  unit  for  the 
metric  system,  led  to  the  adoption  of  one  ten-millionth  part  of  the  distance,  on  the 
earth*s  surface,  l)etween  the  equator  and  the  north  pole,  as  such  unit 

In  the  attempt  to  conform  to  this  plan,  the  French  Government  made  an  accurate  surrey 
of  the  part  of  the  terrestrial  meridian  between  Dunkirk  and  Barcelona ;  and  from  this 
surrey  was  computed  the  length  of  the  entire  meridian,  and  the  consequent  length  of 
the  meter  or  standard  unit  of  the  French  metric  system. 

It  was  afterward  found  that  an  error  had  been  made  in  the  oomputatton ;  and  the  United 
States  QoTemment,  upon  authorizing  the  use  of  a  metric  system,  attempted  to  correct 
the  error.    Later  computations  show  the  U.  S.  standard  meter  incorrect  also.    Hence, 

Th6  only  ooxxaot  ■otwntifio  part  of  tbe  m«tiio  syatems  now  in  noe  Is  their 
uniform  decimal  soale. 

§  2.  The  cube  of  one  tenth  of  the  meter  is  the  unit  of  measures 
of  volume.    This  unit  is  denominated  lUer. 

§  3.  The  weight  of  distilled  water  at  its  greatest  density  (39^  Fah- 
renheit) which  this  cube  will  contain  is  called  a  kilogram,  of  which  one 
thousandth  part  is  the  unit  of  weight.    This  unit  is  denominated  gram. 

§  4.  The  meter  is  one  ten-millionth  of  the  distance  between  tbe 
equator  and  the  pole. 
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I  5.  The  liter  is  a  cube  whose  edge  is  one  tenth  of  a  meter. 

I  O.  The  gram  is  the  weight  of  a  cube  of  distilled  water  whose 
edge  is  one  hundredth  of  a  meter. 

§  7.  The  multiples  of  these  units  are  distinguished  by  placing  be- 
fore their  names  the  Greek  prefixes  JDeka^  JBiekCo,  Kilo;  and  the  divisors, 
by  prefixing  the  Latin  numerals  deciy  centi,  milli. 


Multiple 

Spttting  JhrontmeiaHon  Spmbol 

JhktL         dSka  D. 

Hekto        hSktB  H. 

Xilo  US  X. 

HjrU       Bdila  M. 


§  8.  Metric  Nomenclature 
Standard  Units. 

Spelling  PnmwiiekMen  Sjfv^bol 

meter       niMter  m. 

Uter         leeter  L 

gran        grSm  g. 

ar  a. 


ar 
Iter 


St 


Dtvlsor  Prefixes. 

Spelling  PnmuneiaHon  S^^mbol 

ded  dSd  d. 

oenti         iSntI  c. 

milli  mill  m. 


itajer 

Deka  signifies  10 ;  hekto,  100 ;  kilo,  1,000 ;  royria,  10,000 ; 
deci,  .1 ;  centi,  .01 ;  and  milli,  .001.    Hence, 

§  9.  In  writing  metric  numbers,  the  names  of  the  places  used  cor- 
respond in  meaning  to  the  English  names  of  the  same  places  used  in 
writing  mixed  decimal  numbersi — as  shown  below : 

Names  of  places  used  in  writing  a  metric  I  ..9    ^ 

number:  1  ^ 

lO 


Names  of  the  same  places  used  in  writing 
a  mixed  decimal  number : 


0 

-3 


o 

3 


n 

0 
0 


J3 
0 


u 
o  a 


80 


0. 
0. 


^1 

si 

a 
o 


0 
0 

I 


a 

8 
0 

0 


?3 

B 
0 


I 


0 


o 

5 


be  written  thus : 


£isten9um. — 7     6     6 


■ 

B 
4. 


§  10.  All  the  multiples  and  divisors  are  in  the  scale  of  10,  and  may 

These  numbers  may  be  read, 
giving  name  to  each  unit.  Thus, 
7  Em.  0  Hm.  5  Dm.  4  m.  8  dm. 
2  cm.  1  mm.,  etc. 

In  the  same  manner  read 

1.  The  numbers  expressing 
volume. 

2.  The  numbers  expressing 
3     2     1  firrams.  weight. 


Q   S   S   ^• 


Volume, —     7 
WeifffU.—     7 


m 

6 
6 


5 


4. 
4. 


a 

3 
3 


2 


^ 


B 

1  meters. 

■ 

1 

1  liters. 

t 

1  grams. 


6 

5 

4 

3 

2 

1    mn. 

7 

6 

5 

4 

3 

2  «• 

•  1 

7 

6 

5 

4 

3  *^ 

.21 

7 

6 

5 

4  ■• 

.321 

■ 

1 

6 

7 

6  **^ 

6  ""»• 

1^    Km. 

.4321 

.54321 

.654321 
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§  11.  Any  one  of  these  numbers  may  be  expressed  in  units  of  any 
one  of  its  denominations,  and  read  as  ones  and  decimals  of  that  denomi- 
nation; e,g.y 

The  number  expressing  extension  may  also  be  read  in  the  denomination 
of  the  standard  unit  (meters)  thus :  7,654  and  321  thousandths  meters. 

Again,  this  number  may  be  ex-  f  ^ 
pressed  either  as  millimeters,  centi- 
meters, decimeters,  meters,  deka- 
meters,  hektometers,  or  kilometers, 
as  here  shown,  and  read  accord- 
ingly. 

The  Three  Standard  Units. 

§  12.  Surfaces  and  volumes  are  simply  the  squares  and  cubes  of  the 
measure  of  length;  the  ar  is  only  another  name  for  the  square  deka- 
meter  or  100  square  meters  of  land ;  the  «fer  is  only  another  name  for 
the  cubic  meter  of  fire-wood;  and  the  tonneau  is  only  another  name 
for  the  weight  of  a  cubic  meter  of  water.    Hence, 

Eoery  possible  dimension  (length,  area,  volume),  can  he  measured  toith 
the  meter;  even/ possible  capacity y  with  the  liter;  and  even/ possible  toeightf 
fjoith  the  gram, 

§  13.  The  various  metric  units — standard  and  derived — should  be 
used  in  measurements  and  computations  or  estimates  as  follows: 

i.  JIf e^er.—All  short  distances ;  as  feet  and  yards. 

ii.  KUafn€ter»--Ali  long  distances ;  as  miles. 

ilL  Xifer.— Liquids,  small  fruits,  etc.,  now  measured  by  the  quart  and  gallon. 

iv.  I>ek€Uiter»-'QnmSf  fruits,  vegetables,  etc.,  now  measured  by  the  peck  and 
bushel. 

V.  JEEektoHter^-^JAqmda  and  dry  substances  now  measured  by  the  barrel  and 
hogshead. 

vi.  Gram.— Medicines  and  small  articles  now  weighed  by  the  grain. 

vii.  J^ilo^ram.— Articles  now  weighed  by  the  avoirdupois  pound. 

viil.  MiUi ff ram*  ^Yery  precious  and  very  delicate  articles. 
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§  14.  In  measuring  and  weighing. 

Measure  nU  dimensions  in  meten;  all  capacities  in  liters;  and  all  weights  in  grams, 
using  decimals  only. 

§  15.  In  coTnpuUUions,  use 

1.  Ar  and  Keetar  for  area  of  land ; 

2.  Square  meter,  equare  kilometer,  square  decimeter,  and  square  centimeter  for  other 

areas; 

8.  Ster  for  solidity  of  wood ; 

4.  Oulne  meter,  cubic  decimeter,  and  cubic  centimeter  for  other  volumes;  and 

5.  Tcnneau  for  the  weight  of  heavy  articles  now  estimated  by  the  ton. 

§  10.  Approzliiiate  BqnlTalents. 

Meter^a  little  less  than  1.1  yd. 
Liter— about  ^  dry  qt.,  or  1^  liquid  qt. 
Gram— about  ^  oz.  avoirdui>oi8. 
Kilogram  (or  Kilo)— about  2.3  lb.  avoirdupois. 

The  scale  below  is  a  decimeter,  or  .1  of  a  meter  long;  and  each  division  of  the 
scale  is  a  centimeter,  or  .01  of  a  meter  long. 


I  I  I  I  I  I  I        ■    I  '  t. 

1  decimeter  — .1  meter 


§17*  Table  of  Comparison  of  Btandard  Metric  and  TlngHah  XTziita. 


•      -^^      (Meter,  89.87  in. 

^^^^      (Kilometer  i       .62187  mi.,  or    ) 

I  Kilometer,  j        g  ^qq  ft.  lo  fai.  \ 

A,—  i  Ar,  119.6  sq.  yd. 

^•*-         ]  Hectar.  2.471  A. 

^^^'  \  Cubic  meter,  }     ^'^  ^^'  ^^^ 

/^.«./si^     THa^  i     1.0567  liquid  qt. 

Capacity. -Liter,  j        ^  ^  q^  ^ 

r  Gram,  15.482  gr.  Troy. 

"Weight.    \  KUo,  2.2046  lb.  avoir. 

( Tonneau,         2,204.6  lb. 


Yard,  .914|  meter. 

Mile,  1.609}  kilometers. 

Square  yard,  .886  square  meter. 

Acre,  .404}  hectar. 

Cubic  yard,    j    ''^^^^^  °*®^- 

Liquid  quart,  .9461  liter. 

Dry  quart,  1. 10l{  liters. 

Troy  grain,  0644  mm. 

Avoir,  pound,  .458|  Kilogram, 

m  Q  (  net,  .907  tonneau. 

*"    (  gross,  1.016  tonnes. 

This  Table  is  correct  to  four  decimal  places. 

The  exact  equivalents  of  metric  units  and  denondnate  units,  each  in  terms  of  the  other, 
are  giren  in  the  following 


S82 


8  UPPLEMENT,  -^NO  TA  HON. 


§18.  Bzaot  Bqoivalents. 


Linear. 


SoUd. 


Area. 


TT^eight.    ^ 


J 


Capacity. 


Metric 

=        DenomiwUe 

cm. 

=     .8937  in. 

dm. 

=      .828  ft. 

m. 

=   1.0936  yd. 

Dm. 

=    1.9884  rd. 

Hm. 

=  19.884  rd. 

Km. 

=     .62187  mi. 

H 


cu.  cm. 
cu.  dm. 
cu.  m. 
ster 

mg. 

g- 

Kg. 
tonneau  = 

sq.  cm.  = 
sq.  dm.  = 
sq.  m.  = 
ar  = 

Ha.  = 
sq.  Em. 


1. 

Dl. 
Dl. 
HL 


H 


.061  cu.  in. 
.0358  cu.  in. 
1.808  cu.  yd. 
.2759  cd. 

.01548  gr. 
.08215  oz.  Trov 
.03527  oz.  avoir. 

2.2046  lb.  avoir. 

1.1023  tons 

.155  sq.  in. 

.1076  sq.  ft 
1.196  sq.  yd. 
8.954  sq.  rd. 
2.471  A. 

.8861  sq.  mi. 

1.0567  qt.  Liq. 
.908  qt  Dry 
2.6417  gal.  Liq. 
1.185  pk. 
2.8375  bu. 


DenomiMUU  =s 

in.  = 

ft  = 

yd.  = 

rd.  = 

mi.  = 


cu.  in. 
cu.  ft 
cu.  yd. 
cd. 

oz.  Troj 
oz.  avoir, 
lb.  Trojr 
lb.  avoir. 
T. 

sq.  in. 
sq.  ft 
sq.yd. 
sq.  rd. 
A. 
sq.  mL 

liq.  qt 

Sqt 

pk. 
bu. 


Mettie 

.0254  m. 

.8048  m. 

.9144  m. 
5.029  m. 
1.6098  Em. 

16.887  cu.  cm. 
28.817  cu.  dm. 
.7645  cu.  m. 
8.624  sters. 

81.104  g. 
28.85  g. 

.8782  Eg. 

.4536  Eg. 

.9072  tonneau 

6.452  sq.  cm. 
.0929  sq.  m. 
.8861  sq.  m. 
25.293  sq.  m. 
40.47  ars 
259  Ha. 

.94631. 
1.101 1. 
.8785  Dl. 
.881  Dl. 
.8524  HI. 


§  19.  Metrio  Dimeinrfanii  and  Metric  "Weights  of  Amexican  Coins. 

1.  Dimensions.— The  5-cent  nickel  measures  .02  meter  (=  .2  centimeter)  in  diame- 
ter, and  .002  meter  (=  .2  millimeter)  in  thickness. 


2.  "Weights.— The  5-cent  nickel  weighs  5 
grams; 

$10  of  nickel  coin  weigh  1,000  grams,  or  1  kilo. 

The  sum  of  the  diameters  of  60  nickels, 
also  the  sum  of  the  thickness  of  500  nickels, 


Silver  coin  weighs  4  cents  to  the  gram ; 

$1  weighs  25  grains,  and 

$40  weigh  1,000  grams  or  1  kilo. 


i- 


1  meter. 


8  20.  Since  the  values  of  the  saccessive  units  of  any  number  express- 
ing metric  measure  or  weight  are  in  the  scale  of  10,  the  writing  and 
reading  of  any  such  number  is  simply  an  exercise  in  decimal  notation 
and  numeration.    Hence,  properly  speaking, 

Ibi  the  metxic  system  there  are  no  tables,  no  varying  aoales,  no  oompli- 
cated  relations  of  the  diflforent  orders  of  units. 


COMPOUND  NUMBEB8.-^MBTRI0  BYBTEM,  S8S 

Pboblsms. 

In  interchanging  metric  numbers  and  compound  numbers,  the  table  of 
approximate  equivalents  is  sufficiently  accurate  when  the  numbers  are 
small  and  of  ordinary  value.  For  larger  numbers  and  greater  values, 
use  the  table  of  exact  equivalents. 

Reduce 

6,  46  lb.  to  kilograms. 

7«  13.5  bu.  to  hectoliters. 

8m  d.895  qt.  (liqaid  measure)  to  liters. 

9.  175|  A.  to  hectars. 

10m  2  ft.  7  in.  to  decimeters. 


Im  21^  to  rods. 

2.  12^'  to  pounds. 

3m  O"*  to  yards. 

4m  53^^  to  pecl^s. 

5m  20*^  to  miles. 


11m  The  railroad  distance  from  New  York  to  Philadelphia  is  02  miles. 
What  is  the  distance  in  kilometers  ? 

12.  An  invoice  of  5  pieces  of  French  laces  showed  the  numbers  of 
meters  as  follows : — ^97.875,  84.829  103.7,  07.85,  and  73.125.  How  many 
yards  of  lace  were  in  the  invoice  ? 

Change  to  the  corresponding  metric  unit 


13m  137  lb.  0  oz.  avoir. 

14m  6  ib  7  oz.  5  dr. 

15m  132  bu.  1  pk.  5  qt 

16m  48  rd.  13  ft  7  in. 


17.  92  niL  116rd.  12  ft  5  in. 

18m  65  cd.  117  en.  ft 

19m  84  A.  54  sq.  rd.  216  sq.  ft 

20m  9  hhd.  1  bar.  27  gal.  3  qt 


21m  How  many  5 -cent  nickels  placed  edge  to  edge  would  reach  a 
distance  of  3  miles? 

22m  How  much  will  40  A.  00  sq.  rd.  of  land  cost  @  $137.50  per  hectar  ? 

23m  What  is  the  value  of  119f  yd.  of  broadcloth  @  |5.13^  per  meter? 

24m  How  many  suits  of  clothes,  each  requiring  7^  yd.  of  cloth,  can  be 
cut  from  a  piece  containing  86.172"''? 

25m  Find  the  sum  of  26.1783*°-,  23.9654™-,  and  4.86™- 

26m  What  is  the  sum  of  34.87'«'^,  491^17"^,  .5265%  and  846.75"»-«-? 
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SUPPLEMENT.— PB0PEBTIE3  OF  NUMBERS. 


Tests  op  Diyisibiuty  by  7,  11,  and  13. 
rage  49;  AH.  161. 

1.  Tests  by  7.    L  Special  test — ^for  small  numbers. 

7  is  an  exact  divisor  of  any  number  whose  right-hand  digit  is  either  one  half  or  one 

ninth  of  the  number  expressed  by  the  other  digits;  or,  if  the  number  expressed  by  the 

two  right-hand  digits  is  either  one  third  or  five  times  the  number  expressed  by  the 

remaining  digits. 

In  168,  8  is  i  of  16;  in  735,  85  is  5  times  7; 

in728,8isiof  72;  in  6,928,  28  is  i  of  69. 
Hence,  7  is  an  exact  divisor  of  168,  of  728,  of  785,  and  of  6,928. 

II.  General  test. 

7  is  an  exact  divisor  of  any  number,  if  the  sum  of  the  products  of  the  ones,  tens, 
and  hundreds  of  the  odd  periods,  multiplied  respectively  by  1,  8,  and  2,  equals  the 
sum  of  the  products  of  the  ones,  tens,  and  hundreds  of  the  even  periods  multiplied 
respectively  by  the  same  multipliers ;  or,  if  the  difference  between  such  sums  is  a 
multiple  of  7 

Examples. — Show  by  the  General  Test  that  7  is  an  exact  divisor 
i.  Of  423,325      I      2.  Of  564,998       |      8.  Of  61,687,406 


Pbocbssbs. 


Even  Periodfl 

Odd  Perioda 

onesy          3x1  =  8 

6x1  =  5 

tens,           2  x8  =  6 

2x8  =  6 

hundreds^  4x2  =  8 

8x2  =  6 

Sums,         1 7 

17 

The  sums  of  the  products  are  equal; 
hence,  7  is  an  exact  divisor  of  the  num- 
ber. 


Even  Periods 

ones^         4x1=    4 
tens,  6x8  =  18 

hundreds,  5  x2  =  10 

Sums,  82 

68^82  =  21;  21-^7  =  8 

The  difference  between  the  sums  of  the 
products  is  21,  a  multiple  of  7 ;  hence,  7  is 
an  exact  divisor  of  the  number. 


Odd  Periods 
8x1=    8 
9x8=27 
9  X  2  =  18 

68 


3 

Even  Periods 

Odd  Periods 

ones, 

7 

X 

1 

=    7 

6x1=6 

tens, 

8 

X 

8 

=  24 

0x8=0 

48'-29  =  14 

hundreds, 

6 

X 

2 

=  12 

4x2=    8 

ones, 

\ 

1x1=    1 

14-^    7=    2 

tens. 

\ 

6x8  =  16 

hundreds. 

\ 

\ 

Sums, 

48 

29 

TESTS  OF  DIVISIBILITY. 
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2.  Tests  by  11. 

11  is  an  exact  divisor  of  any  number,  if  the  sum  of  the  digits  in  the  odd  places 
equals  the  sum  of  the  digits  in  the  even  places ;  or,  if  the  difference  between  such 
sums  is  a  multiple  of  11. 

Ex.  1.  In  14,377  the  sums  of  alternate  digits  are  equal  (143  7  7). 
Hence,  11  is  an  exact  divisor  of  the  number. 

Ex.  2.  In  53,809,173  the  difference  between  the  sums  of  the  alternate 
digits  is  22, — a  multiple  of  11  (53809173).  Hence,  11  is  an  exact 
divisor  of  the  number. 

3.  Tests  by  13. 

13  is  an  exact  divisor  of  a  number,  if  the  sum  of  the  products  of  the  ones,  tens, 
and  hundreds  of  the  odd  periods,  multiplied  respectively  by  1.  10,  and  9,  equals  the 
sum  of  the  products  of  the  ones,  tens,  and  hundreds  of  the  even  periods,  multiplied 
respectively  by  the  same  multipliers;  or,  if  the  difference  between  such  sums  is  a 
multiple  of  13. 

KoTB  1. — 18  is  an  exact  divisor  of  a  number  of  but  one  period,  if  the  sum  of  the  prod- 
ucts of  the  ones,  tens,  and  hundreds  of  this  period  multiplied  by  1, 10,  and  9,  as  above, 
is  a  multiple  of  13. 


Examples. — Show  by  the  test  that  13  is  an  exact  divisor 

1.  Of  334,243  I  2.  Of  930,345 


Processbs. 


Bren  PeriodB 

8xl0z=80 
hundreds,  8  X    9=27 

Sums,  6 1 


cneSy 
tenSj 


Odd  Periods 
8x    1=   8 

Uxio=.uo 

2x    9=zl8 


The  sums  of  the  products  are  equal; 
hence,  13  is  an  exact  divisor  of  the  num- 
ber. 


Even  Periods 

onesy.        Ox    1=   0 
tensy  8x10=80 

hundreds,  9x    9=8 1 

Slims, 


Odd  Periods 

Sx    1=    5 

4x10=40 

8x    9=2  7 
72 


111 

111-72  =  89;  89-^18  =  8 

The  difference  between  the  sums  of  the 
products  is  39,  a  multiple  of  18 ;  hence,  13 
is  an  exact  divisor  of  the  number. 


Note  2. — The  learner  should  have  suflScient  practice  to  become  thoroughly  familiar 
with  these  tests. 

2B 
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SUPPLEMENT.— PB0PEBTIE8  OF  NUMBERS. 


rage  50;  Art.  162. 

To  find  primo  factors  greater  than  11,  in  numbers  less  than  10,000,  by 
means  of  the  following  table — 

I.  Cancel  from  the  given  number  all  prime  factors  from  2  to  11  in- 
clusive. 

IL  Of  the  number  remaining  after  these  factors  have  been  cancelled, 
cut  off  the  two  right-hand  figures,  and  find  in  the  table  the  division 
marked  by  the  left-hand  figure  or  figures  in  bold-face  type. 

IIIi  In  the  column  of  factors  in  this  division,  and  at  the  right  of  the 
figures  cut  off  from  the  number,  find  a  factor  sought. 

IV.  Divide  by  this  factor;  and  proceed  with  the  quotient  as  before, 
until  the  resulting  number  can  not  be  found  in  the  table. 


Uwndrtdt 

Tk»uta»dt 

\ 

1 

1 

i 

1 

1 

J 

1 

1 

1 

1 
J 

1 

1 

1 

1 

1 

1 1 

1 

1 

1 

1 

\ 

1 

1 

1 

1 

fe; 

^ 

fe5 

j5 

fe5 

Is 

^ 

1 

fe; 

K 

s? 

5s 

i 

«s 

A 

1 

i 

1 

169 

13 

98 

13 

41 

17 

49 

17 

68 

13 

68 

17 

47 

41 

77 

17 

97 

43 

49 

23: 

69 

13 

221 

13 

99 

17 

47 

29 

51 

13 

2021 

43 

69 

28 

59 

31 

97 

19 

3401 

19 

57 

13 

87 

61 

4718 

8  17 

19 

61 

13 

79 

23 

88 

19 

2407 

29 

71 

17 

3108 

29 

08 

41 

63 

53 

97 

17 

8917 

41 

29 

71 

31 

81 

41 

41 

13 

13 

19 

73 

47 

0713 

19 

13 

81 

19 

4117  23 

9918 

51 

28 

78,19 

91 

19 

47 

23 

19 

41 

2809 

53 

27 

58 

27 

23 

91 

17 

21 

18 

3  23 

17 

71 

13 

13 18  18 

17  03 

18 

59 

29 

49 

81 

13 

29 

81 

81 

81 

47 

99  29 

41 

41 

61 

19 

93 

19 

88  81 

11 

29 

71 

19 

61 

28 

81 

19 

83 

18 

89 

19 

3809 

13i 

63 

23 

77 

18 

99 

29 

39;i8 

17 

17 

77 

31 

79 

37 

89 

17 

89 

43 

73 

23 

11 

37; 

71 

43 

91 

17 

9  01 

17 

4817 

89 

87 

2117 

39 

88 

18 

67 

47 

49 

47 

81 

59 

27 

43 

81 

37 

40813 

23 

13 

49 

19 

51 

17 

19 

13 

89 

19 

69 

19 

51 

28 

97 

18 

41 

23 

83 

47 

8719 

43 

28 

57 

23 

63 

41 

47 

19 

91 

47 

78 

13 

61 

29 

8508 

31 

69 

17 

87 

53 

81 

13 

49 

13 

63 

29 

69 

29 

59 

17 

25  01 

41 

81 

43 

73 

19 

23 

13 

69 

58 

89 

59 

9817 

61 

31 

69 

87 

81 

13 

71 

13 

07 

23 

99 

13 

93 

31 

51 

58 

87 

13, 

99 

18 

5  2717 

89 

23 

87 

19 

1807 

18 

73 

41 

09 

13 

2911 

41 

97 

23 

69  48 

93 

17 

4223 

41 

29,23 

1003 

17 

91 

13 

17 

23 

83 

37 

88 

17 

21 

23 

3211 

13 

8717 

3901 

47' 

87 

19 

8818 

07 

19 

1408 

23 

19 

17 

97 

13 

87 

43 

23 

37 

83 

53 

89  37 

87  31; 

4731 

51 

19 

27 

13 

11 

17 

29 

81 

2201 

31 

01 

13 

29 

29 

39 

41 

99  59 

5359' 

67 

17 

5913 

87 

17 

17 

13 

48 

19 

09 

47 

67 

17 

41 

17 

47 

17 

3601 

13j 

59  37 

4303 

13 

89 

19 

73 

29 

57 

31 

49 

48 

27 

17 

73 

81 

51 

13 

6318 

1123i 

61 

17i 

a7 

59 

611 

18 

79 

13 

69 

13 

53 

17 

81 

23 

81 

29 

77 

13 

77 

29 

2919 

73,29; 

09 

31 

2917 

81 

28 

15  01 

19 

91 

31 

49 

13 

87 

13 

88 

19 

81 

17 

49  41 

77 

411 

13 

19 

67!23 

1121 

19 

18 

17 

1909 

23 

57 

37 

99 

28 

87 

29 

87 

19 

58 

13 

79  28 

21 

29 

89118 

89 

17 

17 

87 

19 

19 

63 

31 

2603 

19 

98 

41 

98 

87 

67 

19; 

9113 

81 

61 

97 

17 

47 

81 

87 

29 

21 

17 

79 

43 

23 

43 

8007 

31 

3317 

31 

79 

13 

4009 

19; 

4343 

708 

19 

57 

18 

41 

23 

27 

41 

91 

29 

27 

37 

13 

23 

87 

47 

83 

29! 

31 

29' 

51 

19 

18 

23 

59 

19 

77 

19 

87 

13 

2323 

23 

41 

19 

29 

13 

41 

13 

3718  47; 

83 

37 

6917 

81 

17 

89 

29 

91 

37 

48 

29 

27 

13 

69 

17 

43 

17 

49 

17j 

21 

61" 

4313 

79  29 

67 

13 

12  07 

17 

16  88 

23 

57 

19 

29 

17 

2701 

87 

53 

43 

79i81 

87 

87 

61 

81  i 

8113 

79 

19 

19 

23 

1  48 

31 

61 

87 

53 

13 

43 

13 

7137 

83'l7 

4819 

63 

17, 

8741 
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71 
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17 
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13 

2761 

6737 

31 

17 
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09 
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71 

47 

7761 
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27 

18 

91 

17 
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17 

8347 
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48 

19 

88  29 

81 

19 

73 

48 
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29 

43 

79 

13 

97 

23 
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13 

89J13 

8719 

71 
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19 
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51 
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87 
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77 
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89 

61 
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13 
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29 
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49 
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19 
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88 
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67 

18 
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19 

17 

59 
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29 

47 

49 

31 
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73 

93  10 
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18 
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29 

8119 

28 

79 

28 

18 

18 
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67 
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GRXIATBST  COMMON  DIVISOR  AND  LEAST  COMMON 

MULTIPLE  OF  FRACTIONS. 

rage  63;  Art.  179. 

1.  The  greatest  common  divisor  or  the  least  common  multiple  of  frac- 
tions may  be  found  by  reducing  dissimilar  to  similar  fractions,  and  then 
finding  the  greatest  conunon  divisor  or  least  common  multiple  (as  may 
be  required)  of  the  numerators  of  the  similar  fractions  for  a  numerator, 
under  which  is  written  their  common  denominator. 
The  following  is  a  shorter  method : 

2.  Fob  Gbeatest  Common  Divisob. 

Important  Facts. 

I.  An  exact  divisor  gives  an  inte^gral  quotient  (143), 

II.  An  exact  divisor  of  a  fraction  must  be  a  fraction. 

Pbinciplb  I. — The  numerator  of  an  eosact  divisor  of  a  fraction  is  an 
exact  divisor  of  the  given  numerator,  and  the  denominator  is  a  multiple 
of  the  given  denominator. 

Illustration. — I  is  an  exact  divisor  of  },  because  when  the  divisor  is  inverted  in 

the  process  of  division  (f  x|>=6),  the  numerator  of  the  divisor  is  canceUed  by  a  factor 
of  the  numerator  of  the  dividend,  the  denominator  of  the  dividend  is  canceUed  by  a 
factor  of  its  multiple— the  denomhiator  of  the  divisor, — and  the  quotient  is  an  integer. 

Pbinciplb  IL — 27ie  numerator  of  a  common  divisor  of  tico  or  more 

fractions  is  a  common  divisor  of  their  numerators,  and  the  denominator 

is  a  common  multiple  of  their  denominators. 

Since  the  greater  the  numerator  and  the  smaller  the  denominator,  the  greater  the 
value  of  a  fraction  (79\ — 

Pbinciple  III. — The  numeraJtor  of  the  greatest  common  divisor  of  two 
or  more  fractions  is  the  greatest  common  divisor  of  their  numerators,  and 
the  denominator  is  the  least  common  muUiple  of  th^ir  denominators.  Hence, 

To  find  the  greatest  cominon  divisor  of  two  or  more  fractions,— 

Rule. — Find  the  greatest  common  divisor  of  the  numerators  for  a 

numerator,  and  the  least  common  multiple  of  the  denominators  for  a 

denominator. 

3.  Fob  Lbast  Common  Multiple. 

A  multiple  contains  any  of  its  divisors  some  exact  or  integral  number 
of  times  (148). 
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Important  Faots. 

I.  The  multiple  of  a  fraction  may  be  either  an  integer  or  a  fraction. 
II.  A  common  multiple  of  two  or  more  fractions  may  he  either  an 
integer  or  a  fraction. 

Principle  I. — If  t  lie  multiple  is  a  fraction^  the  numerator  is  a  multiple 

of  the  given  numeratorf  and  the  denominator  is  a  divisor  of  the  given 

denominator. 

Illustration. — V  ^^  ^  multiple  of  ^  because  when  the  divisor  is  inverted  in  the 
process  of  division,  the  denominator  of  the  divisor  contains  the  denominator  of  the 
dividend,  the  numerator  of  the  dividend  contains  the  numerator  of  the  divisor,  and 
the  quotient  is  an  integer. 

Principle  IL — J^  the  multiple  is  a  fraction,  the  numerator  is  a  com- 
mon multiple  of  the  given  7iumerators,  and  the  denominator  is  a  common 
divisor  of  the  given  denominators. 

Since  the  smaller  the  numerator  and  the  greater  the  denominator,  the  less  the 
value  of  the  fraction  (79),— 

Principle  III. — 77ie  numerator  of  the  least  common  multiple  of  two  or 
more  fractions  is  the  least  common  multiple  of  their  numerators,  and  the 
denominator  is  the  greatest  common  divisor  of  their  denominators.   Hence, 

To  find  the  least  common  multiple  of  two  or  more  fractions,— 

Rule. — I^nd  the  least  common  multiple  of  the  numerators  for  a  nt/mera- 
tor,  and  the  greatest  common  divisor  of  the  denominators  for  a  defiominator. 

4.  The  rules  for  greatest  common  divisor  and  least  common  multiple 
of  fractions  may  be  given  in  one 

General  Rule. — Perform  t/ie  required  operation  with  the  numerators 

for  a  numerator,  and  the  converse  operation  with  the  denominators  for 

a  denominator. 

Pboblems. 


Find  the  least  common  multiple 
^-  Of  I,  i  ii,  H»  and  H. 
^-  Of  H  H»  H»  and  41 . 
^-  Of  if,  fl,  and  ^. 
^-  Of  I,  f  i,  f  and  f 
^-  Of  «,  H,  H*.  and  4|}. 


Find  the  greatest  common  divisor 


0»  Of  the  numbers 
7«  Of  the  numbers 

8.  Of  the  numbers 

9.  Of  the  numbers 
10.  Of  the  numbers 


n  problem  1. 
n  problem  2. 
n  problem  3. 
n  problem  4. 
n  problem  5. 
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RSDnCTZON  OF  FRACTIONS. 
Page  72;  Art.  193. 

1.  In  Art.  191  it  is  shown  that  fractions  may  be  reduced  by  either 
multiplication  or  division  of  their  terms. 

They  may  also  be  reduced  by  subtracting  unequal  parts  from,  or 
adding  unequal  parts  to  the  terms,  provided  the  ratio  of  the  parts  sub- 
tracted or  added  is  equal  to  the  ratio  of  the  terms.     Hence, 

2.  To  reduce  a  fraction  to  lower  terms  by  subtraction,  or  to  higher 
terms  by  addition, — 

Rule. — ^I.  Find  the  ratio  of  the  numerator  of  tJie  fraction  to  the  de- 
nominator, either  in  lowest  integral  terms,  or  hy  assuming  one  term  of  the 
ratio  to  be  1. 

II.  To  lower  terms. — Subtract  from  \  the  terms  of  the  fraction  the 
>     corresponding  terms  of  the 
2.  To  higher  terms. — Add  to  )      ratio  thus  found. 

Ex.  1.  Reduce  f{-  to  lower  terms.  Process. 

Explanation. — I  first  reduce  the  ratio  expressed  by  the  or  ,  on  ..  ^  ,  p 

fraction  to  its  lowest  integral  terms,  i.  e.  5  : 6.    I  then  subtract  *^  .  ou  ::  o  :  t> 

the  term  of  the  ratio  corresponding  to  the  numerator  from  the  z^  —  ts-s  _  | © 

numerator,  and  the  term  of  the  ratio  corresponding  to  the  de-  ^  o  -  j 

nomlDator  from  the  denominator  of  the  given  fraction,  obtain-  ii  =  2A-9  ^  ^ 

ing  f f  equal  in  value  to  f§.     In  like  manner  I  subtract  the  ±s  __  is-s  _.  xj> 

terms  of  the  ratio  from  f} ;  and  so  on,  until  the  terms  of  the  <s-9       < ' 
fraction  are  the  terms  of  the  ratio. 

The  terms  of  the  several  fractions  ff,  f|,  |f ,  |,  are  the 

only  lower  terms  of  the  given  fraction  that  can  be  expressed  by  integers. 

Ex.  2.  Find  the  three  fractional  expressions, 

next  in  order,  less  than  ^,  the  denominators 

to  be  integers. 

Explanation. — ^I  first  reduce  the  ratio  expressed  by 
the  fraction  to  a  ratio  in  which  the  term  corresponding 
to  the  denominator  is  1  (i.  c,  /g  :  1). 

I  then  subtract  the  terms  of  the  ratio,  and  also  of 
each  result,  successively,  from  the  corresponding  terms 
of  the  fraction,  until  I  obtain  the  three  fractions  re- 
quired. 


)  the 
resaed 

i.0   _    *0-5  «_    5 

by  integers. 

Process. 

9 

:  25  ::  /j  :  1 
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-  25-^1^  24 
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Problems. 
Find  all  the  values  expressed  by  lower  integral  terras  of 

LU     2.^     S.U     4.  it     5.41     6.  a 

Find  the  three  fractional  expressions,  with  integral  denominators,  next 
in  order, 


7«  In  terms  less  than  f|. 

8.  In  terms  less  than  ff . 

9.  In  terms  less  than  ^. 


10.  In  terms  greater  than  ^. 

11.  In  terms  greater  than  f^. 

12.  In  terms  greater  than  -f^. 


JPoflre  78 ;  Art.  201. 

1.  It  has  already  been  shown  in  this  article  that,  in  reducing  fractions 
to  decimals,  the  division  of  the  numerator  with  decimal  ciphers  annexed, 
is  at  times  exact  or  terminable,  and  at  others  not  exact  or  interminable. 
This  gives  rise  to  the  classification  of  decimals  as  finite,  and  infinite  or 
circuUiting. 

2.  A  finite  decimal  is  a  decimal  that  terminates  at  some  certain 
decimal  place ;  as  .25,  .872,  etc. 

3.  An  infinite  or  drcuiating  decimal  is  a  decimal  that  never 
terminates. 

An  infinite  decimal  is  expressed  wholly  or  in  part  by  a  figure  or  a  set  of  figures 
constantly  repeated ;  as  .8333  +,  .545454+,  .886386386  +,  etc. 

4.  A  repetend  is  the  repeated  figure  or  set  of  figures  used  to  express 

a  circulating  decimal. 

A  repetend  is  indicated  by  a  dot  placed  over  a  repeated  figure  or  over  the  first 
and  the  last  figure  of  a  repeated  set;  as  .8  in  .883+,  .54  in  .545454+,  and  886 
m  .886386+,  etc. 

5i  A  pure  circulating  decitnal  is  a  decimal  expressed  wholly  by  a 
repetend. 

6a  A  mixed  circukUing  decimed  is  a  decimal  expressed  only  in  part 
by  a  repetend;  as  .3672672  or  .3672. 

Note. — The  decimal  places  preceding  the  repetend  are  called  finite  places. 
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Exercises. 
Write,  and  indicate  the  repetend  in  each, 


1.  A  pure  circalating  decimal. 

2.  A  mixed  circulatiDg  decimal. 

3.  A  mixed  decimal  namber,  the  deci- 

mal part  being  a  mixed  circalating 
decimal. 


4.  A  circulating  decimal  with  a  repe- 

tend of  four  figures. 

5.  Reduce  the  fraction  4*  to  a  decimal 

of  a  sufficient  number  of  places  to 
prove  the  repetend. 


7i  Pbopbbty  I. — Any  fro/Ction  in  its  lowest  termSy  whose  denominator 

contains  no  other  prime  factors  than  2  or  5,  can  be  reduced  to  a  finite 

decimal. 

Demonstration. —Since  to  obtain  a  finite  decimal,  the  division  must  be  exact  or 
terminable,  all  the  prime  factors  of  the  denominator  must  be  found  in  the  numerator 
with  decimal  ciphers  annexed  (165,  V).  The  prime  factors  2  and  5  arc  found  in  the 
composite  factor  10  indicated  by  each  decimal  cipher  annexed  to  the  numerator. 
Hence,  the  property. 

Property  II. — Anyfrax^tion  in  its  lowest  term^,  whose  denominator  con- 
tains other  prime  factors  than  2  or  5,  wiU  produce  a  circulating  decimal. 

Demonstration. — The  division  can  not  be  exact  or  terminable  when  the  denomi- 
nator contains  factors  not  found  in  the  numerator  with  decimal  ciphers  annexed 
(165,  V).  No  prime  factor  of  the  denominator  is  found  in  the  numerator  alone 
(102) ;  and  no  prime  factor  other  than  2  or  5  is  found  in  the  composite  factor  10  in- 
troduced by  each  decimal  cipher.    Hence,  the  property. 

Property  III. — Any  fraction  in  its  lowest  terms,  reduced  to  a  decimal, 
produces  as  many  finite  places  in  the  decimal  as  equal  the  greatest  num- 
ber of  factors  2  or  6  in  the  denominator. 

Demonstration.— Each  factor  10  (=  2  x  5)  of  the  numerator  will  allow  the  can- 
cellation either  of  only  one  factor  2  or  5,  or  of  both  2  and  5,  of  the  denominator. 
Therefore,  there  must  be  as  many  decimal  ciphers  used  as  equal  the  greatest  number 
of  factors  either  2  or  5,  in  the  denominator.    Hence,  the  property. 

Property  IV. — Any  fraction  in  its  lowest  terms,  reduced  to  a  decimal, 
prodtices  a  number  of  repetend  places  less  than  the  number  expressed  by 
the  product  of  all  the  prime  factors  other  than  2  or  5,  in  the  denominator. 

Important  Fact. — In  dividing  a  number  in  the  decimal  sccUe  by  an  vi- 
teger,  t/ie  greatest  9iumber  of  different  remainders  that  can  possibly  occur 
must  be  less  than  the  number  eoqtressed  by  the  divisor. 
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Illubtrationb.— With  5  as  a  diviflor,  the  several  possible  remainders  arc  1,  2,  3, 
and  4;  with  19  as  a  divisor,  only  eighteen  different  remainders  are  possible ;  with  247 
as  a  divisor,  only  two  hundred  forty-six  different  remainders  are  possible ;  etc. 

Demonstration  of  Property  IV.— In  reducing  a  fraction  to  a  decimal,  the  par- 
tial dividends  are  composed  of  remainders  with  ciphers  annexed.  Therefore,  the 
same  partial  dividend, — and  a  consequent  repetition  of  decimal  figures,— must  recur 
before  there  are  partial  dividends,  equal  in  number  to  the  divisor.  Also,  upon  in- 
troducing decimal  ciphers  into  the  numerator,  the  factors  2  and  5  of  the  denominator 
may  be  cancelled  (191,  I),  and  the  divisor  remaining  will  be  the  product  of  the  prime 
factors  other  than  2  or  5  of  the  denominator.    Hence,  the  property. 

8i  From  the  properties  and  demonstrations  above  given,  prove  and 
illustrate  by  examples  the  following 

Important  Faots. 

1.  Any  fraction  in  its  lowest  terms,  tchose  denominator  contains  either 
or  both  of  the  factors  2  or  5  and  also  other  prime  factorSy  will  produce 
a  mixed  circulating  decimal, 

2.  The  finite  places  of  the  decimal  will  equal  the  greatest  number  of 
factors  2  or  6  in  the  denominator, 

3.  The  number  of  repetend  places  will  not  exceed  the  number  expressed 
by  the  product  of  the  prime  factors  other  than  2  or  6  of  the  denominator. 

_    .  ,,  Problems. 

By  inspection,  tell 

1st,  Which  of  the  following  eighteen  fractions  will  produce  finite 
decimals,  and  how  many  places  there  will  be  in  each ; 

2d,  Which  will  produce  pure  circulating  decimals,  and  the  limit  of 
number  of  repetend  places  in  each ;  and 

3d,  Which  will,  produce  mixed  circulating  decimals,  the  number  of 
finite  places,  and  the  limit  of  number  of  repetend  places  in  each. 

Ex.  1.   ^  will  produce  a  finite  Process. 

decimal  of  four  places.  -fy  =  jxTxTxi"    Properties  I,  m. 

Ex.  2.  -rfrj"  =  gx3x  7>  ^°^  ^^^^  produce  a  mixed  circulating  decimal 
(Fact  1)  having  one  finite  place  (Property  III),  and  the  greatest  possible 
number  of  repetend  places  is  21  (=  3  x  ^),  Property  IV. 


i.  A 

^n 

y. -Aiv 

io.H 

13.  a 

i«.  m 

».  tIt 

«.  A 

».  tSV 

ii.  H 

1*'^ 

17.^ 

3'^ 

«. « 

9' mil 

i«.  iH 

IS.  in. 

is.m 

SOi  SUPPLEMENT.-^BEDUCTIONS, 

9.  I.  The  denominator  of  a  finite  decimal  expressed  in  fractional  form 
is  1  with  as  many  ciphers  annexed  as  there  are  places  in  the  decimal. 
The  same  is  true  of  the  finite  part  of  a  mixed  circulating  decimal. 

II.  To  determine  the  denominator  of  a  repetend  in  the  fractional  form. 
Art.  193f  Supplement,  page  391,  may  be  applied,  as  follows : 

Proposition  I. — Prove  that  .3  =  .3^  =  -^  =  |,  and  that  .64  =  |f. 

Demonstkation.— The  ratio  of  3|  to  10  equals  the  ratio  of  ^  to  1;  i.e., 

8i:10  =  i:l.     Hence,  ?i  =  g^  =  ». 

Again,. 54  =  .54A  =  ^.     64^:100  =  ^:1.     Hence,  ^  =  ^  ~  J^  =  ff- 

Pboposition  II. — ^Prove  that  the  terminal  fraction  of  a  repetend  ex- 
pressed in  the  common  decimal  forai  (as  .6  =  .6f)  always  bears  the 
same  ratio  to  1  as  the  entire  repetend  bears  to  its  denominator  when  ex- 
pressed in  the  fractional  form  (.6|  =  yl) ;  **.  e.,  f  :  1  =  Of  :  10. 

III.  Any  repetend  is  but  another  form  for  a  decimal  expressed  by  the 
figures  of  the  repetend  and  a  terminal  fraction, — or  for  a  fraction  having 
for  its  numerator  the  mixed  fractional  number  expressed  by  the  figures 
of  the  repetend  and  the  terminal  fraction,  and  for  its  denominator  1  with 
as  many  ciphers  annexed  as  there  are  places  in  the  repetend, — or  for  any 
reduction  of  such  fraction;  and 

The  fraction  reduced  to  lower  terms  by  subtracting  the  terminal  frac- 
tion from  the  numerator  and  1  from  the  denominator,  has  for  its  numer- 
ator the  figures  of  the  repetend,  and  for  its  denominator  as  many  9's  as 
there  are  figures  in  the  repetend.     Hence, 

To  reduce  a  repetend  to  a  fraction,— 

Rule. — Write  the  repetend  for  the  9mmerator,  and  as  many  9^8  as  there 
are  repetend  places  for  the  d€7iominator, 

lOi  A  mixed  circulating  decimal  may  be  expressed  in  the  common 
decimal  form  with  a  terminal  fraction, 

as  .43  =  .4|  =  -^4-A  =  ^4^  (or  AAifta,  see  Art.  ;?59)  =  fj ; 
also,  .2436  = -AV  +  T?^  =  *Wn/^  (or  »*ni8r">  Art.  Z59)  =  fH» 

The  numerator  of  each  of  these  results  may  be  obtained  by  subtract- 
ing the  finite  part  from  the  entire  circulating  decimal  (see  page  391,  6)\ 
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and  the  denominator^  by  writing  as  many  9's  as  there  are  repetend  places 
and  as  many  ciphers  following  as  there  are  finite  places.    Hence, 

To  reduce  a  mixed  circalating  decimal  to  a  fraction,— 

BuLE. — L  For  the  numerator, — Subtract  the  Jinite  part  from  the  entire 
circulating  decimal;  and 

IL  For  the  denominator, — Write  as  many  9^8  as  there  are  repetend 
places  with  as  many  ciphers  annexed  as  there  are  finite  places, 

Ex.  1.  Reduce  .456  to  a  fraction.         Ex.  2.  Reduce  .37468  to  a  fraction. 


Process. 

456  ^m  =  m 


Process. 

.87468  ^iiiU  =  TViVu 
37_ 

87431 


Reduce  to  fractions 


1.  .33 

2.  .6 

3.  .84 

4.  .123 


5.  .8127 

6.  .142857 

7.  .14285714 

8.  .4554 


Problems. 

9.  .230769 

10.  .9 

11.  .9999 

12.  .327 


13.  .2412 

14.  .816 

15.  .81616 

16.  .4752 


17.  8.216 

18.  27.33 

19.  18.18 

20.  72.1646 


11.  Circulating  decimals  may  be  changed  in  form  by  expanding 
them.    In  any  such  expansion,  observe 

1.  That  the  order  of  succession  of  the  repetend  figures  must  remain 
unchanged. 

2.  That  the  number  of  repetend  places  must  remain  unchanged,  or  be 
changed  to  a  multiple  of  that  number  of  places. 

€.^.,  .36  =  .363  =  .3636  =  .36363  =  .36363636,  and  so  on. 

In  the  first  and  second  of  the  expansions  above,  both  the  order  of 
succession  and  the  number  of  places  in  the  repetend  remain  unchanged. 
In  the  third  and  fourth,  the  order  of  succession  remains  unchanged,  but 
the  number  of  repetend  places  is  changed  to  a  multiple  of  2,  the  original 
number  of  repetend  places. 

Proposition. — ^Prove,by  reducing  to  fractions  in  their  lowest  terms,  that 
the  expansions  above  given  produce  no  change  in  the  value  of  the  decimal. 
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12.  Shnilar  repetends  begin  at  the  same  decimal  place; 

Conterminous  repetends  end  at  the  same  decimal  place ; 
lAke  repetends  are  both  similar  and  conterminous;  hence, 

Pbinciple. —  Only  like  repetends  can  be  added  or  svbtracted, 

13i  To  make  repetends  similar,— 

Rule. — Expand  the  circulating  decimals  till  the  number  of  finite  places 
in  each  equals  tlie  greatest  number  of  finite  places  in  any  of  them,, 

14.  To  make  similar  repetends  conterminous,— 

Rule. — Expand  each  repetend  to  as  many  places  as  are  indicated  by 
t/ie  least  common  multiple  of  the  numbers  of  places  in  the  several  repetends. 

Ex.  Make  the  circulating  dec-  Pi^ocebs. 

.  •        .     .  •  •  oj    ^i  Similar  and  eon- 

imals  .86,    .8754,    .363,    .42768  ^*"*««"  unniium9 

similar  and  conterminous.  .86         z=z.S666       =  .866666666 

Explanation.— I  first  examine       .876Jf.     ^^.876^5     ^  .87  5J^5  J!f.5i6 

I'LTL'lS.t'^u^^rif      .S68       =.S6SS63  =  .S6S363S6S 

finite  places  in  any  one  of  them.  .42758  =  .42758  =  .427585858 
and  find  it  is  three  in  the  fourth 

number.  I  therefore  expand  each  repetend  to  the  fourth  decimal  place,  over  -which 
I  place  the  repetend  dot,  and  where  necessary  continue  the  expansion  until  I  have 
the  original  number  of  repetend  places  in  each.    The  repetends  are  now  similar. 

I  find  that  the  numbers  of  repetend  places  in  the  several  repetends  are  expressed 
by  1,  2,  8,  and  2.  I  therefore  find  the  least  common  multiple  of  1,  2,  8,  2— which  is 
6, — and  expand  each  repetend  until  it  contains  six  repetend  places.  The  repetends 
are  now  similar  and  conterminous. 

16i  To  add  or  subtract  circulating  decimalSy-^ 

Rule. — I.  Jf  necessary^  make  the  repetends  similar  and  conterminous, 

II.  Add  or  subtract  as  in  integers,  always  carrying  from  the  left-hand 
repetend  column  when  adding  or  subtracting  the  right-hand  column. 

16.  To  multiply  or  divide  repetends,— 

Rule. — I.  Reduce  the  repetends  to  fractions. 
II.  Multiply  or  divide  as  infractions. 
in.  Reduce  the  fractional  result  to  a  decimal. 
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Pbobleks. 

a. 

.863 

n. 

15.912 

Add  all  the  given  numbers 

b. 

.754 

o. 

74.237 

!•  From  f  to  j  inclnsive. 

e. 

.929 

p. 

21.468 

2.      "     u  to  y  inclusive. 

.765 
.82313 

54.3i 
2.750 

3.  "     a  to  e  inclusive. 

4.  ''     g  ^0  ^  inclusive. 

9* 
h. 

.7643 
.4836 
.8216 

.oois 

.81234 
27.1236 

Subtract  - 

5*  n  from  o. 
6,  w  from  v. 
7»  f  from  r. 
8.  q  from  v. 

i. 

.73 

V. 

89.6543 

.    9.  t  from  e. 

J. 

.2287 
.64513 

X. 

.8184 
2.6733 

Multiply  j  ^^-  ^  ^y  [ 
^^    Ml.  p  by  h. 

I. 

.8il4 
8.723 

91.25 
4.36 

Divide 

1 

[  12.  p  by  f. 
[  13» .  X  by  n. 

14.  Add  ^  and  4^;  then  reduce  the  fractions  to  decimals,  add  these 
results,  and  reduce  the  sum  to  a  fraction,  making  the  results  agree. 

16»  Add  f  and  f  and  reduce  the  result  to  a  decimal ;  then  reduce 
the  fractions  to  decimals  separately,  and  add  the  decimals,  making  the 
results  agree.  

SHORT  MBTHODS  OF  RSDUCTION. 
rage  84 ;  Ari.  209. 

Pupils  should  give  reasons  for  all  Short  Methods  not  analyzed. 
I.  To  reduce  hundred-Weight  and  pounds  to  the  decimal  of  a  ton. 

Ex.  Reduce  3  T.  5  cwt.  24  lb.  to  tons  Pbocess. 

and  decimals.  6  cwt.  2  i  lb.       =5.2^  cwt. 

5  24x5  =    .262  T. 

3  T.  +  .262  T.  =  3.262  T. 


Annex  the  pounds  as  hundredths  to  the 
number  of  hundred-weight,  and  multiply  the 
number  thus  formed  by  5,  pointing  off  two  additional  decimal  places. 

Pboblems. 


Reduce  to  decimals  of  a  ton, 


1.  8  cwt.  56  lb. 

2.  7  cwt 


3.  18  cwt.  48  lb. 

4.  5  cwt  17  lb. 


Reduce  to  tons  and  decimals. 


5.    7  T.  12  cwt 

e.  14  T.   5  cwt  12  lb. 


7.  2  T.  14  cwt  9  lb. 

8.  IT.  17  cwt  5  lb. 


S98 
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II.  To  reduce  shilling's  and  pence  to  the  decimal  of  a  pound. 

Ex.  Reduce  £18  58.  9d.  to  pounds  and  decimals. 


Multiply  the  number  of  shillings  by  5  and 
write  the  product  as  hundredths  of  a  pound. 

Multiply  the  number  of  pence  by  4^  and 
write  the  product  as  thousandths  of  a  pound. 

The  sum  of  the  two  products  will  be  the 
decimal  required. 

Problems. 


Pbocbss. 

5x5    =z25       =£      .25 
9xH=^0^75t=£      .0375 

£18.2875 


Reduce  to  decimals  of  a  £, 

1.  17s.  3.  13s.  5d. 

2.  9s.  8d.        ^.  lis.  6d. 


Reduce  to  £'s  and  decimals, 


5.  £2     3s.    9d. 

6.  £17  lis.  lOd. 


7.  £204  10s.  6d. 

8.  £193     Is.  Id. 


SHORT  MBTHODS  OF  MULTIPLICATION. 

rtige  131;  Art.  264. 
I.  To  multiply  by  20,  30,  and  so  on  to  00« 

Ex.  Multiply  747  X  59. 

69  =  00  -  1,  and  60  =  6  X  10. 

6  times  10  times  a  number  minus  once  the  number  is  59  times 
the  number. 

Pboblems. 

Using  this  method,  find  the  product 


Pbocess. 

7A70 
6 

4i,820 

7J,7 

4if073 


1.   Of  973  X  89 

3.   Of  3,470  X  69 

6.   Of  48.72  X  4.9 

2.   Of  426  X  19 

4.   Of  4,802  X  69 

6.   Of  3.164  X  .29 

II.  To  find  the  product  of  two  factors,  when  i,  i,  i,  etc.^  of  one 
of  them  is  a  convenient  multiplier.  Process 

Ex.  Multiply  42  by  21.                                                        Jf,2  x3  z=^  126 
Introducing  the  factor  3  into  the  multiplicand,  and  rejecting       21-^3=  7 


it  from  the  multiplier  does  not  affect  the  quotient. 


882 


III.  To  find  the  product  of  two  factors  each  expressed  by  two 
figures;— the  tens  alike  and  the  sum  of  the  ones^  lO. 

Process.  • 
80x  90-^21^7y221 


Ex.  Multiply  83  by  87. 


Multiply  the  tens  of  one  factor  by  the  next  greater 
number  of  tens,  and  to  this  product  add  the  product  of  the  ones  of  both  factors. 
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Pboblems. 
Using  this  method,  find  the  product 


1.  Of  76  X  V4 

2.  Of  62  X  68 


3.  Of  29  X  21 

4.  Of  97  X  93 


5.  Of  66  X  66 

6.  Of  13  X  17 


7.  Of  49  X  41 

8.  Of  82  X  88 


ly.  To  find  the  product  of  two  factors,  one  of  them  more  and 
the  other  less  by  a  convenient  amount,  than  an  order  of  units 
(i.  e.,  than  lO,  lOO,  lOOO,  etc.)* 

"PnOCRSA. 

Ex.  Multiply  106  by  97.  ^  ^  ^      ^  ^       .  ^   « ^  ^ 

^^  ^  106  +  97=  lOySOO 

Cancel  or  reject  the  left-hand  fiffure  of  the        ^  ^  ,         ^ 

greater  factor,  to  the  remaiaing  flgui«8  add  the  ^  =  «^«*»'  f  =  compUmmt. 
less  factor,  and  to  the  sum  annex  as  many  lOySOO  —  6*  x  S  =  10,282 
ciphers  as  there  are  places  in  the  less  factor. 

From  the  number  thus  obtained  subtract  the  product  of  the  excess  of  the  greater 
factor  over  the  unit  and  the  complement  of  the  smaller  factor. 


Pboblems. 
Using  this  method^  find  the  product 


1.  Of  103  X  91 

2.  Of  96  X  106 


3.  Of  1,004  X  996 

4.  Of  1,003  X  992 


5.  Of  10,006  X  9,993 
e.  Of       107  X       91 


Y.  To  find  the  product  of  two  factors  that  have  the  same  num- 
ber of  places,  and  are  either  both  more  or  both  less  than—- but 
near  to— an  order  of  units  (i.e.,  to  lO,  lOO,  lOOO^  etc.)* 


Ex.  1.  Multiply  106  by  104. 

Cancel  or  reject  the  left-hand  figure  of  one 
of  the  factors,  and  to  the  other  factor  add  the 
number  expressed  by  the  remaining  figures. 
To  the  sum  thus  obtained  annex  as  many 
ciphers  less  one  as  there  arc  places  in  each  of 
the  factors,  and  to  the  number  thus  formed 
add  the  product  of  the  excesses  of  the  factors  over  a  unit  of  the  nearest  order. 


Pbocess. 

J06  +  10i  =  110 

6  =  eoccess  of  106  over  100 

4  =  excess  oflOJi.  over  100 

11,000  +  24  =  11,024. 


Ex.  2.  Multiply  997  by  992. 

Add  the  two  factors,  from  their  sum 
cancel  or  reject  the  left-hand  figure,  and 
to  the  remaining  figures  annex  as  many 
ciphers  as  there  are  places  in  each  factor. 
To  the  number  thus  formed,  add  the  product  of  the  complements  of  the  two  factors. 


PB0CES6. 

997  +  992=       1,989 
989,000+     24  =  989,024 


m 


SUPPLEMENT.— 8H0BT  METHODS. 


Pboblehs. 
Using  this  method^  find  the  product 
1.  Of  103x106     "^    ^'    '  ^^^       


2.  Of  109  X  106 


3.  Of    1,007  X   1,004 

4.  Of  10,009X10,002 


6.  Of    92  X    98 
e.  Of  993  X  995 


7.  Of  18  X  16 

8.  Of  97  X  93 


VI.  To  find  the  product  of  two  &Gtors  between  which  there 
is  a  mean  number  of  tens* 


Pbocess. 
80^  ^6,i00 


Multiply  84  x  76. 

Square  the  tens  of  the  greater  factor,  and  from  the 
result  thus  obtained  subtract  the  square  of  the  ones  of 
the  same  factor.  6^384 

Analysis.— 76  x84  =  80x84-4x84. 
Adding  4  to  the  factor  76  adds  4  times  tbe  other  factor  (84)  to  the  product. 

80x84  =  80x80  +  4x80. 

Subtracting  4  from  the  factor  84  subtracts  4  times  the  other  factor  (80)  from  the 

product. 

Hence,  76x84  =  80x80-4x84  +  4x80;  or, 

76  X  84  =  80  X  80-4  X  (84-80);  or, 

76x84  =  80x80-4x4  =  80'-4' 

PROBLEMS. 

Write  a  multiplicand  to  which  this  method  will  apply  for  each,  and 
multiply 
1.  By  92    I  2.  By  46   |   3.  By  37   |   4.  By  246   [  5.  By  127  |  6.  By  117 


VII.  To  find  the  product  of  two  mixed  numbers  that  end  with 
the  same  fraction. 


Ex.  Multiply  27^  by  10f 

Find  the  sum  of  the  product  of  the  integral  parts, 
of  the  product  of  the  sum  of  tbe  integral  parts  and  the 
common  fraction,  and  the  square  of  the  fraction. 

Pboblehs. 
Using  this  method,  find  the  product 


Pbocess. 

19  X  27         z=51S 

19  +  27xi=:    15i 

i>^i  = i 

628i 


1.  Of    8J  X  28J 

2.oi\^x  ^ 


3.  Of  11|  X  lOf 

4.  Of    9f  X  12f 


5.  Of  IH  X  H 

6.  Of  12f  X  7f 


7.  Of  14f  X  161 

8.  Of  131  X  111 


anOBT  METHODS.-'MULTIPLICATIOK 
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Yin.  To  find  the  product  of  two  mixed  numbers  whose  frac- 
tional parts  have  a  common  denominator,  and  whose  integral 
parts  are  the  same. 


Ex.  Multiply  9f  by  9f 

Add  the  fraction  of  one  factor  to  the  other  factor,  multi- 
ply the  sum  by  the  remaining  integral  part,  and  to  this 
product  add  the  product  of  the  fractional  parts. 

Pboblems. 


Pbocess. 

9x9f  =  87f 
f  xf  = A 

87H 


Usmg  this  methody  find  the  product 


1.  Of  6f  X  ei 

2.  Of  12|X12| 


3.  Of  2li   X  27i 

4.  Of  le^^xie^ 


6.  Of  10+  X 104 
6.  Of    Bi  X   8| 


7.  Of  11,6^x11^ 

8.  Of    6^V  X    6^^ 


IX.  To  find  the  product  of  two  factors  the  difference  of  whose 
integral  parts  is  1,  and  the  sum  of  whose  fractional  parts  is 
also  1. 


Pbocess. 

8  +  l{=:f  +  i)=9 

7x9  =  6S 
^-(fxf)=       f 

6Si 


Ex.  Multiply  8|  by  7^. 

Add  1  to  the  greater  integer,  multiply  the  sum  by 
the  smaller  integer,  and  to  the  product  add  the  dif- 
ference between  1  and  the  square  of  the  fraction  of 
the  greater  number. 

Pboblbms. 

Using  this  luethody  find  the  product 

1.  Of9|x8^|;9.  Of8jxVl|a.  Of5fx64|4.  Of  13fxl2t|tf.Of26ix25f 

X.  To  find  the  integer  nearest  to  the  product  of  two  mixed 
fractional  numbers. 


Ex.  Find  the  nearest  approximate  in- 
tegral value  of  10(  x  8-^ 

To  the  product  of  the  integers,  add  the  nearest 
integer  to  the  product  of  the  whole  number  in 
each  factor  by  the  fraction  in  the  other  factor. 


Pbocess. 
26x8  =  128 

^0fl6=z         J  (nearest integer). 
^  of  8  :=.         ^  (nearert  Integer). 


Pboblbms. 
Find  the  nearest  approximate  integral  value 


1.  Of  16i  X    H 

2.  Of  \l\  X  lit 


S.  Of  12tV  X    4J 

4.  Of  19f    X  20| 

2C 


5.  Of  18f  X  28} 

6,  Of  50i  X    6^ 


BVPPLEMBNT.'--8H0BT  METHODS. 


XL   Cross  mnltiplicationy—or   omittinir  piirtial  products  in 
Written  work*  ^  ^ 

iLLUSTRATiyB  PbOCEBS. 


4X« 


Ex.  1.  Multiply  35  by  24. 

Multiply  oues  by  ones  (4x6) 
and  write  the  ones  (0)  of  this 
product  for  the  ones  of  the 
required  result.  Add  (cany) 
the  tens  (2)  to  the  sum  of  the 
products  of  ones  and  tens 
(4x8  +  2x5)  and  write  the  ones  (4)  of  this  result  (24)  for  the  tens  of  the  lequized 
result.  Add  (carry)  the  tens  (2)  to  the  product  of  the  tens  and  tens  (2  x  8)  and  write 
the  result  for  the  hundreds  of  the  required  result 


SB 

n 

Prod,  of  ooM  and  ones,       2  0 
prod,  of  ones  tnd  (em, 
prod,  of  tena  and  tcoa. 


22 
6 


tens        — ftom  4X8+SXS 
boDdnda— liroin  2x8 


8^0 


Process. 
35 

JA 
840 


Computation. 

4  times  5,  20— write  0 ; 

2  plus  4  times  3,  plus  2  times  5,  24— write  4 ; 

2  plus  2  times  8,  8— write  8. 


Ex.  2.  Multiply  845  by  .256. 

iLLUSTRATiyB  PB0CE8& 

3i5 
256 


Prod,  of  ones  and  ones, 

prod,  of  ones  and  tens, 

,,.^  ^  { ones  and  hondreds, ) 
P^**'l  tens  and  tens,  ) 
prod,  of  tens  and  hnnd^s, 

prod,  of  hondreds  and  hundreds. 


SO 

AS 

2S 

6 

88,320 


ones 
tens 

hundreds 
thonsands 


—from  6x5 
—from  6x4+51<6 


— frfom  6X8  +  6X4  +  2X5 
—from  6x8-1-2x4 


ten-thonsands— fivm  2X3 


Pbocess. 

345 
256 

88y320 


Computation. 

6  times  6,  80— write  0 ; 

8  plus  6  times  4,  plus  5  times  6,  52— write  2 ; 

5  plus  6  times  8,  plus  5  times  4,  plus  2  times  5,  58-— write  8; 

5  plus  5  times  3>  plus  2  times  4,  28 — write  8 ; 

2  plus  2  times  8,  8— write  8. 


Pboblehs. 
Omitting  partial  products  in  the  written  work,  multiply 


1.  26  by  82 

2.  75  by  23 


3.  48  by  86 

4.  96  by  43 


5.  582  by  324 

6.  618  by  275 


7.  329  by  487 

8.  826  by  623 


SHORT  METHODa.—DIViaiOK 


40s 


12 
5 


XIL  To  square  any  namber  that  \b  expressed  by  9*8. 

Ex.  Square  099.  Procese. 

Write  as  many  9*8  less  one  as  there  are  9*s  in  the  giyen 
number,  an  8,  as  many  ciphers  as  9*s  written,  and  al.  ^^^    i=  998,00 1 

XIII.  To  square  any  number  that  ends  with  5. 

Ex.  Square  35.  PBOCEaa. 

Omit  the  5,  multiply  the  number  expressed  by  the  S  ^  A  — 

remaining  figures  by  the  nett  greater  integral  number,  ^  '1  "" 

and  to  this  product  annex  25  (=  6*).  12  (wnex  26  =  l,22i 

XrV.  To  square  any  number  expressed  by  two  places. 

Ex.  1.  Square  28.  Ex.  2.  Square  84. 

Find  the  difference  between  the 
number  and  the  nearest  number  of 
tens.  If  the  numlier  be  less  than  the 
nearest  number  of  tens,  subtract  the 
difference  from  the  number;  but  if 
the  number  be  greater,  add  the  differ- 
ence. Multiply  the  sum  or  the  differ- 
ence thus  obtained  by  the  number  of 
tens,  and  add  the  square  of  the  difference  to  the  product    (See  Aialysls,  Case  VI.) 

XY.  To  square  a  number  that  ends  with  |« 

Ex.  Square  llf  Procesb. 

Multiply  the  integral  part  by        TTTi 
the  next  higher  integer  and  to 
the  product  annex  ^  (  =  (|)  'X 


kJo 


30^28=i2 


X26  +  4{^S^z:z7Sji, 


^    i84'-S0=^4 
'  180x88  +  16  {=4*)  =  7,0o6 


lli^  =zllXl2  +  i{=  (^)*)  =  lS2i: 


Problems. 
Using  the  methods  above  giveu,  find 


1.  99 

2.  9,999' 


3.  85 

4.  55' 


5.  64 

6.  82' 


7.  93 

8.  13j* 


9.  9f 

10.  37' 


11.  46 

12.  20J' 


DIVIBION. 
rage  182,  Art.  265. 

The  proper  definition  for  division  has  long  been  a  matter  of  dispute 
among  arithmeticians.  The  three  definitions  representing  the  different 
views  that  have  been  held  may  be  formulated  substantially  as  follows : 


Ji04  SUPPLEMENT.-^SHOBT  METHODS. 

1 .  IHvisian  is  the  process  of  separating  a  numher  into  equai  parts. 

2.  IHvisian  is  the  process  of  fiiecMurin^  <ma  of  two  like  numbers 
by  the  other,  to  find  the  times  or  the  part  of  1  time  the  former  number 
contains  the  latter. 

3.  The  two  preceding  definitions  combined^  as  given  in  this  work  {2&5). 

According  to  the  first  definition,  the  divisor  is  always  abstract^  and  the 
dividend  and  quotient  are  like  numbers. 

According  to  the  second  definition,  the  divisor  and  dividend  are  like 
numbers,  and  the  quotient  is  always  abstract. 

According  to  the  third  definition,  either  the  divisor  or  the  quotient  is 
abstract^  as  the  varying  condition  of  problems  may  demand. 

The  analysis  of  the  solution  of  problems  according  to  the  first  and 
second  definitions  is  shown  in  the  two  problems  following. 

Pbobleh  1.  If  42  apples  be  divided  equally  among  6  boys,  bow  many 

apples  will  each  boy  receive  ? 

Analyaia  (let  definition).— Since  42  apples  are  to  be  divided  equally  among  6  boys, 
each  boy  will  receive  one  of  the  6  equal  parts  into  which  43  apples  can  be  divided, 
or  I  of  42  apples, — which  is  7  apples. 

Analyrii  (2d  definition).— If  1  apple  be  given  to  each  boy,  the  6  boys  will  receive 
6  apples ;  and,  of  the  42  apples,  each  will  receive  as  many  times  1  apple  as  the  times 
6  apples  are  contained  in '42  apples,  which  are  7  times.  Therefore,  each  boy  will 
receive  7  apples. 

Pboblem  2.  At  $6  each,  how  many  sheep  can  be  bought  for  $42  ? 

AnaljfM  (1st  definition). — At  $1  each,  42  sheep  can  be  bought  for  $42 ;  and,  dnce 
$1  is  I  of  $6,  at  $6  each,  |  of  42  sheep,  or  7  sheep,  can  be  bought  for  $42. 

Analyns  (2d  definition). —  Since  1  sheep  can  be  bought  for  $6,  as  many  times  1 
sheep  can  be  bought  for  $42  as  the  tunes  $6  are  contained  in  $42,  which  is  7  times. 
Therefore,  at  $6  each,  7  sheep  can  be  bought  for  $42. 

Exercises. 

Which  of  the  foregoing  definitions  (1,  2)  most  naturally  complies 
with  the  conditions  of  the  problem 

1.  When  the  number  of  equal  parts  and  the  whole  are  given,  to  find 
one  equal  part? 

2.  When  the  whole  and  one  equal  part  are  given,  to  find  the  number 
of  equal  parts  ? 


TBUS  REMADWEIL 


Ifi& 


TRUB    RBMAINDBR. 
Tage  133,  Art.  26V. 

1.  In  dividing  by  the  factors  of  a  number,  there  may  be  as  many 
remainders  as  there  are  factors  used  as  divisors. 

2.  The  true  remainder  is  the  remainder  after  all  integral  places 
in  the  quotient  have  been  obtained  by  the  common  method  of 
division. 


Pbocess. 


Ex.  Divide  64,322  by  the 
factors  of  308  (=4x7x11) 
and  find  the  true  remainder. 

An  ezaminatioa  of  the  process 
in  a  reverse  order  shows  that 


308^  7)16,080 

11)2,297 

208 


Fiurttal  rBmainden. 


2 

lxi=^      4 

9x7xJ^=z252 

Ttne remaiader,  258 


2.297  =  11  thnes      208  plus  0,— or  11  x  208  +  9 
16,080  =  7  times   2,297  plus  1,— or  7  x  (11  x  208  +  9)  +  1 
64,822  =  4  times  16,080  plus  2,— or  4  x  [7  x  (11  x  208  +  9)  +  1]  +  2 

Performing  indicated  operations  and  removing  signs  of  aggregation,  successively, 

4  X  p  X  (11  x  208  +  9)  + 1]  +  2  = 

(a)  28  X  (11  X  208  +  9)  +  4  +  2  = 

(6)808x208  +  262  +  4  +  2  = 

(e)  808  X  208  +  258,  the  true  remahider. 

8«  An  examination  of  the  foregoing  equations  shows^— 

L  That  the  remainder  from  the  first  division  remains  unchanged. 

n.  That  the  remainders  from  all  succeeding  divisions  are  multiplied 
respectively  by  all  divisors  of  preceding  divisions. 

in.  That  the  remainder  from  the  first  division  plus  the  products  of 
the  other  remainders  by  preceding  divisors  is  the  true  remainder. 


m 


SUPPLEMENT.'-PEOOF  BY  SUMMATION. 


GENERAL  METHOD  OF  PROOF  BY  SUMMATION  OF 

DIGITS. 
rages  101,  111,  124,  141. 

The  summation,  of  the  digits  of  a  number  to  a  final  digit  is  per- 
formed as  follows : — 

I.  Add  digits  of  the  nomber  until  a  sum  greater  than  9  is  obtained. 

XL  Add  the  digits  of  this  sum  and  a  digit  or  digits  of  the  given,  num- 
ber until  the  sum  exceeds  9. 

IIL  Add  the  digits  of  this  sum ;  and  so  continue  until  all  the  digits 
in  the  number  are  added  and  a  final  sum  b  obtained  that  is  expressed 
by  a  single  digit. 

The  last  digit  obtained  is  the  final  digit. 


Ex,  By  sununation  of  its  digits  find  the  final  digit  of  84,875^624. 


Full  Pbocess. 

8  +  iz^l2,  (1  +  2 

5  +  3  +  7=:13,  (1  +  S 

i  +  S  +  6z=:16,    (1  +  5 

6  +  2  +  4z=:12,  (1  +  2 

S^firml  digit. 

ft 

CoMnoK  Pbocess. 

8,  12; 
3y  6,  13; 
^  9,  15;   ' 
6,  8,  12; 
3y  final  digit 


)  s 

)  i 
) « 

)   5 


NoTia — 1.  The  addition  may  begin  with  any 
digit,  and  proceed  from  left  to  right,  from  right 
to  left,  without  any  systematic  order. 

2.  All  the  digits  may  be  added  and  the  digits 
of  this  sum  added,  until  a  final  digit  is  obtained. 
Thus,  8,  13,  16,  22,  2V,  88,  85,  8»;    12;    S, 

final  digit 

8.  The  summation  may  continue  to  any  par- 
tial sum  above  9;  this  partial  sum  may  be 
dropped,  the  sum  of  its  digits  used  in  its  stead, 
and  the  summation  continued.  Thus,  beginning 
at  the  left,  8,  12,  16,  22 ;  (2  +  2  =)  4,  9, 15,  17, 
21 ;  (2  +  1  =)  8,  final  digit  Or,  beginning  at 
the  right,— 4,  «,  12,  17,  24;  (2  +  4=)  6,  9,  18. 
21 ;  (2  +  1  =)  8,  final  digit 


Pboblems. 
By  summation  of  digits  find  the  final  digit  in 


1.  78 

2.  643 


S.     5,734 
4.   24,861 


5.  72,781 

6.  21,873 


7.  64,538 

8.  ^Ifibl 


9.   537,682 
10.   445,743 


THE  FOUR  FUNDAMENTAL  PB0CE88E8. 


m 


11.  In  the  first  four  of  the  above  taken  together. 

12.  In  the  last  sis  of  the  above  taken  together. 

On  the  summation  of  digits  is  based  FrmcKa  General  Method  of 
Proof  of  the  Four  Fundamental  Processes  in  Decimal  Numbers.* 


ADDinOlf. 

Tage  101;  Art.  229. 

EzPLAHATiON.— Summing  the  digits  in  the  parts,  I  obtain 
the  digit  6 ;  and  summing  the  digits  in  the  sum,  I  also  obtain 
the  digit  6.  The  sum  total  is  therefore  supposed  to  be 
correct. 

Apply  this  method  of  proof  to  the  problems  in  Art  223. 


rage  111;  Art.  238. 


8UBTKACTZON, 

Fint  Method. 


EzPLAHATioH.^Summing  the  digits  in  the  subtrahend  and 
remainder,  I  obtain  the  final  digit  7 ;  and  summing  the  digits  in 
the  minuend,  I  also  obtain  the  final  digit  7.  The  remainder  is 
therefore  supposed  to  be  correct 

Second  Method, 

EzFiJUffATXQzr. — Summing  the  digits  in  minuend,  subtra- 
hend, and  remainder,  I  obtain  7,  0,  and  1.  Adding  the  final 
digits  (6  and  1)  of  subtrahend  and  remainder  I  obtain  7,  which 
is  also  the  final  digit  of  the  minuend.  Or,  subtracting  the  final 
digit  (6)  of  the  subtrahend  from  the  final  digit  (7)  of  the  minu- 
end, I  obtain  1,  which  is  also  the  final  digit  of  the  remainder. 
The  remainder  is  therefore  supposed  to  be  correct 

Third  Method. 

Explanation. —  Summing  the  digits  in  minuend,  subtra-  , 
hend,  and  remainder  separately,  I  obtain  the  final  digits  8,  5, 
and  Z  Since  the.  final  digit  of  the  subtrahend  is  more  than  the 
final  digit  of  the  minuend,  I  add  0  to  the  final  digit  8,  and  from 
the  sum  I  subtract  the  final  digit  6,  and  obtain  7,  which  is  the 
same  as  the  final  digit  of  the  remainder.  The  remainder  is 
therefore  supposed  to  be  correct 

Apply  these  methods  of  proof  to  the  problems  in  Art  232. 


Example. 

7,8  S4^ 
6,5  9  S 

9,855 
4,326 

40,955     5 


Example. 

86,758    7 
22,5  78) 

64,180) 


Example. 

86,758    7 
22,5  78    6 

64,18 


8    6\ 
1>    1) 


213,578     3 
64,238     5 

149,335     7 


*  Named  from  its  discoverer,  John  H.  French,  LL.D.,  the  author  of  /'Frenches  Binomial 
Theorem.*'    ^See '*  Bobinacm's  Elementary  Algebra,**  p^ges  174-179.) 


Ji08         8UPPLEME2n',-~PB00F  BY  SUMMATION  OF  DIGITS. 


BnrLTZPUCATION. 
Page  124;  Art.  254. 


EZAMFLB  1. 


Explanation.— Summing  the  digits  in  the  fac- 
tors, I  obtain  the  final  digits  6  and  8 ;  and  sum-  68^^8  7       6 
ming  the  digits  in  the  product  (48)  of  these  digits,  967  A       8 

I  obtain  the  final  digit  8.    Summing  the  digite  in  ? ^     — 

the  product  of  the  given  factors,  I  also  obtain  the  27394-8    4.8    12    S 
final  digit  8.    The  product  is  therefore  supposed 
to  be  correct. 


273948 

479409 

410922 

616383 

Note, — In  proving  continued  multiplication,  the  final 
digit  obtained  by  summing  the  product  of  the  final 
digits  m  the  several  factors  equals  the  digit  obtaued     662^543,238    39     12    3 
by  Bumming  the  digits  of  the  final  product 

Explanation.— The  Exahplb  2. 

final  digit  obtained  by      S5 8  X  3,4^  1  X  97  =z  86,6 1 4,986    48    12    3 
summing  the  product       ^-o  t  e         £>  *^  ^ 

(86,614.988)  of  the  fac-       ^^^  ^^         o) 

tors  258,  8,461.  and  97    3,461  I4         5y6  X  5  X  7  =z210  3 

is  8 ;  the  final  digits  in  p  ^  jq         jj 

the  factors,  in  their  or- 
der, are  6,  5.  and  7 ;  and  the  final  digit  in  the  product  (210)  of  the  final  digits  of  the 
several  factors  is  also  8.    The  product  is  therefore  supposed  to  be  correct. 

Apply  this  method  of  proof  to  the  problems  in  Art.  248. 


DITISZON. 
rage  141;  AH.  275. 

Case  I.  The  quotient  a  decimal  number  and  no  remainder* 

Explanation.  —  Summing  Example. 

the  digits  in  divisor  and  quo- 
tient. I  obtain  the  final  digits  4  873,872,722^92,317  ^9,466 

m  the  product  of  4  and  7  (28),  ^  ^ 

I  obtain  the  final  digit  1.   Sum-       -4x7  =  ^<9     10       1 
ming  the  digits  of  the  divi- 
dend, I  also  obtain  the  final  digit  1.   The  quotient  is  therefore  supposed  to  be  comet. 


THE  FOUR  FUNDA2£ENTAL  PR0CE88E8.  409 

Casb  n.  The  qaotient  a  mixed  number* 

Example. 

Iy9i0,605^2,538=z764  and  ly5 7 3 rem. {le.,  7 6 4ifii) 
25       7     18    9     17    8       16    7 
9x8+7=z79     16       7 

Explanation.— SummiDg  the  digits  in  the  dividend,  I  obtain  the  final  digit  7 ;  and 
summing  the  digits  in  the  divisor — the  integral  part  of  the  quotient — and  the  re- 
mainder, I  obtain  the  final  digits  9,  8,  and  7.  Summing  the  digits  of  the  sum  of  the 
products  of  the  final  digits  (9  and  8)  of  the  divisor  and  the  integral  part  of  the  quo- 
tient plus  the  final  digit  (7)  of  the  remainder,  I  also  obtain  the  final  digit  7.  The 
quotient  is  therefore  supposed  to  be  correct. 

Apply  this  method  of  proof  to  problems  in  Art  269* 

The  application  of  summation  of  digits  to  proving  the  Four  Funda- 
mental Processes  in  Decimal  Numbers  may  be  formally  stated  as 

Pbivciplbs  of  Fbbnch's  Gbnsbal  Mbthod  of  Pboof. 

I.  The  final  digit  obtained  hy  tumming  the  digite  in  all  the  parts 
addedf  is  the  same  as  the  final  digit  obtained  by  summing  the  digits  in 
the  amount. 

II.  The  final  digit  obtained  by  summing  the  digits  in  both  subtrahend 
and  remainder^  is  the  same  as  the  fined  digit  obtained  by  summing  the 
digits  in  the  minuend. 

IIL  The  final  digit  obtained  by  summing  the  digits  in  the  product  of 
the  final  digits  in  the  factors^  is  the  same  as  the  final  digit  obtained  by 
summing  the  digits  in  the  product  ofi  the /actors. 

IV.  The  final  digit  obtained  by  summing  the  digits  in  the  product  of 
the  final  digits  of  the  divisor  and  quotient  plus  the  final  digit  obtained  by 
swnming  the  digits  in  the  remainder  {when  there  is  a  remainder)^  is  the 
same  €U  the  final  digit  obtained  by  summing  the  digits  in  the  dividend. 


UO  SUPPLBMENT^—SHORT  METHODS. 


THE  DZVZ80R  AXTT  2TUBCBBR  OF  S's. 
rage  142;  Art.  276. 

Ex.  1.  Divide  843  by  99. 


Pbocbss. 
8  I  43  -^  9  9  =:  8  and^S  +  8  z=  5 1  rem. 


EZPLAKATIOK.—- 1  CUt  ofl  fiom  fiti.  —  M±Z 

the  right  of  the  dividend  as  many  ^iv  —  ^ii 

figures  as  there  are  9's  in  the  di- 
visor, and  "Write  the  remaining  figure  (8)  of  the  dividend  for  a  partial  quotient 

I  then  add  the  quotient  8  to  the  number  expressed  by  the  figures  cut  off  from  the 
right  of  the  dividend,  and  obtain  61,  the  remainder. 

This  remainder  is  less  than  the  divisor;  I  therefore  write  it  over  the  divisor  at 
the  right  of  the  quotient  figure  8,  and  I  have  8H  =  B^,  the  quotient  of  the  complete 
division. 

Ex.  2.  Divide  486,723  by  999. 

Process. 

486,\723^999=:48e  and  J^SO  +  72S  z=,  1,209  rem. 
1^209-^999^        land  209+       i  =    210  rem. 


i87m^*87^ 

ExPLANATioiT.— I  cut  off  from  the  right  of  the  dividend  as  many  figures  as  there 
are  9's  in  the  divisor,  and  write  the  remaining  figures,  486,  for  a  partial  quotient 

I  then  add  this  quotient  to  the  number  expressed  by  the  figures  cut  off  from  the 
right  of  the  dividend,  and  obtain  the  remainder  1,209. 

This  remainder  is  greater  than  the  divisor ;  I  therefore  divide  it  by  the  divisor,  and 
obtain  for  a  second  partial  quotient  1,  and  for  the  remainder  210. 

I  next  add  the  partial  quotients  486  and  1,  and  obtain  487,  at  the  r^ht  of  which  I 
write  the  remainder  210  over  the  divisor,  and  I  have  487f^  =  487^,  the  quotient  of 
the  complete  division. 

Problems. 


r  1.  4,385  by  99 
Divide  <  2.  6,278,349  by  999 
(  5.  864,^76  by  9,999 


4.   87,435  by  .99 


5.   921,873  by  9,999  8.  4,875,632  4-  999 


6.  4,128,737  by  99.9 


7.  878.64  -^  99 


d.  •  43,276  H- 9.999 


POWERS  Am)  BOOTS,  411 

POWERS  AND   ROOTS. 

SHORT  MBTHODa 
rage  208 ;  Art.  353. 

1.  To  find  an  approximate  root  of  a  surd  fraction. 

Ex,  1.  What  is  the  approximate  square  root  oi  ^^ 

Pbocebs. 


16       16X15       16^^     ^15' 


VIBO      tt^^^jss-^ 


vTs*       16 

EzFLANATiON.— -Muldplyiog  both  terms  of  the  fraction,  -^^  by  the  denominator, 
15, 1  obtain  |-|^,  or  };^.     Extracting  the  square  root  of  the  denominator  (15*),  I 

have  15  for  the  denominator  of  the  root ;  and,  since  120,  the  numerator,  is  very  near 
and  a  little  less  tlian  the  square  of  11, 1  "write  11—  for  the  numerator  of  the  ropt. 

Bedudng  |^—  to  a  decimal,  I  obtain  .788— ,  which  is  correct  to  two  decimal  places. 
Ex.  2«  What  is  the  approximate  cube  root  of  4  ? 

FSOCBSS. 


5__5x7x7_.:g45  ,      ^  f^Al—VUI  z=  —  z=.   8574- 
7 '^  7X7x7        7*'       V73         srji  7         '  "^ 


Ex.  3.  What  is  the  approximate  square  root  of  |^  ? 

Pbocess. 
^  =  ^^  —  j^  from  which  no  near  approximation  can  he  obtained. 

f^  =  35^;    ^=41=  =  i^  =  A  +  =  -7+,  a  lu^r  approximation. 

a*  All  factors  introduced  into  the  terms  of  the  fraction  after  the  denominator  is 
so  introduced,  must  be  perfect  powers ;  and  such  factors  should  be  intro- 
duced as  will  make  the  numerator  a  near  approximation  to  a  perfect  power. 

b»  By  ingenuity  in  introducing  factors,  near  approximations  can  readily  be  found. 

Pboblems. 
jf •  Find  an  approximate  square  root  of  f. 

2,  Find  an  approximate  cube  root  of  |^. 

3,  What  is  an  approximate  square  root  of  f  ? 
'4*  What  is  an  approximate  square  root  of  4? 


U2 


SUPPLEMENT,— SHORT  METHODS. 


2.  Contracted  decimal  division  (page  144,  Case  VI)  applied  to  the 
extraction  of  the  approximate  square  and  cube  roots  of  surds* 

Pbocesb. 


Ex.  1.  Find  the  square  root  of  23,  correct 
to  Bix  decimal  places. 

Explanation.— Eztractiiig  the  root  by  the  ordi- 
nary process  until  more  than  one  half  the  number 
of  places  in  the  required  root  are  found,  I  have  for 
a  remainder,  7,975. 

Finding  the  next  trial  divisor  In  the  usual  man- 
ner, I  contract  it  two  places  by  cutting  off  the 
ciphers ;  and,  using  7,975  for  a  dividend,  divide  as 
in  contracted  division  of  decimals;  and  I  so  con- 
tinue until  I  have  the  required  number  of  places  in 
the  root. 

Ex.  2.  Find  the  cube  root  of  37,184,  cor- 
rect to  four  decimal  places, 

Pbocbss. 


3xS0'=z  2700 

2700  +  SxS0xS  +  S'  =  2979 


80 

87 


23  I  4.795831  + 
16  ' 

700 
609 


940      9100 
949      8541 

9580      55900 
9585      47925 


9\5\9\0f^ 


7975 
7672 

303 

288 

15 
10 


37^184  I  33.3773  + 
27  ' 

10184 
8937 


3  x330'  = 

3  X  330  X  3  +  3' 


326700     1247000 
2979 

329679        989037 


3  X  3330'  = 

3  x3330  X  7+7'  =: 


33266\t00     257963 
69\0t$ 

33336\6 233356 


3340 


7 
6 


3341\3 


24607 


23389 


334\1 


1218 
1002 


Explanation.— Extracting  the  root  by  the  ordmary  process  until  more  than  one 
third  the  number  of  places  In  the  required  root  are  found,  I  have  for  a  remainder 
257,968. 

I  find  the  next  trial  divisor  in  the  usual  manner,  contract  It  three  places,  and  omit 
to  annex  a  period  of  decimal  ciphers  to  the  remainder. 
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I  find  the  next  figure  of  the  root,  7,  and  also  the  conection,  69,979,  in  the  usual 
manner,  but  contract  it  three  places  and  add  it  to  the  trial  divisor,  obtaining  88,836 
for  the  approximate  complete  divisor. 

Multiplying  and  subtracting,  I  obtain  24,607  for  a  new  dividend.  . 

Contracting  the  sum  of  the  last  complete  divisor  and  the  last  correction  one  place, 
I  find  a  new  trial  divisor. 

I  add  the  correction  contracted  two  places  to  the  trial  divisor,  and  obtain  8,841  for 
a  complete  divisor,  with  which  I  obtain  7  for  the  next  figure  of  the  root. 

Multiplying  and  subtracting,  I  obtain  1,218  for  a  new  dividend ;  and,  since  the  cor- 
rections (having  disappeared  by  contraction)  can  have  no  effect  upon  tiie  succeeding 
divisors,  I  complete  the  work  by  contracted  division. 

The  ordluary  processes  of  extraction  of  roots  make  the  computations  cnmbrona 
when  extended  to  many  decimal  places;  hence  tlie  great  practical  utility  of  thcae 
contracted  processes. 

Pboblbms. 
Find,  correct  to  6  decimal  places  each,  the  following  indicated  roots : 


i.  V3,146 
«.  V972,813 


4.-/43TH 


5.  -V/.34891 


8.  {/3,214 


9.  ^/l 


11.  V.2634 

12.  Visa 


ROOTS  OF  HZOHBR  DBOREBa 
Tage  208;  AH.  353. 

Since  7*=:7x7x7x7x7x7  =  (7x7x7)x(7x7x7)  =  (7x7x'/)*=i 
(7Y:  0r7x7x7x7x7x7  =  (7x7)x(7x7)x(7x7)  =  (7x7)»=(7»)*, 
hence  the  following  deductions, — 

1,  Any  power  of  a  number  can  be  found  by  separating  the  exponent 
of  the  power  intofactorsy  and  raising  the  root  by  continued  involution  to 
thepotoera  indicated  by  the  several  factors  ; — and 

Conyersely, — 

2.  Any  root  of  a  number  can  be  found  by  separating  the  index  of  the 
root  into  factors  and  extracting  by  successive  evolution  the  roots  indicated 
by  the  several  factors.    And,  in  general, 

8.  Any  root  whose  index  contains  no  other  prime  factors  than  2  and  3 
can  be  extracted  by  the  methods  already  shown  for  extraction  of  square 
and  cube  roots. 
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Ex,  1.  What  is  the  6th  root  of  6,321,363,049  ? 

PBOCE88. 

6  =  ^X3;  VeJU^SeSfiJO  =  7 9,5 0 7 ;  and  ^/7 9,507  =  43 

Ex.  2.  What  is  the  9th  root  of  40,363,607  ? 

Process. 
9=.3xS;   y/40,S53,60  7=zS43;  and  V3T3=l7 

Pbobleics. 
Find  the  following  indicated  roots : — 


1.  Vl30,321 

2.  Vl48,036,889 


5.  V862,891,037,441 


If 


4.  V16,777,216 


ft 


5.  V198.359290368 


6.  V64,783,470.«28126 


7.  V64.321 


8.  V4.456 


4.  Continuing  the  General  Process  for  involution  (332)  from  the 
third  power,  or  cube,  of  a  number  considered  as  tens  and  ones,  we  have 

8d  power toi«*  +  J  x  tent^  x  owet  +  ^  x  tmt  x  onet'  +  ona^ 

few  +  owe> 

tem^  X  ones  +  J  x  imu^  X  onn^  +S  X  (etvt  X onm^  +  oiwt* 
tent*  -f  J  X  tena^  x  ova  -f-  J  X  tew^  X  <we»^  -f-         teru  X  oms^ 

4th  do tens*^  -^  4  X  ten$^  x  onea  +  6  X  tent'  x  otie$^  +  4  X  tens  x  onet^  +  ones* 

. tens  -j-onee 

tena*^  X  ones  -i- 4  x  ten»^  x  ones'  +  5  x  temt'  x  ones^  +  4  X  tens  x  ones*^  +  ones^ 
tens'  +^ X  teiw-*  X ones^-S  X  tens^  X ones'  +^ x  tens'  x  ones'  +         tens  x  ones* 

6th  do. , . tens'  +5  X  tens*  X  ones-k-lO  X  tens'  X  ones'  -^lOx  tens'  X  ones'  +5xtensX  ones*  +ona' 

The  results  now  obtained  by  the  General  Process  are, 

2d  power i tens'  +S  x  tens  x  ones  +  ones' 

8d  do tens'  -h  3  X  tens'  X  ones  +  5  x  tens  x  ones'  +  orus' 

4th  da tens*  +  ^  X  tens'  X  ones  +  5  x  tens'  X  nitfM'  +  ^  x  tens  X  ones'  +  ona* 

6th  do. .  .tens'  +5 X tens*  xones-^lO X tens'  x ones' -^10 X tens'  x ones' -^Sxtensx ones* -i-ones' 

6.  We  find,  by  examining  these  powers — obtained  by  actual  multi- 
plication,— 

a.  With  reference  to  the  number  of  terms  :—Thdi  the  number  of  term$  in  each 
potoer  is  1  greater  than  the  index  of  the  power. 
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b.  With  reference  to  the  powers  of  the  tens  and  the  ones  in  each  of  the  several 
terms  i—That  the  highut  power  of  the  tens  is  in  the  fint  term,  and  that  the, 
exponent  of  the  power  decreases  reguktrly  by  1,  each  succeeding  term;  and  that 
the  first  power  of  the  ones  is  found  in  the  second  term,  and  that  the  exponent 
€f  the  power  increases  regularly  by  1,  each  succeeding  term,  untU  in  the  last 
term  it  corresponds  to  the  exponent  of  the  tens  in  the  first  term, 

€•  With  reference  to  the  numeral  factor  in  each  term  except  the  first  and  the 
last : — That  it  is  the  quotient  of  the  continued  product  of  the  exponents  of  the 
powers  of  the  tens  in  ail  the  preceding  terms  DirrosD  by  the  continued  product 
of  the  integers  in  order  from  1  to  the  number  of  the  preceding  term  inclusive, 

6t  The  foregoing  analysis  enables  us  to  dednce'any  power  of  a  nnm- 
ber  considered  as  tens  and  ones. 

Ex.  Formulate  the  7th  power  of  a  number  considered  as  tens  and  ones. 

In  the  7th  power  of  a  number  considered  as  tens  and  ones  there  are 
8  terms. 

The  first  term  is. tens'^; 

the  second  term 7  x  tens^  x  ones; 

the  third  term (f^  =  ^1) Six  tens^  x  ow«'/ 

the  fourth  term (t^T^  =  ^^) ^^  ^  ^**  ^  ^'^''' 

the  fifth  term (IxSxjxl  =  ^^ ^^  ^  ^^'  x  ones^; 

the  sixth  term C  x$x  jxlxj  =^-0 ;Pi  x /«u' x  on«s^; 
the  seventh  term . Cxjxjxlxjxtf  =    ^ Jxtens    X  ones^  ; 

the  eighth  term onet^,  or 

tens''  +  7"x  tens^  X  ones  +  21  X  tetu^  X  ones^  +  55  X  iens^  x  ones^  +S6  X  tens'  X  ones*  + 

f i  X  tetts*  X  onet^  +  7  x  tens  x  ones^  +  ones''. 


EXTRACTION  OF  THB  FIFTH  ROOT. 

23*=(20+3)*  =  20*+5x(20*x3)  +  10x(20'x3*)  +  10x(20*x3*)+6x 
(20x3*)+3*  =3,200,000+2,400,000  +  720,000  +  108,000+8,100+243 
=6,436,343. 

Pointing  off  the  power,  6,4.36,343,  into  five-figure  periods,  and  com- 
paring the  parts  with  the  power,  it  will  be  seen 

(1)  That  the  fifth  power  (32)  of  the  tens  (2)  of  the  root  is  wholly  in 
the  first  period  of  the  power  (64)* 


416  SUPPLEMENT.'-nrVOLUTIOK 

(2)  That  the  product  of  fiye  times  the  fourth  power  of  the  tens  (2)  and 
the  ones  (3)  is  wholly  in  that  part  of  the  power  expressed  by  the  first 
period  of  the  power  minus  the  fifth  power  of  the  tens  of  the  root  (64— 
82=)  32  with  the  first  figure  (3)  of  the  second  period  of  the  power  an- 
nexed (323)  ;  and  323  -  (6  x  2*  x  3)  =  83. 

(3)  That  the  product  of  ten  times  the  cube  of  the  tens  (2)  and  the 
square  of  the  ones  (3)  is  wholly  in  that  part  of  the  power  expressed  by 
(323  —  240  =)  83  with  the  second  figure  (6)  of  the  second  period  of  the 
power  annexed  (836);  and  836  —  (10  x  2'  x  3*)  =  116. 

(4)  That  the  product  of  ten  times  the  square  of  the  tens  (2)  and  the 
cube  of  the  ones  (3)  is  wholly  in  that  part  of  the  power  expressed  by 
(836  —  720  =)  116  with  the  third  figure  (3)  of  the  second  period  of  the 
power  annexed  (1,163) ;  and  1,163  —  (10  x  2*  x  3')  =  83. 

(5)  That  the  product  of  five  times-  the  tens  (2)  and  the  fourth  power 
of  the  ones  (3)  is  wholly  in  that  part  of  the  power  expressed  by  (1,163  — 
1,080=)  83  with  i\xe  fourth  figure  of  the  second  period  of  the  power 
annexed  (834) ;  and  834  —  (6  x  2  x  3*)  =  24. 

(6)  That  the  fifth  power  of  the  ones  (3)  is  wholly  in  that  part  of  the 
power  expressed  by  (834  —  810  =)  24  with  the  last  figure  of  the  power 
annexed  (243) ;  and  243—3*  =  0. 

Impobtant  Facts. 

The  product  of  five  times  the  fourth  power  of  the  tens  and  the  ones  of 
the  fifth  root  of  a  decimal  number  is  whoUy  in  the  number  formed  by  sub- 
tracting the  fifth  power  of  the  tens  of  the  root  from  the  first  period  of  the 
power y  and  to  the  remainder  annexing  the  Grst  figure  of  the  second  period 
of  the  power. 

The  product  often  times  the  cube  of  the  tens  and  the  square  of  the  ones 
is  wholly  in  the  number  formed  by  subtracting  tfie  produ>ct  of  five  times 
the  fourth  power  of  the  tens  and  the  ones  from  the  preceding  minuend, 
and  to  the  remainder  annexing  the  second  figure  of  the  second  period  of 
the  power. 

The  product  of  ten  times  the  second  power  of  the  tens  and  the  cube  of 
the  ones  is  wholly  in  the  number  formed  by  subtracting  the  product  of  ten 
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times  the  cube  of  the  tens  and  equate  of  the  ones  from  the  preceding  min- 
uefidy  and  to  the  remainder  annexing  the  third  fgure  of  the  second  period 
of  the  power. 

The  product  of  five  times  the  tens  and  the  fourth  power  of  the  ones  is 
tchoUy  in  the  number  formed  by  subtracting  the  product  of  ten  times  the 
square  of  the  tens  and  the  cube  of  the  ones  from  the  preceding  minuend, 
and  to  the  remainder  annexing  the  fourth  figure  of  the  second  period  of 
the  power. 

The  fifth  power  of  the  ones  is  wholly  in  the  number  formed  by  subtract- 
ing the  product  of  five  times  the  ten^  and  the  fourth  power  of  the  ones 
from  t/ie  preceding  minuend,  and  to  the  remainder  annexing  the  last 
figure  of  the  power. 

Ex.  Extract  the  fifth  root  of  6,436,343. 

Process. 

t^z:z2^:=  32  

6xt^  ^5x2^  =      80)323 
5xt^  X0z=5  x2^  X3=  240 

836 
lOxt^  xo'  =  10x2'  X3'=:         720 

1163 
10xt^xo'  =  10x2^x3''=         1080 

83U 
S  Xt  X  o^  z:z5  x2  x8*  =         810 


243 
t^=3'=  243 

Steps  in  the  Pbocess  of  Extbactikg  Roots  of  Ainr  Dsgbeb. 

L  Point  off  into  periods. 

n.  Mnd  first  figure  of  required  root. 

TIL  Subtract  the  power  of  the  number  expressed  by  the  first  figure  of  the 

2  D 
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root  from  the  first  periody  and  to  the  remainder  annex  the  ^rst  figure  of 
the  second  period, 

IV.  Mnd  the  trial  divisor^ — ^by  raising  the  root  already  found  to  a 
power  one  less  than  the  index  of  the  required  root,  and  multiply  the 
result  by  the  index  of  the  root. 

V.  Mnd  the  next  figure,  or  ones  of  the  root, — ^by  diyiding  the  divi- 
dend by  the  trial  divisor. 

VL  Subtract  the  corrections  in  consecutive  order: 

The  first  correction, — ^the  trial  divisor  times  the  ones  of  the  root.  To 
the  remainder  annex  the  second  figure  of  the  second  period  for  a  minuend. 

The  second  correction, — the  tens  raised  to  a  power  one  less  than  in  the 
first  correction,  times  the  square  of  the  ones,  times  the  quotient  of  the 
product  of  the  index  of  the  root  and  the  exponent  of  the  power  of  the 
tens  in  the  first  correction  divided  by  2.  To  the  remainder  annex  the 
third  figure  of  the  second  period  for  a  minuend. 

The  third  correction, — the  tens  raised  to  a  power  one  less  than  in  the 
second  correction,  times  the  cube  of  the  ones,  times  the  quotient  of  the 
continued  product  of  the  index  of  the  root  and  the  exponents  of  the 
powers  of  the  tens  in  the  preceding  corrections  divided  by  2  x  3.  To 
the  remainder  annex  the  fourth  figure  of  the  second  period  for  a  minuend. 

The  fourth  correction, — the  tens  raised  to  a  power  one  less  than  in 
the  third  correction,  times  the  fourth  power  of  the  ones,  times  the  quo- 
tient of  the  continued  product  of  the  index  of  the  root  and  the  expo- 
nents of  the  powers  of  the  tens  in  the  preceding  corrections  divided  by 
2x3x4. 

Continue  in  like  manner  until  the  number  of  corrections  is  equal  to 
the  index  of  the  root.  If  a  remainder  arises  by  subtracting  the  last  cor- 
rection, the  number  expressed  by  the  two  figures  of  the  root  found  be- 
comes the  terhs  of  the  root ;  and 

VII.  Find  the  trial  divisor,  the  next  figure  of  the  root,  and  proceed  as 
before  with  the  corrections  arising ;  and  so  continue  to  any  required 
degree  of  accuracy,  or  until  the  exact  root  is  obtained. 
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Ex.  What  is  the  fifth  root  of  716,703,146,876  ? 

Bhobt  Procbss. 


«^=:^'  = 


7 1-6,7  03,1-46,8  7  6 
32 


235 


5  xt*  =  5  x2*  -    80'\396:7031 
5  xt*  xo=:5  X  2*  x3  =  240 

10xt'xo'z=10x2'x3'z=:        720 
10xt'xo^=:10x2'x3'=        1080 
5  xtxo*  =z5  x2  x3*  =:         810 


o'  =  3'  = 


243 


5  xt^  z=z5  x23*  =     1399205730688  4\6  875 


5  xt*  xo=z5  x23*  x5  =     6  9960  25 
10  xt^  xo^  :=10  X  23^  x5'  =       3041750 
10xt^xo^  =  10x23'x5^=  661250 

5  xtxo*  =:5  x23  x5*  =  71875 


=  5'  = 


3125 


The  last  example  is  an  extension  of  the  short  metliods  of  extracting  the  square 
and  cube  roots  to  the  extraction  of  roots  of  the  fifth  degree.  The  same  meth- 
ods also  apply  to  the  extraction  of  roots  of  any  degree. 

Pboblems. 

Find  the  follow:  f    O.  Vl,350,125,107 
ing  indicated    <  10.  v^66,338^290,976 
roots:  y^x^  \/298,248,146,641 


12.  \/24,160,660,661,266,139 

13.  \/7,148,929,665,430,432 

14.  \/2,384,l  85,791,015,625 


Diagram  showing: — The  square  of  t/ie 
hypotenuse  of  a  right-angled  triangle 
equals  the  sum  of  the  squares  on  tJie  other 
two  sides. 

Explanation. — A  and  B  are  equal  squares.  In 
A  is  inscribed  a  square,  and  from  its  point  of  cod- 
tact  with  the  side  of  P  a  line  is  drawn  across  B,  parallel  with  its  base.  A  Hue  is 
drawn  at  right-angles  to  this  line  to  resolve  B  into  two  squares  and  two  equal  rect- 
angles.  The  sum  of  these  rectangles  equals  the  sum  of  the  triangles  of  A,  Sub- 
tracting these  equals  from  the  equal  squares  the  remainders  are  equal.  Hence,  will 
be  seen  the  truth  of  the  proposition. 
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MEDIAL  PROPORTION. 
Page  107;  Art.  304. 

1,  Medial' proportion  is  the  relation  which  different  quantities  or 
qualities  bear  to  their  average  or  mean  {304). 

2.  Alligation  is  the  process  of  determining  medial  proportions. 

a.  Simples  are  tho  different  quantities  or  qualities  combineil  to  produce  a 

given  average  or  mean. 

b.  A  compound  is  the  whole,  formed  by  a  combination  of  simples. 

There  arc  two  general  processes  of  alligation,  known  as  Alligation  Medial 
and  Alligation  Alternate. 

3t  Alligation  medial  is  Average  (303), 

4t  Alligation  aUemate  is  the  process  of  finding  the  proportions  of 
two  or  more  simples  that  will  produce  a  given  average  or  mean. 

a.  The  numbers  expresslDg  the  proportions  in  alligation  alternate  are  medial 
ratios,  and  are  subject  to  the  principles  governing  partitive  ratios  (Art. 
391). 

bm  Alligation  medial  and  alligation  alternate  are  applied  to  converse  problems, 
but  are  not  converse  operations. 

c.  Alligation  medial,  or  average,  is  largely  applied  to  business  affairs.    Alliga- 

tion alternate  is  more  a  mathematical  curiosity ;  still  there  is  a  limited  class 
of  problems  that  have  no  other  arithmetical  solution. 

6i  Since  an  average  or  mean  always  implies  simples,  some  less  and 
some  greater  than  the  average,  we  have 

Pbinciple  I. — T/ie  required  average  must  be  greater  than  some  of  the 
simples  and  less  than  others. 

6,  Since  in  average  there  is  neither  gain  nor  loss  (the  gain  or  gains  in 
one  instance  balancing  the  loss  or  losses  in  another),  we  have 

Principle  II. — To  produce  a  compound  of  a  given  average^  a  gain 
on  any  simple  or  simples  must  be  balanced  by  a  correspo7iding  loss  on 
som^  other  simple  or  simples. 

Ex.  1.  In  what  ratios  must  paints  worth  $1.20  and  $1.80  per  gallon 
be  mixed  to  make  the  mixture  worth  $1.55  per  gallon? 


ALLIGATION  ALTBRlfATE. 

Explanation.— I  write  Uie  average  Procesb. 

price  at  the  left  of  a  vertical  line  and 
tlio  simples  or  prices  to  be  compared 
wiib  the  average  in  a  column  (Leaded 
limpUi)  at  tbo  right. 

In  a  second  colama  (beaded  gains 
and  louet),  I  write  tlie  gain  or  loss  on 
a.  gBlloQ  of  vnch  kind  of  paint  vlien 
valued  at  the  average  price— t «.,  85^, 
the  gain  or  advance  on  a  gallon  worth 
$1.20  when  made  north  $1.53,  and  25^,  tlie  loss  i 
same  conditions. 

Since  the  ratio  must  be  Buch  that  the  gains  and  losses  balance  each  other,  I  < 
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lUUtttln 
Uaat  in. 
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$1.20 

3S( 

sVM 

6  gal. 

$1.80 

set 

AM 

7  gal. 

n  a  gallon  worth  $1.80,  under  the 


rrilo 
a  a  third  column  (headed  mediai  ratio*)  thot  part  of  a  gallon  of  each  of  the  two 
aimples  on  which  the  gain  or  loss  respectively  will  be  lf,—i.  e.,  ^  gal.  9  (1.30  and 
Vt  gaL  @  tl.60. 

To  reduce  this  ratio  to  lis  lowest  Integral  terms,  I  multiply  both  terms  by  the  least 
common  multiple  of  the  denomiaatora,  and  obtain  5  gal.  ®  11.20  and  7  gal.  ®  $1.80. 

7.  The  preceding  process  may  be  varied  as  shown  in  the  second 

process.  „ 

Becohd  Proce8& 

ExFLANATiON.— I  pisce  the  av- 
erage price,  simples,  and  gains  and 
losses  respectively,  as  In  the  pre- 
ceding process. 

Since  the  medlal  raUos  are  di- 
rectly derived  from  the  gain  and 
the  loss,  multiplying  or  dividing 
both  of  them  by  the  same  number 
will  be,  in  effect,  multiplying  or  di- 
viding the  terms  of  the  medial  ratio  by  that  number.    Again, 

Since  the  gain  and  the 
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e  obtained  by  a  com- 
parison of  the  average,  (1.55, 
and  the  simples,  $1.20  and 
$1.80,  multiplying  or  divid- 
ing both  the  average  and  the 
simples  by  the  same  number 
will  be,  in  effect,  multiply- 
ing or  dividing  the  gain  and 
the  loss  by  that   number. 
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9,  Ihpobta2«t  Facts. 
I.  In  the  procea$  of  alligation,  the  numliert  ii 


each  column  except  Che 
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columns  of  simples  and  of  gains  and  losses  are  tfte  terms  of  a  complete 
medial  ratio. 

11.  2%e  numbers  from  tchich  the  medial  ratios  are  derived^  are 

(1)  The  set  in  the  column  of  gains  and  losses;  and 

(2)  The  set  composed  of  the  average  and  the  column  of  simples. 

Peinciple  IIL — MuUiplying  or  dividing  by  the  same  number  all  t/ie 
terms  of  any  medial  ratiOy  or  of  any  set  of  numbers  froin  tchich  a  me- 
dial ratio  is  derived,  does  fiot  change  the  relation  of  the  parts  to  each 
other  or  to  the  cmnpound, 

Ex.  2.  In  what  parts  must  silver  f  pure,  \  pnre,  and  \  pnre,  be  com- 
bined to  form  a  compound  ^  pure  ? 

Steps  in  Process;  — bt Process. 

Columns. — (1)  Average  qual- 
ity. (2)  Simples.  (3)  Pro- 
portions of  average  quality 
and  simples  in  lowest  inte- 
gers. 

(4)  Gain  and  losses.  (5) 
Ratio  of  gain  and  second  loss. 
(6)  Ratio  of  gain  and  first 

loss.    (7)  Lowest  integral  terms  of  (5).    (8)  Lowest  integral  terms  of  (6).    (9)  Sum 
of  (7)  and  (8)  (ratios  of  like  simples  united). 

Result, — 2  parts  }  pure,  5  parts  f  pure,  and  2  parts  f  pure. 

Ex.  3.  In  what  ratio  must  teas  worth  40^^,  55^,  63^,  and  70^  per  pound 
be  mixed  to  form  a  compound  worth  60^  per  pound  ? 
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First  Process. 


Steps  in  Process.— By  Col- 
umns.—(1)  Average  price.  (2) 
Simples.  (3)  Qains  and  losses. 
(4)  Ratio  from  first  gain  com- 
bined with  second  loss.  (5) 
Ratio  from  second  gain  com- 
bined with  first  loss.  (6)  Low- 
est integral  terms  of  (4).  (7) 
Lowest  integral  terms  of  (5). 
(8)  Sum  of  (6)  and  (7).  (There 
are  no  two  ratios  of  the  sanie 
simple  to  be  united.) 

Result,—!  lb.  @  40^,  8  lb.  @  55^,  5  lb.  @  68^,  and  2  lb.  @  70^. 
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foCOHD  PKOCESS. 
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Bl  CoLDliRa— (1)  Av. 
erage  price.  (2)  Simples. 
(3)  Gftins  and  losses.  (4) 
Ralio  from  flrat  gun  com- 
bioed  witli  first  loss.  (S) 
Ratio  from  second  gain 
ooinbined  nitli  second  loss. 
(6)  Lowest  iDlegral  terms 
of  (4).  (7)  Lowest  integral 
terms  of  (9).  (8)  Sum  of 
(Q)  and  (7). 

Besult,— 3  lb.  9  4Cy,  3  lb.  ®  M^,  SO  lb.  «  63^,  and  I  lb.  @  70^. 

9.  From  an  iuapcction  of  the  foregoing  operations  may  be  dedaced 

FbiNciFLs  rV. — Ati  oriffiH<d  medial  ratio  in  alligation  alternate  con' 
titU  of  tKO  termg  only. 

Pbimciple  v. — The  turn  of  tao  or  more  medial  ratios  is  itself  a  me- 
dial ratio. 

Pbimciple  VI, — A  medial  ratio  derived  from  other  medial  ratios  by 
addition  eontieta  of  a  number  of  terms  not  less  tftan  S  nor  greater  than 
the  number  of  simples. 

10>  Resuming  the  consideration  of  the  first  process,  Ex.  3,  at  the 
columns  containing  the  ratios  in  their  lowest  integral  terms  (6)  and  (T), 
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(9)  Terms  of  (7)  multiplied  by  3, 
(11)  Ratio  Id  (8).     (12)  Terms  of 


(8)  Terms  of  (6)  multiplied  by  8,  Prin.  IIL 
Prin.  IIL     (10)  Sum  of  (8)  and  (B),  Prin.V. 

(10)  multiplied  hj  2.  Prin.  III.  (13)  Sum  of  (11)  and  (IS),  Prio.  V.  (14)  Sum  of 
(10)  aud  (1S>,  Prin.  V.  (IS)  Terms  of  (14)  divided  by  6,  Prin.  IIL  (16)  Sum  of 
(6)  and  (16),  Prin.  V.  (17)  Sum  of  (15)  and  (16),  Prin.  V.  (IB)  Sum  of  (6).  (7),  and 
(17),  Prin.  V.     (19)  Terms  of  (18)  divided  by  8,  Prin.  III. 

The  results  obtidned  in  (10).  (13).  (15),  (16),  (IT),  (10)  are  all  expressed  in  lowest 
Integers,  are  all  correct,  and  are  therefore  of  equ^  credit  vith  the  result  first  ob- 
tained in  £z.  S. 
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11,  Since  any  ratio  may  be  mnltiplied  or  divided  by  any  nnmber, 
and  two  or  more  ratios  may  be  combined  by  addition,  and  the  results 
still  be  true  ratios,  we  deduce 

Impoetant  Fact  III. —  When  more  than  tico  simples  are  combined  to 
a  (general  problem  in  alligation  alternate  the  number  of  correct  results  is 
unlimited. 

12i  The  problems  thus  far  given  and  the  processes  shown  are  gen- 
eral, so  far  as  limitation  of  results  is  considered. 

The  general  process  may  be  limited 

(1)  By  the  limitation  of  one  or  more  of  the  simples ; 

(2)  By  the  limitation  of  the  sum  of  the  simples. 

Ex.  4.  A  dealer  bought  12  lamps  @  $2.50,  and  a  sufficient  number  @ 

$3.25  and  @  $3.75  to  make  the  average  price  $3.00.    How  many  lamps 

of  each  of  the  last  two  kinds  did  he  buy  ? 

Explanation.— I  pro- 
ceed by  the  general  proc- 
esses until  all  the  gains 
and  losses  have  been 
properly  combined  and  I 
have  obtained  the  general 
ratio  in  lowest  integers, 
viz.,  2  lamps  @  $2.60,  1 
@  $8.25,  and  1  @  $3.75. 

Since  the  general  ratio  contains  but  2  lamps  of  the  kind  of  which  12  is  purchased, 
I  multiply  each  of  the  terms  of  the  general  ratio  by  6  (=  12  -i-  2),  and  obtain  6  lamps 
@  $3.25  and  6  @  $8.75,  Prin.  III. 

Ex.  5.  A  miller  has  360  bushels  of  wheat  that  cost  him  $360.  He 
bought  it  @  90^,  95^9  $1.10,  and  $1.20  per  bushel.  How  many  bushels 
of  wheat  at  each  price  are  there  in  the  lot  ? 

Pbocess. 


Process. 
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Explanation.— I  proceed  by  the  general  process  until  I  have  obtained  the  gen- 
eral ratio  in  lowest  integers~2  bu.  @  90^,  2  bu.  @  95^,  1  bu.  ®  $1.10,  and  1  bu.  @ 
$1.20.  The  sum  of  the  terms  of  the  general  ratio  is  6  bu. ;  and  since  the  sum  of 
the  simples  is  limited  to  860  bu.,  I  multiply  the  terms  of  the  general  ratio  by  60 
(=  960  bu.  -r-6  bu.),  and  obtain  120  bu.  @  90^,  120  bu.  @  95^,  60  bu.  @  $1.10,  and 

60  bu.  <g>  $1.20. 

• 

Another  correct  result  to  the  preceding  example  may  be  obtained  by  combining 
the  first  gain  with  the  first  loss,  and  the  second  gain  with  tbe  second  loss. 
Using  all  the  variations  under  both  methods  of  combination,  450  correct  re- 
sults may  be  obtained. 

Pboblkms. 

I0  Required  the  lowest  integral  terms  of  the  proportions  in  which 
sugars  worth  6^,  ^f,  and  9f  per  pound,  can  be  combined  to  form  a  com- 
pound woi*th  7f  ^  per  pound. 

2»  What  is  the  least  number  of  gallons  of  vinegar  @  20^  and  15^ 
that  must  be  mixed  with  31^  gallons  @  22^,  to  form  a  compound  worth 
18^  per  gallon  ? 

&•  A  merchant  has  four  grades  of  pepper  worth  respectively  24^,  30^, 
33^,  and  42^  per  pound.  What  is  the  least  number  of  pounds  of  each 
that  can  be  taken,  to  form  a  mixture  worth  32^  per  pound  ? 

4.  A  boy  paid  20f^  for  20  lead-pencils  at  the  rates  of  4  pencils  for  1^, 
2  pencils  for  1^,  and  1  pencil  for  4^.  How  many  pencils  at  each  price 
did  he  purchase  ? 

A  cubic  foot  of  gold  weighs  l,203f  pounds  avoirdupois,  and  a  cubic 
foot  of  silver  654f  pounds.  A  bar  of  gold  alloyed  with  silver  is  6  inches 
long  and  1  inch  square,  and  weighs  3f|  pounds. 

5.  Required  the  weight  of  each  metal  in  the  bar. 

0.  Required  the  bulk  of  each  metal. 

7.  Required  tbe  value  of  each  metal. 

8,  A  farmer  purchased  52  sheep  for  $156,  paying  for  different  quali- 
ties $2.50,  $2.80,  $3.15,  and  $3.45  per  head.  Required  9  proportions 
or  results  that  will  answer  the  conditions  of  the  problem. 

9»  How  many  gallons  of  water  must  be  mixed  with  vinegar  worth 
30^  per  gallon,  to  make  80  gallons,  worth  24^  per  gallon  ? 
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ADDITIONAL  FORMULA. 

ARITHMETICAL   FROORB88ION. 

Page  236 ;  Art.  402. 
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rage  240 :  Art.  412. 
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Page  258;  Art.  443. 
Define  insurance  company  (Art.  443), 

1,  Insurance  companies  are  classified  according  to  principles  of  or- 
ganization, as  stock,  mutual,  mixed,  co-operative,  or  assessment. 

<!•  A  stock  insurance  company  is  one  that  has  a  capital  stock  owned  by  stock- 
holders who  alone  share  the  profits  and  losses  of  the  business. 


INSURANCE.  4^7 

b»  A  mtitudl  insurance  company  is  one  of  which  every  person  insured  therein 
becomes  a  member  and  shares  in  the  profits  and  losses  of  the  business. 

c.  A  'inioced  insurance  company  is  one  that  has  a  capital  stock  owned  by  stock- 
holders whose  profits  are  limited  to  a  certain  per  cent,  on  their  stock.  The 
surplus  profits,  if  any,^are  divided  among  the  policy-holders. 

d*  A  co-operative  or  assess^nent  insurance  company  is  one  having  a  gen- 
eral fund  raised  by  membership  fees  and  dues,  from  which  fund  the  gen- 
eral expenses  are  paid,  and  another  fund  raised  by  assessments  upon  the 
members,  from  which  losses  are  paid. 

2.  The  risk  is  the  person  or  property  upon  which  the  insurance  is 
taken. 

Risks  are  divided  into  various  classes,  according  to  liability  to  loss ; 
and  the  cost  of  insurance  depends  upon  the  class  in  which  the  risks  are 
placed. 

a.  The  chief  conditions  affecting  fire  insurance  risks  and  rates  are 

(1)  The  use  to  which  the  property  is  put 

«.  g,  A  match  factory  is  more  liable  to  bum  than  an  Ice-house. 

(2)  The  certainty  of  title  of  the  insured. 

e.  g.  If  a  man*s  title  were  uncertain  he  might  prefer  the  amount  of  insurance  to 
the  property. 

(3)  The  distance  from  other  inflammable  property. 

e,  g.  If  two  buildings  touch  each  other,  there  is  greater  probability  that  both 
will  bum  than  that  one  would  bum  if  it  stood  alone. 

(4)  The  material  and  constraction  of  a  building. 

e,  g.  A  wooden  building  is  more  liable  to  burn  than  a  stone  building ;  tin  roofs 
arc  safer  than  shingle  roofs ;  stove-pipes  that  pass  through  floors  or  ceilings 
are  dangerous. 

(5)  The  facilities  for  extinguishing  flres. 

e.  g.  Nearness  to  water,  street  hydrants,  good  fire  departments—all  tend  to  lessen 
the  chances  of  conflagration. 

6.  The  chief  conditions  affecting  fnarine  risks  and  rates  are 

(1)  The  kind  of  trade  in  which  the  vessel  is  employed. 

e.  g.  There  is  more  danger  in  a  whaling  trip  to  the  Arctic  Ocean  than  in  a  trip 
across  the  Atlantic. 

(2)  The  nature  of  the  cargo. 

e.  g.  A  cargo  of  salt  is  safer  than  a  cargo  of  petroleum. 

(3)  The  certainty  of  title  of  the  insured.     See  a,  (2),  e.g, 

(4)  The  seaworthiness  or  stanchness  of  the  vessel. 

c.  The  chief  conditions  affecting  life  and  accident  risks  and  rates  are 

(1)  The  age  of  the  insured. 
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(2)  The  occupation  of  the  insured. 

(3)  The  place  of  residence  of  the  insured. 

3.  Insurance  policies  are  of  several  kinds,  the  principal  of  which  are 
as  follows : 

a.  In  fire  insurance, 

(1)  The  (ordinary  policy, — the  conditions  of  which  are,  that  the  property  in- 

sured shall  remain  in  a  certain  place,  and  that  all  losses  shall  be  paid  in 
full  unless  they  exceed  the  valuation  given  in  the  policy. 

(2)  The  fliHUing  policy,— which  permits  the  location  of  the  property  to  be 

changed  in  the  ordinary  course  of  trade  and  manufacture. 

(8)  The  average  clause  policy,— which  in  case  of  partial  loss  indemnifies  the 
insured  for  only  such  a  part  of  the  loss  as  the  policy  valuation  is  part  of 
the  real  value  of  the  property  insured. 

6.  In  marine  insurance, 

(1)  The  valued  or  closed  policy,— in  which  the  property  insured  is  distinctly 

specified  in  the  ship's  Manifeit  or  Bill  of  Lading,    This  policy  does  ^ot  in- 
demnify against  loss  to  property  taken  on  board  the  vessel  at  a  later  date. 

(2)  The  open  policy,— which  indemnifies  against  loss  to  property  shipped  at 

.difiTerent  times  and  ports,  by  indorsing  or  entering  the  same  on  the  policy, 
the  conditions  and  rates  being  already  fixed  in  the  policy.  This  form  of 
policy  allows  goods  shipped  in  foreign  countries  to  be  insured  in  home 
companies. 

c.  In  life  insurance, 

(1)  The  ordinary  life  policy,— which  requires  payments  of  premium  during 

life,  and  which  is  payable  only  upon  the  death  of  the  insured. 

(2)  The  limited  paytnent  life  policy,— which  requires  all  premiums  to  be 

paid  in  a  specified  term,  as  5  years,  10  years,  15  years. 

(3)  The  endowme^U  policy,— which  is  payable  at  the  end  of  a  specified  term, 

or  sooner  upon  the  death  of  the  insured,  the  premiums  being  payable  during 
the  continuance  of  the  policy. 

(4)  The  limited  payment  endowment  policy,— which  provides  for  the  pay- 

ments of  all  premiums  in  5  years,  10  years,  15  years,  20  years. 

(5)  The  tertn  life  policy, — which  indemnifies  only  in  case  of  death  during  a 

specified  term. 

(6)  The  annuity  policy,— which  secures  by  a  single  payment  of  premium,  the 

payment  to  the  insured  of  a  certain  sum  annually  during  his  life-time. 

(7)  The  joint  life  policy,— which  secures  the  payment  of  a  certain  sum  on  the 

death  of  either  one  of  two  persons,  to  the  other. 

4i  The  adjustment  of  losses  in  marine  insurance  follows  the  plan  of 
the  average  clause  fire-insurance  policy. 
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6.  Insurance  companies  usually  refuse  to  insure  unoccupied  buildings 
because  of  their  liability  to  be  burned  by  incendiaries. 

a.  In  no  case  can  the  insured  collect  more  than  the  value  of  the  property  de- 
stroyed, even  if  the  valualioo  in  the  policy  is  greater  and  the  risk  is  a  total 
loss. 

b*  For  terms  of  insurance  less  than  one  year,  the  rates  of  fire  insurance  are  pro- 
portionally much  greater  than  regular  or  year  rates.  The  rates  for  such 
short  terms  are  known  as  sliort  rates. 

6.  The  assets  of  an  insurance  company  include  all  property  of  the 
company, — as  cash,  real-estate,  securities,  balances  due,  etc. 

The  liabilities  are  all  of  its  debts,  outstanding  obligations,  reserve  for 
re-insurance,  premiums  paid  in  advance,  etc. 

Life  and  Accident  Insubaxce. 

7.  lAfe  insurance  is  a  guaranty  to  pay  a  specified  sum  of  money  to 
the  heirs  or  beneficiary  of  a  person  when  he  dies,  or  to  himself,  if  living 
at  the  end  of  a  specified  term. 

a.  The  reserve  of  a  life  insurance  policy  is  such  a  sum  as,  put  at  interest  at 
the  rate  established  by  law,  and  increased  by  the  net  premiums  still  to  be 
paid,  will  amount  to  the  sum  guaranteed  by  the  policy,  when  it  will  become 
due  as  shown  by  average  life  tables. 

b*  The  surrender  value  of  a  life-insurance  policy  is  the  amount  of  cash 
which  the  company  will  pay  the  holder  at  any  time  upon  the  surrender  of 
the  policy.    It  is  the  legal  reserve  less  an  estimated  per  cent  for  expenses. 

€^  The  expectation  of  life  is  the  number  of  years  that  a  person  of  a  given 
age  will  probably  live.  It  is  the  average  life  of  persons  of  that  age  as  de- 
termined by  carefully  kept  records  of  mortality. 

d.  The  premium  may  be  payable  annually,  semi-annually,  or  quarterly—as  pre- 
scribed by  the  terms  of  the  policy. 

8t  Accident  insurance  is  a  guaranty  to  the  insured  of  a  weekly  in- 
demnity in  case  of  disability  from  accident,  or  of  the  full  valuation  in 
case  of  death  from  accident. 

a.  Tlie  payment  of  the  weekly  indemnity  is  usually  limited,  by  the  terms  of  the 
policy,  to  the  term  of  six  months,  whether  the  disability  has  ceased  or  not ; 
and  in  any  case  the  weekly  indemnity  ceases  when  the  disability  ceases. 

6.  Death  resulting  from  accident  must  occur  within  90  days  of  the  accident  to 
secure  the  pajrment  of  the  full  valuation. 


JiSO 
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9i  Table  of  Bates. 
Annual  Premium  for  an  Inguranee  of  $1,000. 


Ltfb  Policies. 

E17D0W1CENT  Policies. 
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LIFE  AND  ACCIDENT  INSURANCE.  4S1 

a.  The  tables  here  given  are  those  of  the  Equitable  Life  Assurance  Society  of 
the  United  States. 

b*  The  Tables  of  Rates  of  different  life  insurance  companies  vary  according  to 
the  plan  of  insurance  followed  by  the  company ;  but  the  real  cost  of  in- 
surance is  very  nearly  the  same  in  all,  for  the  benefits  secured. 

Ex.  1.  I  desire  to  take  an  ordinary  life  policy  for  $2,500.  If  my  age 
is  33  years,  what  annual  premium  must  I  pay  ? 

Pbocbss. 

$  2  5.5  Oy  premium  on  $lyOOO  at  33  years.    (See  Table.) 
$25.50  X  2.500  =  $63.75y  the  annual  premium  required. 

Ex.  2.  Find  the  total  amount  of  the  payments,  without  interest,  on  a 
life  policy  of  $12,000  secured  by  15  annual  payments,  and  issued  to  a 
person  42  years  old.  _. 

'^  "^  PBOCES& 

$49^  premium  on  $lfiOO  at  4^  t/r.^  15  payments. 
$49  X  12.000  =  $588,  annual  premium  on  $12,000. 

$588  X  15  z=  $8,820,  the  total  sum  of  payments  required. 

Ex.  3. ,  Find  the  total  amount  of  the  payments  to  secure  a  20-year 

endowment  of  $10,000,  age  38. 

Process. 

$52.10,  premium  on  $1,000.    (See  Table.) 

$52.10  X  10.000  x20=z  $10,420,  total  payments  required. 

Problems. 

Find  the  annual  payment  required  at  the  age  of  40  for  a  policy  of 
$4,250 


!•  By  the  ordinary  life  plan. 
2*  By  the  20-payment  life  plan. 


3,  By  the  20-year  endowment  plan. 

4,  By  the  30-year  endowment  plan. 


5.  A  clergyman  at  the  age  of  35  had  his  life  insured  by  the  ordinary 
plan  for  $5,000,  and  died  after  making  17  payments.  How  much  more 
did  his  family  receive  than  he  had  paid  to  the  company? 

€•  If  I  take  an  endowment  policy  of  $3,000  at  the  age  of  28,  payable 
to  myself  in  20  years,  and  the  dividends  increase  the  policy  $912.25, 
how  much  more  will  I  receive  from  the  company  than  I  have  paid? 
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7*  Two  persons  aged  35  years  and  42  years  each  take  a  life  policy 
premiums  payable  until  death.  What  will  be  the  age  of  each  when  the 
payments  of  premium  exceed  the  face  of  the  policy? 

8.  A  gentleman  36  years  of  age  has  his  life  insured  for  $4,000  pre- 
mium during  life,  after  the  sixth  payment  the  premium  is  reduced  one- 
half  by  dividends.     Find  the  amount  of  the  first  20  payments. 

General  Ayebage. 

\0t  General  average  is  the  adjustment  of  losses  of  property  at  sea 
— voluntarily  made  for  the  purpose  of  saving  the  vessel  and  the  remain- 
ing cargo. 

a.  That  a  loss  may  be  subject  to  general  average,  three  conditions  are  necessary, — 
1st.  A  necessity  for  sacrificing  a  part  to  save  the  remainder; 
2d.  The  actual  sacrifice  of  a  part  to  save  the  remainder;  and 
8d.  The  remainder  m>U8t  be  saved  as  a  result  of  the  sacrifice. 

6*  J'etiisan  is  the  portion  of  a  cargo  thrown  overboard  in  order  to  lighten  the 
ship  and  save  the  remainder  of  the  cargo. 

Cm  Salvage  is  the  amount  paid  for  assistance  rendered  by  another  vessel  in 
time  of  danger. 

11.  The  contributory  interests  in  general  average  are 

(1)  The  value  of  the  vessel  when  refitted. 

(2)  The  freight  less  ^  for  seamen's  wages. 

In  Kew  York,  Virginia,  California,  and  some  other  States  \  of  the  freight  is  de- 
ducted for  seamen's  wages. 

(3)  The  full  value  of  the  cargo  at  its  port  of  destination. 

12.  The  losses  and  expenses  subject  to  general  average  are 

(1)  Jettison,  and  also  the  damage  to  other  parts  of  the  cargo  from 
the  removal  of  a  part,  either  by  water  or  by  breakage. 

(2)  Repairs  to  the  ship  less  ^  on  account  of  superior  worth  of  new 
work. 

(3)  Expenses  of  detention,  including  salvage,  wages,  and  provisions  of 
crew,  expense  of  unloading  and  reloading,  adjuster's  fees,  etc. 

\Zt  In  computations  in  general  average, 
1.  Total  contHbutory  interest  =  base.  \  2.  Loss  -f  expense  =  the  percentage. 
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Pboblems. 

!•  The  ship  Silas  JRichards  on  a  voyage  from  New  York  to  Charles- 
ton became  stranded  on  the  coast  of  North  Carolina,  when  it  was  found 
necessary  to  throw  overboard  506  barrels  of  flour  belonging  to  Goodrich 
&  Co.,  worth  in  Charleston  $6.87  per  barrel.  The  expense  of  getting 
the  ship  afloat  was  $197;  of  supplying  new  rigging,  $240;  and  the 
necessary  expenses  of  detention  were  $240.  The  ship,  at  the  time  of 
average,  was  valued  at  tlO,232 ;  the  freight  at  $4,800.  Goodrich  &  Co. 
had  on  board  1,000  barrels  of  flour;  Burke  &  Malone  goods  worth 
$4,000 ;  Miller  Bros,  goods  worth  $5,236 ;  and  Jones,  Howe  &  Co.  goods 
worth  $9,000.  Find  how  much  Goodrich  &  Co.  realize  on  their  ship- 
ment of  flour;  how  much  each  interest  contributes  towards  the  loss; 
and  the  per   cent  on  the  contributory  interests,  the   adjuster's  fees 

being  $75. 

Statement  of  Charges. 

SmP  AND  OWKBBS. 


$ 

CONTBIBUTOBT  IkTEBBSTS  A2n>  ApFOBTIOKMENTS  IN  GSNBBAL  AVSBAQE. 


Ship.  $  Jettison, 

Freight,  less  h  .  5®I»ira.  less  f 

*  '  Cost  of  detention, 

Cargo :  Total,  $ 

Goodrich  &  Co.,  ♦  "^  •  = 

Burke  &  Malone,  $        x        =       ,  payable  by  ship 

*  X        =  li       i«  freight. 

Miller  Bros.,  x        =  ..       -  Goodrich  A  Co. 

Jones,  Howe  &  Co. .  x        =  "       "  Burke  &  Malone. 

'        ,  r X        =  **       t*  Miller  Bros. 

Total.  $  X        =  •'       "  Jones,  Howe  &  Co. 

Settlement. 

Dr.  CV.  To  paif.  To  receive, 

Fiyieht.  ] » 

Goodrich  &  Co.,  $ 

Burke  &  Malone, 

Miller  Bros., 

Jones,  Howe  &  Co., 


$  $  $  $ 

X  (  )  +  $  =  $  ,  Goodrich  &  Co.  realize. 

2  £ 
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Note.  — 1.  The  Statement  of  Charges  contains  a  column  headed  '*8hip  and  Owners" 
for  any  items  payable  by  ship-owner  and  not  subject  to  general  average. 

2.  The  footings  of  columns  In  Settlement  headed  *'Dr.**  and  **Cr."  should  agree;  also 
those  headed  "To  pay"  and  *^To  receive." 

-  2*  The  bark  La  JBdle  from  Boston  to  Rio  Janeiro  being  in  distress 
at  sea,  cut  away  her  mainmast,  threw  overboard  cargo  belonging  to 
Williams  &  Co.  valaed  at  $3,650  in  Rio  Janeiro,  and  cargo  belonging 
to  Briggs^  Sewell  &  Co.  valued  at  $4,190,  and  put  into  Havana  for  re- 
pairs. The  repairs  cost  $1,764;  the  expense  of  detention  was  $935.80; 
and  the  adjuster's  fees  were  $95.  The  vessel  was  valued  at  $26,700;  and 
the  freight  at  $3,925.  The  cargo  consisted  of  goods  of  Williams  &  Co. 
valued  at  $9,700  ;  goods  of  Briggs,  Sewell  &  Co.  valued  at  $13,250; 
goods  of  Gates  &  Brown  valued  at  $5,000 ;  and  goods  of  M.  L.  Hair 
valued  at  $11,300.^'    Apportion  the  losses  by  General  Average. 


STOCKa 
rage  258;  Case  V. 

1.  Define  a  bond. 

a.  Bonds  bearing  interest  are  issued  by  oatioDS,  states,  cities,  and  other  corpo- 
ratioDs  as  securities  upon  which  to  borrow  money. 

6.  Coupon  bonds  are  those  to  which  interest  certificates  or  coupons  are  at- 
tached. The  coupons  are  cut  off  as  the  interest  named  in  each  becomes 
due,  and  are  retained  by  the  official  paying  the  interest  as  his  receipts  for 
the  money  paid. 

c.  Registered  bonds  are  those  which  are  registered  or  recorded  in  the  name 
of  the  owner  in  the  books  or  records  of  the  government  or  corporation 
issuing  them.  The  interest  on  registered  bonds  is  payable  at  a  designated 
place,  or  by  draft  payable  to  the  order  of  their  owner. 

d*  Coupon  bonds  are  bought  and  sold  by  mere  transfer  of  the  bonds  from  one 
party  to  another ;  but  registered  bonds  are  bought  and  sold  by  assignment, 
which  must  be  entered  on  the  records  of  the  party  issuing  the  bonds. 

2.  A  stock  broker  is  a  broker  who  deals  in  the  purchase  and  sale  of 
stocks. 

3i  A  stock  exchange  is  an  association  of  stock  brokers  who  meet  and 
transact  business  by  certain  recognized  forms,  regulations,  and  usages. 

Stock  quotations  are  reports  of  prices  bid  and  paid  for  stocks  listed  in  the 
stock  exchange. 


TECHNICAL  TERMS  IN  STOCKS.  4S3 

4,  In  order  to  read  intelligently  the  published  reports  of  stock  trans- 
actions, a  knowledge  of  the  technical  terms  used  among  brokers  is 
essential. 

Bear,  a  broker  who  operates  to  effect  a  decline  in  the  price  of  stocks. 
Block  of  stocks,  a  large  number  of  shares  bought  or  sold  in  a  lump. 
BuU,  a  broker  who  operates  to  effect  a  rise  in  the  price  of  stocks. 
Buyer  30  da.  or  B.  30,  buyer's  option  to  continue  80  days. 

*  *  [  buyer's  option  to  continue  20  days,  and  include  interest 

B.  ^O  flat       ) 

B*  20  w.  Hb,  buyer's  option  to  continue  20  days,  and  take  effect  without  notice. 

b.  c,  between  calls. 

Buyer's  option,^  buyer  to  name  the  time  for  delivery.    (See  Option.) 

Buying  fiat,  all  accrued  interest  to  go  to  the  purchaser. 

Bucket  siiop,  an  office  kept  by  a  broker  not  a  member  of  the  stock  exchange. 

Call,^  a  privilege  of  buying  of  the  signer  or  seller.    (See  Stock  privilege.) 

Coilateral,  shares  of  stock  or  bonds  given  in  pledge  as  security  for  money  loaned. 

Cons,  or  en.,  consolidated. 

Convertible  )  applied  to  bonds  that  are  privileged  to  be  exchanged  for  the  capital 
Conv.  S     stock  of  the  company  issuing  tliem. 

Corner,  the  control  of  some  particular  stock  by  the  bulls. 

Cover,  tlie  bujring  of  stocks  to  meet  contracts  for  delivery  when  the  seller  is  short 
of  tbe  stock  to  be  delivered. 

Curb'Stone  broker,  a  broker  who  transacts  business  on  the  sidewalk,  and  Is  not 
a  member  of  any  regular  board  of  brokers. 

Dead  duck,  a  bankrupt  broker. 

Deposit,  a  sum  of  money  placed  in  the  hands  of  a  broker  to  cover  losses  he  may 
sustain  in  behalf  of  his  principal. 

Double  privilege,  a  spread  or  a  straddle. 

Dividend  on,  including  a  pending  dividend. 

Earnest  n^oney.    (See  Deposit.) 

EX'div.,  not  including  a  dividend  recently  made  or  soon  to  be  made. 

EX'COup.,  not  including  the  coupons  for  the  next  payment  of  interest. 

Flyer,  a  purchase  of  stocks  at  random  ;  a  small  side  operation. 

O^t'df  guaranteed. 

Hypothecate,  to  deposit  or  put  up  collaterals. 

Investment  stocks,  stocks  that  pay  dividends,  and  are  in  demand  for  income. 

Latne  duck,  a  broker  who  has  failed  to  meet  his  engagements. 

Lamb,  a  green  outsider  who  undertakes  to  speculate  in  stocka 

I.  g.,  land  granta 

Long  of  stocks,^  holding  a  large  quantity  of  some  particular  stocks  for  a  rise. 
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Margin*    (See  Deposit) 

Opening  day,  the  day  tlie  books  of  a  corporation  are  first  opened  after  a  divi- 
dend has  been  declared. 

On  the  street,  outside  of  the  exchange. 

Option,^  a  contract  for  the  purchase  or  sale  of  a  certain  number  of  shares  of  a 
given  stock,  at  a  specified  price  and  at  any  day  within  a  limited  time. 

Outeider,  is  a  broker  not  a  member  of  the  stock  exchange. 

OverlfHided,  under  contract  to  purchase  more  stock  than  financially  able  to  imy  for. 

Podf  stock  and  money  contributed  by  a  clique  to  carry  through  a  prearranged 
speculation. 

Puty"^  a  privilege  of  selling  to  the  signer  or  buyer.    (See  Stock  privilege.) 
Prefm,  preferred ;  applied  to  stocks  entitled  to  priority  of  dividend. 
JReg,,  or  Mm  bds,,  registered  bonds. 

Meguiar  way,  to  be  delivered  or  paid  for  the  next  business  day. 
SeUer  30  da*,  or  5.  30,  seller's  option  to  continue  80  days. 

«•  o2  ^  1^*'  [  seller's  option  20  da.,  and  include  interest. 
S»  /CQ  flat      ) 

H.  20  Wm  n*,  seller's  option  20  da.,  without  notice. 

Setter ^8  option,^  seller  to  name  the  time  for  delivery.    (See  Option.) 

SeUing  long.    (See  Long  of  stocks.) 

Setting  short*    (See  Short  of  stocks.) 

Short  of  stocks,^  not  having  sufficient  stocks  to  meet  contracts.  • 

Settling  tlay,  the  last  day  allowed  in  a  contract  for  the  deliveiy  of  stock. 

S*  f;  sinking  funds. 

Speculative  stocks,  stocks  that  pay  no  dividends ;  not  valuable  for  income. 

Spread,^  a  privilege  to  either  buy  of  or  sell  to  the  maker,  at  the  option  of  the 
holder.    (See  Stock  privilege.) 

Stag*    (See  Outsider.) 

Stock  Jobber,  a  broker  who  deals  in  stocks  for  speculative  purposes. 

Stock  privilege,^  a  contract  securing  to  the  holder  the  right  to  buy  of  or  to  sell  to 
the  signer  or  maker,  or  to  either  buy  or  sell  as  he  may  elect,  a  certain  number 
of  shares  of  a  stock,  at  a  given  price,  at  his  option  within  a  time  named,  but 
docs  not  bind  the  Tiolder  to  complete  the  contract  unless  he  so  elects.  The 
holder  forfeits  the  money  paid  for  the  contract,  if  it  is  not  his  interest  to  use  it. 

Straddle,  *  a  privilege  to  buy  of  or  to  sell  to  the  maker  at  the  same  fixed  price  for 
cither  buying  or  selling.    (See  Stock  privilege.) 

SyndicatCf  a  combination  of  bankers  who  undertake  to  place  a  loan. 
Wash,  a  mock  sale  for  the  purpose  of  keeping  the  stock  quoted. 
Watering  stocky  increasing  the  number  of  shares  of  stock  without  a  correspond- 
ing increase  in  the  value  of  the  property  which  it  represents. 

Ist  m.  bds,,  2d  m,  bds.,  first-mortgage  bonds,  etc. 
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3  upf  10  up,  the  per  cent  on  the  market  value  required,  as  a  deposit,  of  a  broker 
whose  lliiancial  standing  is  questioned. 

>  On  optionB  for  more  than  8  days  one  dny's  notice  most  be  ^Iren  by  the  holder  to  en- 
force the  option.  In  dealing  in  optioud  and  stock  privileges  the  broker  ugaiuat  whum  a 
loss  accmes,  instead  of  delivering  or  taking  the  stock,  settles  by  paying  the  differtnee-^  e., 
the  difference  between  the  market  value  of  the  stock  on  the  day  of  settlement  and  the  sum 
fixed  by  the  contract 

*  Parties  who  are  '*  long  of  stocks  '^  are  the  **  bulls.*' 

*  Parties  who  are  *'  short  of  stocks  "  are  the  '*  bears.'* 

*  Transactions  in  stock  privileges — i.  e.,  puts,  calls,  spreads,  and  straddles— are  consid- 
ered irregular  by  the  Stock  Exchange. 


6.  Read  the  following  extracts  of  Stock  Quotations  from  the  New 
York  stock  market,  July  28,  1887. 


CfovemmetU  SecuritieB. 
U.  S.  -H's  reg.  1891 
U.  8.  4'8  coup.  1891 
U.  8. 4's  reg.  1907 
U.  8. 4'8  coup.  1907 
U.  8. 8*8  reg.  option 
U.  8.  6*8  currency  1899 


BO.  Atk. 

109}  110 

109|  110 

128|  128f 

129|  129t 

100  — 

1341  — 


StaU  SeeuriUcB, 

N.  Y.  6*8  coup.  1021  — 

K.  C.  consolidated  6's  120  125 

N.  C.         do.        do.  ex-coup.  117  — 

Tenn.  6*8  new  bonds  68  — 

Missouri  6*8  reg.  102  — 

6a.  T%  gold  bonds  108  109 

Ark.  rs,  Ark.  Central  R.  R.       10  14 


R.  R.  BondM, 

Chicago  &  Alton  1st  m.  Ts 

N.  Y.  Elevated  1st  7*8 

N.  Y.  C.  &  H.  R.  Ist  rs 

St.  Paul  &  Duluth  1st  5*8 

Chic.  &  Ind.  Ry.  &  Coal  Ist  8*8  100 

L.  8.  &  Mich.  8.  consol.  2d  7'8   12^ 

Stoekt, 

Western  Union  Tel. 
St.  Paul  &  Duluth  8.  80 
Ches.  &  Ohio  1st  pref. 
Ches.  &  Ohio  2d  pref. 
Illinois  Central  R  R 
Sutro  Tunnel  b.  3 
Phcenix  Bank  b.  c. 


Bid. 

A^ 

116 

— 

119 

— 

136( 

1121 

113 

100 

100} 

126i^ 

— 

78} 

74 

76 

76 

10} 

13 

7 

10 

122 

123 

20 

.1.. 

113       — 


List  op  thb  Principal  Outstanding  U.  S.  Bonds,  1889. 


Names  of  Bonda 

When  Redeemable. 

Rates  of 
Interest 

Interest  Payable. 

Four-andahalfs  of  1891 

Fours  of  1907 

Fours,  refunding  cer- ) 
tificates 

U.  8.  Pacific  RR.  cur- 
rency sixes 

After  Sept.  1,  1891. 
After  July  1,  1907. 

At  option  of  Gov't. 

(From  1895  to     ) 
\     1*899,  inclusive  ) 

Quarterly. 
Quarterly. 

Quarterly. 
Semi-annually. 

JiS8  aUPPLEMENT.—CUaTOMS  OB  DUTIES. 

CirSTOMS  OR  DUTIES. 
Page  262$  AH.  4S8. 

1.  What  kinds  of  taxes  aro  levied  by  the  General  Government? 

2.  Customs  or  duties  are  taxes  levied  on  imported  articles. 

a.  Ad  valorem  duties  are  taxes  computed  at  a  certain  per  cent  on  tbe  net 
value  of  the  imports  in  the  country  vhere  purchased. 

b*  Specific  duties  are  taxes  levied  on  the  net  weight,  measure,  or  number  of 
articles  without  regard  to  value. 

c.  In  most  cases,  duties  are  ad  valorem ;  on  some  articles  they  are  specific ;  and 

on  some  others  they  are  both  ad  valorem  and  specific. 

d.  Draft  is  an  allowance  deducted  for  waste,  damage,  and  impurities ; 

Leakage  is  an  allowance  for  loss  on  liquors  imported  in  casks ; 

Breakage  is  an  allowance  for  loss  on  liquors  imported  in  bottles ;  and 

Tare  is  an  allowance  in  specific  duties  for  the  weight  of  the  covering  or 
package  containing  the  goods. 

NoTB. — Only  actual  leakage  and  breakage  arc  allowed. 

Cm  Net  weight,  amount,  or  value  is  what  remains  after  all  allowances  have  been 

deducted. 
/•  Specific  duties  are  not  computed  by  percentage. 

3i  A  tariff  is  a  schedule  of  the  legal  rates  of  duties  on  imports. 

4.  A  custofn' house  is  a  government  ofiSce  for  the  transaction  of 
business  relating  to  customs  or  duties. 

6 1  A  port  of  entry  is  a  seaport  town  in  which  a  custom -house  is 
located. 

a.  All  legal  introduction  of  imported  goods  into  a  country  must  be  through 

regular  ports  of  entry. 

b.  Smuggling  is  bringing  goods  into  a  country  without  paying  duties  required 

.on  their  importation.    It  is  a  crime,  and  is  subject  to  severe  penalty. 

6.  A  bonded  warehouse  is  a  building  for  the  storage  of  property  on 

which  the  duties  or  taxes  have  not  been  paid,  but  have  been  secured  by 

a  bond  in  double  the  amount  of  the  tax. 

a.  Property  left  in  bond  is  charged  10;^  extra  duty  for  each  full  year  that  it  re- 
mains in  bond,  and  if  left  more  than  three  years  is  considered  as  abandoned 
to  the  govei'nment. 

6.  Imported  goods  left  in  bond  may  be  withdrawn  and  exported  to  a  foreign 
country  without  pnying  the  duty  in  bond. 
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7i  An  invoice  or  manifesi  is  an  itemized  list  of  a  cargo,  inclading 
the  prices  at  the  place  of  purchase  and  other  charges,  to  be  exhibited 
at  a  castom-house. 

8.  A  clearance,  or  clearance  papers,  is  a  certificate  given  by  the 
collector  of  a  port  of  entry  that  the  vessel  has  complied  with  all  the 
requirements  of  law  in  entering  or  leaving  the  port,  in  landing  her 
cargo,  etc. 

9.  Internal  revenue  is  the  taxes  levied  on  domestic  products  and 
on  certain  kinds  of  business. 

a.  Internal  revenue  taxes  on  articles  are  paid  by  afSxing  government  revenue 
stamps  of  the  required  value  to  the  package  containing  the  article  taxed. 

&•  Internal  revenue  taxes  on  business  are  paid  by  the  purchase  of  government 
licenses  of  the  required  value. 

c«  Internal  revenue  is  not  computed  by  percentage. 

10.  In  computations  in  customs  or  duties  ad  valorem, 

1.  ^et  cost  of  imports  ^  base,  \  2.  Ad  valorem  duty  =  the  percentage. 

Pboblkms. 
Find  the  missing  element : 


Xet  valw               %                 Dutg 
1.  $4,866.25  8|        I 


XH  vaiut  %  Dutg 

3.  $  16|  $975.50 

2.  $15,425  —        $1,388.25      4.  $  22^        $1,436.85 

5.  Find  the  duty  on  75  chests  of  tea,  each  containing  75  lb.,  and 
invoiced  at  50^  per  lb.,  at  25^  ad  valorem. 

€•  What  is  the  duty  at  6^  per  lb.  on  95  cases  of  indigo,  Q^h  case 
weighing  136.1b.,  avowing  12^  tare? 

7«  I  imported  102  hogsheads  of  molasses  containing  72  gal.  each. 
What  duty  must  be  paid  at  5^  per  gal.,  leakage  being  allowed  at  2^^? 

8»  What  is  the  duty  at  1^  per  pound  on  650  barrels  of  sugar,  each 
weighing  270  pounds,  allowing  5^  tare? 

9*  Find  the  duty  at  d^^  on  179  boxes  of  raisins,  32  pounds  each,  at 
4f|^  per  lb.,  tare  7^^. 


w 
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10.  What  is  the  duty  at  18j^  on  12,400  pounds  of  Australian  wool 
inyoiced  at  28$i(  per  pound,  draft  allowed  at  2^  ? 

11.  Find  the  duty  on  45  pieces  of  three-ply  carpet,  68  yd.  in  a  piece, 
inyoiced  at  46j^  per  yd.,  duty  16j^  per  yard  and  30j^  ad  valorem. 

12.  If  the  duty  at  16^^  ad  valorem  on  an  importation  of  cottons  is 
$411.75,  what  is  the  total  invoice  of  the  goods  ? 

13.  The  duty  on  115  chests  of  tea,  each  chest  containing  65  lb.,  in- 
voiced at  48^  per  lb.,  was  $897.    What  was  the  per  cent  of  duty? 

14.  A  merchant  imported  15  cases  of  silks,  each  case  containing  10 
pieces  and  each  piece  65  yd.,  and  paid  $1,037.50  duty  at  12^^  per  yard 
and  24)t  ad  valorem.    What  was  the  invoice  price  per  yard  ? 


rage  272;  AH.  466. 
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STATB8  AXD  TkSRI- 

Lmqal  Rate. 

PlHALTT  lOR  USITBT. 

TOsin. 

Umttl  to  nifUM. 

Alabama 

s% 

^ 

Forfeiture  of  all  interest 

Ariasona 

m 

anyjt 

None. 

Arkansas 

^% 

1« 

Forfeiture  of  principal  and  interest 

California 

m 

anyjtf 

None. 

Colorado 

w 

anyjf 

None. 

Connecticut 

H 

OjT 

None. 

Dakota 

"1% 

V^% 

Forfeiture  of  contract. 

Delaware 

e% 

H 

Forfeiture  of  contract 

Dist.  of  Columbia 

(^ 

m 

Forfeiture  of  all  interest 

Florida 

s% 

anyjf 

None. 

(Georgia 

n 

W 

Forfeiture  of  all  interest. 

Idaho 

10^ 

W 

Forfeiture  of  three  times  the  excess  of  interest 

over  18^. 

Illinois 

^% 

^% 

Forfeiture  of  all  interest. 

Indiana 

H 

s% 

Forfeiture  of  excess  of  interest  over  6^. 

Iowa 

H 

10;g 

Forfeiture  of  all  interest  and  costs. 

Kansas 

1% 

12!^ 

Forfeiture  of  excess  of  interest  over  12%, 

Kentucky 

e% 

10^ 

Forfeiture  of  excess  of  interest  over  10^. 

Louisiana 

5% 

s% 

Forfeiture  of  all  interest 

Maine 

^ 

anyjr 

None. 

Maryland 

H 

6JJ 

Forfeiture  of  excess  of  interest 

MaRsachusetts 

H 

anyjt 

None. 

Micliigan 

'^% 

10;^ 

Forfeiture  of  excess  of  interest  over  10^. 

Minnesota 

1% 

lOj^ 

Forfeiture  of  contract 

Mississippi 
Missouri 

H 

10;^ 

Forfeiture  of  excess  of  interest  over  10;*. 

^% 

10^ 

Forfeiture  of  all  interest 

3Iontana 

w 

anyjr 

None. 

Nebraska 

7^ 

m 

Forfeiture  of  all  interest  and  costs. 

Nevada 

\^ 

onyji 

None. 
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Statu  axd  Tbsu- 

T0BIX8. 

Lbgal  Rati. 

LemUt  to  HigKut. 

PSVALTT  POR  USUBT. 

New  Hampshire 

H 

H 

Forfeiture  of  three  times  the  excess  of  interest. 

New  Jersey 

6^ 

H 

Forfeiture  of  all  interest  and  costs. 

New  Mexico 

6;J 

m 

None. 

New  York 

H 

e% 

Forfeiture  of  contract;  (1,000  fine;  6  mo.  imprisonment. 

North  Carolina 

6^ 

B% 

Forfeiture  of  double  the  amount  of  interest. 

Ohio 

H 

s% 

Forfeiture  of  excess  of  interest  over  8^. 

Oregon 

10% 

m 

Forfeiture  of  interest,  principal,  and  costs. 

Pennsylvania 

^% 

H 

Forfeiture  of  excess  of  interest. 

Rhode  Island 

^% 

any^ 

None. 

8outh  Carolina 

1% 

105^ 

Forfeiture  of  all  interest. 

Tennessee 

e% 

6^ 

Forfeiture  of  excess  of  interest. 

Texas 

B% 

12% 

Forfeiture  of  all  interest. 

Utali 

W 

any^ 

*1% 

None. 

Vermont 

e% 

Forfeiture  of  excess  of  Interest. 

Virginia 

e% 

8^ 

Forfeiture  of  excess  of  interest  over  8^. 

Washington  Terr. 

m 

anyjJ 

None. 

West  Virginia 

e% 

^% 

Forfeiture  of  excess  of  interest. 

Wisconsin 

n% 

lOji 

Forfeiture  of  all  the  interest 

Wyoming 

\%%  anyjf 

None. 

*  Allowed  on  Railroad  Bonds  only. 

Any  rate  not  exceeding  the  higher  rate  given  in  the  table  is  legal  if  stipulated  in 
writing ;  but  if  no  rate  is  mentioned  the  lower  rate  given  in  the  table  is  the 
legal  rate. 

DATS  OF  aRACB— MATUKiT  y . 
rage  284 ;  Art.  494. 

Grace  is  not  allowed  on  sight  drafts  in  Arizona,  California^  Colorado^ 
Connecticut^  Delaware,  District  of  Columbia,  Florida,  Georgia,  Idaho, 
Illinois,  Kansas,  Louisiana,  Maryland,  Missouri,  Nevada,  New  Mexico, 
New  York,  Ohio,  Pennsylvania,  Tennessee,  Utah,  Vermont,  Virginia, 
and  West  Virginia. 

rage  284 ;  Art.  495. 

It  often  happens  that  the  day  of  maturity  of  commercial  paper  by  the 
terms  of  the  paper  is  Sunday  or  a  legal  holiday.  In  such  cases  the  law 
of  most  of  the  States  makes  the  paper  due  and  payable  on  the  business 
day  next  preceding  the  Sunday  or  the  legal  holiday ;  but  in  California, 
Louisiana,  Nebraska,  New  Jersey,  New  Mexico,  New  York,  and  Vir- 
ginia, it  is  made  due  and  payable  on  the  next  succeeding  business  day. 
In  Maine  and  Missouri  the  paper  is  due  and  payable  on  the  nearest  busi- 
ness day  either  preceding  or  succeeding. 


BUPPLBMENT.— COMPOUND  mTERBST, 


COMPOUND    INTEREST   TABLE. 

1.  lowing  the  amouni  of  $1  at  compound  iMerest  for  any 
number  of  interest  periods,  frotn  1  to  40  inclusive. 


Tears. 

1 

1  per  eent. 

1)4  per  cent. 

9  per  eenU 

9)4  per  cent. 

8  per  cent. 

Yfmn. 

1 

1.0100  000 

1.0150  000 

1.0200  0000 

1.0250  0000 

1.0800  0000 

2 

1.0201  000 

1.0302  250 

1.0404  0000 

1.0606  2500 

1.0609  0000 

2 

3 

1.0808  010 

1.0456  784 

1.0612  0800 

1.0768  9062 

1.0927  2700 

3 

4 

1.0406  040 

1.0613  630 

1.0824  3216 

1.1038  1289 

1.1255  0881 

4 

5 

1.0510  101 

1.0772  840 

1.1040  8080 

1.1314  0821 

1.1592  7407 

5 

6 

1.0615  203 

1.0984  433 

1.1261  6242 

1.1596  9342 

1.1940  5230 

6 

7 

1.0721  854 

1.1098  450 

1.1486  8567 

1.1886  8575 

1.2298  7387 

7 

8 

1.0828  567 

1.1264  926 

1.1716  5938 

1.2184  0290 

1.2667  7008 

8 

9 

1.0986  853 

1.1433  900 

1.1950  9257" 

1.2488  6297 

1.3047  7318 

9 

10 

1.1046  221 

1.1605  408 

1.2189  9442 

1.2800  8454 

1.3439  1638 

10 

11 

1.1156  688 

1.1779  489 

1.2433  7431 

1.3120  8666 

1.8842  8387 

11 

12 

1  1268  250 

1.1956  182 

1.2682  4179 

1.3448  8882 

1.4257  6089 

12 

13 

1.1380  988 

1.2135  524 

1.2936  0663 

1.8785  1104 

1.4685  3371 

13 

14 

1.1494  742 

1.2317  557 

1.8194  7876 

1.4129  7382 

1.5125  8973 

14 

15 

1.1609  690 

1.2502  321 

1.8458  6884 

1.4483  9817 

1.5579  6742 

15 

16 

1.1725  786 

1.2689  855 

1.8727  8570 

1.4845  0562 

1.6047  0644 

16 

17 

1.1843  044 

1.2880  203 

1.4002  4142 

1.5216  1826 

1.6528  4768 

17 

18 

1.1961  475 

1.3073  406 

1.4282  4625 

1.5596  5872 

1.7024  8306 

18 

19 

1.2081  090 

1.3269  507 

1.4568  1117 

1.5986  5019 

1.7535  0605 

19 

20 

1.2201  900 

1.3468  550 

1.4859 ,4740 

1.6886  1644 

1.8061  1123 

20 

21 

1.2328  919 

1.3670  578 

1.5156  6634 

1.6795  8185 

1.8603  9457 

21 

22 

1.2447  159 

1.8875  637 

1.5459  7967 

1.7215  7140 

1.9161  0341 

22 

23 

1.2571  630 

1.4083  772 

1.5768  9920 

1.7646  1068 

1.9735  8651 

23 

24 

1.2697  346 

1.4295  028 

1.6084  3725 

1.8067  2595 

3.0827  9411 

24 

25 

1.2824  320 

1.4509  454 

1.6406  0599 

1.8^i39  4410 

2.0987  7798 

25 

26 

1.2952  563 

1.4727  095 

1.6734  1811 

1.9002  9270 

2.1565  9137 

26 

27 

1.8082  089 

1.4948  002 

1.7068  8648 

1.9478  0002 

3.2212  8901 

27 

28 

1.8212  910 

1.5172  222 

1.7410  2421 

1.9&04  9502 

3.2879  2768 

28 

29 

1.8345  039 

1.5399  805 

1.7758  4469 

2.0464  0739 

3.8566  6551 

29 

30 

1.3478  490 

1.5630  802 

1.8118  6158 

2.0975  6758 

2.4273  6247 

30 

31 

1.8613  274 

1.5865  264 

1.8475  8882 

2.1500  0677 

2.5000  8035 

31 

32 

1.3749  407 

1.6103  243 

1.8845  4059 

2.2037  6694 

3.5750  8376 

32 

33 

1.3886  901 

1.6344  792 

1.9222  3140 

2.2588  5086 

3.6523  3534 

33 

34 

1.4025  770 

1.6589  964 

1.9606  7603 

2.8153  2213 

3.7319  0530 

34 

35 

1.4166  028 

1.6838  813 

1.9998  8955 

2.3733  0519 

3.8188  0345 

35 

36 

1.4307  688 

1.7091  395 

2.0898  8784 

2.4825  8532 

3.8963  7888 

36 

37 

1.4450  765 

1.7347  766 

2.0806  8509 

2.4933  4870 

3.9853  3668 

37 

38 

1.4595  272 

1.7607  983 

2.1222  9879 

2.5556  8242 

8.0747  6848  . 

38 

39 

1.4741  225 

1.7872  103 

2.1647  4477 

2.6195  7448 

8.1670  3698 

39 

40 

1.4888  637 

1.8140  184 

2.2080  3966 

2.6850  6384 

3.3620  3779 

40 

COMPOUND  INTEBE8T  TABLE. 


COMPOUND    INTEREST   TABLE. 

2.  Showing  the  amount  of  $1  at  compound  interest  for  any 
numbei*  of  interest  jperiods,  frotn  1  to  40  inclusive. 


Tean. 

S>i  per  c«Bt. 

4  per  cent. 

4)^per  ceat. 

ft  per  eeat. 

0  per  ceat. 

Team. 

1 

1.0850  0000 

1.0400  0000 

1.0450  0000 

1.0500  000 

1.0600  000 

1 

2 

1.0712  2300 

1.0810  0000 

1.0920  2500 

1.1025  000 

1.1236  000 

2 

3 

1.1087  1787 

1.1248  6400 

1.1411  6612 

1.1576  250 

1.1910  160 

3 

4 

1.1475  2300 

1.1698  5856 

1.1925  1860 

1.2155  063 

1.2624  770 

4 

5 

1.1876  8631 

1.2166  5290 

1.2461  8194 

1.2762  816 

1.8382  256 

5 

6 

1.2292  5583 

1.2653  1902 

1.8022  6012 

1.3400  956 

1.4185  191 

6 

7 

1.2722  7926 

1.8159  8178 

1.8608  6183 

1.4071  004 

1.5036  303 

7 

8 

1.3168  0904 

1.8685  6905 

1.4221  0061 

1.4774  554 

1.5938  481 

8 

9 

1.8628  9785 

1.4238  1181 

1.4860  9514 

1.5513  282 

1.0894  790 

9 

10 

1.4105  9876 

1.4802  4428 

1.5529  6942 

1.6288  946 

1.7908  477 

10 

11 

1.4599  6972 

1.5394  5406 

1.6228  5305 

1.7103  894 

1.8982  986 

11 

12 

1.5110  6866 

1.6010  8222 

1.6958  8143 

1.7958  563 

2.0121  965 

12 

13 

1.5639  5606 

1.6650  7351 

1.7721  9610 

1.8856  491 

2.1329  283 

13 

14 

1.6186  9452 

1.7316  7645 

1.8519  4492 

1.9799  816 

2.2609  040 

14 

15 

1.6753  4883 

1.8009  4351 

1.9352  8244 

2.0789  282 

2.3965  582 

15 

16 

1.7389  8601 

1.8729  8125 

2.0223  7015 

2.1828  746 

2.5408  ?17 

16 

17 

1.7946  7555 

1.9479  0050 

2.1188  7681 

2.2920  183 

2.6927  728 

17 

18 

1.8574  8920 

2.0258  1652 

2.2084  7877 

2.4066  192 

2.8548  892 

18 

19 

1.9225  0182 

2.1068  4918 

2.8078  6031 

2.5269  602 

8.0255  995 

19 

20 

1.9897  8886 

2.1911  2314 

2.4117  1402 

2.6532  977 

8.2071  855 

20 

21 

2.0594  8147 

2.2787  6807 

2.5202  4116 

2.7859  626 

8.8995  686 

21 

22 

2.1315  1158 

2.3699  1879 

2.6336  5201 

2.9252  607 

8.6035  874 

22 

23 

2.2061  1448 

2.4647  1555 

2.7521  6685 

8.0715  238 

8.8197  497 

23 

24 

2.2883  2849 

2.5633  0417 

2.8760  1888 

8.2250  999 

4.0489  846 

24 

25 

2.3682  4498 

2.6658  3683 

3.0054  3446 

8.3863  549 

4.2918  707 

25 

26 

2.4459  5856 

2.7724  6979 

8.1406  7901 

8.5556  727 

4.5493  830 

26 

27 

2.5315  6711 

2.8833  6858 

8.2820  0956 

8.7884  563 

4.8223  459 

27 

28 

2.6201  7196 

2.9987  0382 

8.4296  9999 

8.9201  291 

6.1116  867 

28 

29 

2.7118  7798 

8.1186  5145 

8.5840  8649 

4.1161  856 

5.4188  879 

29 

30 

2.8067  9370 

3.2433  9751 

8.7458  1813 

4.8219  424 

5.7434  912 

30 

31 

2.9050  8148 

3.8781  8341 

8.9188  5745 

4.5880  895 

6.0881  000 

31 

32 

8.0067  0759 

8.5080  5875 

4.0899  8104 

4.7649  415 

6.4538  867 

32 

33 

3.1119  4235 

8.6483  8110 

4.2740  8018 

5.0031  885 

6.8405  899 

33 

34 

8.2208  6033 

3.7943  1634 

4.4663  6154 

5.2538  480 

7.2510  253 

34 

35 

8.3335  9045 

3.9460  8899 

4.6673  4781 

5.5160  154 

7.6860  868 

35 

36 

8.4502  6611 

4.1039  8255 

4.877a  7846 

5.7918  161 

8.1472  620 

36 

37 

8.5710  2543 

4.2680  8986 

5.0968  6049 

6.0814  069 

8.6360  871 

37 

38 

8.6960  1182 

4.4388  1345 

5.8262  1921 

6.8854  778 

9.1542  624 

38 

39 

8.8253  7171 

4.6163  6599 

5.5658  9908 

6.7047  512 

9.7085  075 

39 

40 

8.9592  5972 

4.8010  2063 

5.8168  6454 

7.0399  887 

10.2857  179 

40 

M 


8UPPLEMENT.^BUaiNS88  F0BM8. 


NOTES. 


tioojK 

On  demandf 
One  dap  aftw  date 
Nine  months 
On  or  brfore 
'  j  John  Jones,  or  order. 


r  daU  ^ 

after  date       Vt 
May  1,1888,  J 


1 


Bbooki,ik,  N.  Y.,  July  SO,  1887. 

f004 


tM  jointly  and  eeceraUy } 
toe  or  either  of  us 


pramue 


\ 


to  pay 


<  to  the  order  of  John  Jones, 


] 


one  hundred  dollars 


John  Jones,  or  bearer,  ^ 
.    John  Jones, « 

udth  interest,  ^  ^  "j   ^  at  the  Long  Idand  Bank,  ^  ^ 
with  use, 


'  ( ioith  interest,  \     \   ((U 
,    (  with  use,        )      '  "I 


10 


::}{ 


Vatm  reeeived,  1 3 


14  J 


Signature. 


>  Demand  note. 
■  Time  note. 

*  Individnal  note. 

*  Joint  note. 

*  Joint  and  several  note. 

*  Nejifotiable  note  transferable  by  indorse- 
ment 

^  Negotiable  note  transferable  without  in- 
dorsement. 


■  Non-negotiable  note. 

*  Interest-bearing  note, 
to  Non-intercst-bcaring  note. 
>^  Place  of  payment  specified. 
13  No  place  of  payment  specified. 
IS  Consideration  admitted  by  maker. 

i«  Consideration  must  be  proven  by 
holder. 


the 


BANKABLE  NOTE.      „     ^ 
$50.  New  York,  Jan,  S,  1889, 

One  year  after  date,  I  promise  to  pay  Jarnes  Ooodwitiy  or  order, 
Fifty  DoUarB,  value  received^  with  interest,  at  Park  National  Bank, 
New  York. 


JUDGMENT  NOTE. 


Thomas  Hunter. 


For  value  received,  I  promise  to  pay  to  tlie  order  of  Henry  Clay,  of 
Ithaca,  N.  Y.,  Three  Hundred  Dollars,  with  interest,  on  t/ie  frst  day  of 
March  next;  and  Thereby  nominate,  constitute,  and  appoint  any  attorney- 
at'law  of  this  Stale  my  true  and  lawful  attorney,  irrevocable,  for  me  and 
ill  my  name  to  appear  in  any  court  of  record  of  this  State,  at  any  time 
after  the  above  promissory  note  becomes  due,  and  to  waive  aU  process  and 
service  thereof,  and  to  confess  judgment  in  favor  of  the  holder  hereof  for 
tJie  sum  that  may  be  due  and  owing  hereon,  with  interest  and  costs,  waiv- 
iJig  all  errors,  etc,  with  stay  of  execution  until  the  first  day  of  March  next. 

Witness  my  hand  and  seal  at  Syracuse,  N.  Yl,  this  fifteenth  day  of   • 
June,  in  the  year  one  thousand  eight  hundred  and  etghty-eight. 

Signed,  sealed,  and  delivered  in  the  presence  of  •  L  •   -J 

Richard  White»        Jiames  Jteynolds, 


BUSINESS  FORMS,  JU5 

PROPERTY    NOTE. 

$800.  Utica,  N,  F.,  Jan,  20,  18S8, 

For  value  received^  one  year  after  date  I  promise  to  pay  Charles  A, 
Motty  or  order,  Eight  Hundred  Dolktrs  in  merc/iafitablc  spruce  logs,  at  his 
mill,  at  the  market  value  on  t/ie  maturity  of  this  note,         Edwin  Utter. 

CHATTEL    NOTE. 
$80.  Syracuse,  N.  F.,  June  S5,  1889. 

Six  months  after  date  I  promise  to  pay  Bradley  cfc  Company,  or  order. 
Eighty  Dollars,  value  received  in  one  combined  Mower  and  Reaper. 

The  express  condition  of  the  delivery  of  said  Mower  and  Reaper  to  the 
said  William  Whitney  is  such  that  the  title,  ownership,  09*  possession  doec 
not  pass  from  the  said  Bradley  <£r  Company  until  this  note  is  paid  in  full; 
and  they  may  take  possession  of  said  Mower  and  Reaper  at  any  time  in 
case  said  note  is  not  paid.  William  Whitney. 

BANK    DRAFT. 

$5000.  Bank  of  the  Metropolis.  iVb.  1846. 

Chicago,  lU.,  July  5,  1890, 
Pay  to  the  order  of  Walter  Dunham  Five  Thousand  Dollars. 
To  EUiat  Nat,  Batik,  Boston,  Mass.  G.  A.  Copeland,  Cashier. 

CHECK. 

BochuUr,  N,  T„  Sept.  9, 1889, 

^^'  ^^'  First  National  Bank. 

Pay  to  Charles  JSunt,  or  order.  One  Hundred  Dollars. 
$100.  HamtUon  Drown. 

ORDER  FOR   MONEY. 
Mr.  Edwin  Foster, —  Binghamtan,  N.  Y.,  Apr.  2, 1890, 

Please  pay  Alexander  Worth  Fifty  Dollars  on  my  account. 

Spencer  Hoyt. 

DUE -BILL    FOR   MONEY. 
$200.  London,  Oni, ,  July  13, 1889 i 

Due  Thomas  White,  on  demand.  Two  JSundred  Dollars. 

George  M^Clellan. 

REOEIPT   FOR  MONEY   ON   ACCOUNT. 
$50.  Baltimore,  June  7.  1888. 

Received  of  John  Flagler  Fifty  Dollars  to  apply  on  account. 

Nelson  Dwight 


U6  BtlPPLEMENT^BUSINBSa  FORMS. 

PROTEST. 

%1^6  0  0.  Buffalo,  K  T.,  Avg,  7, 1886, 

Please  take  notice  that  a  Promissory  Note  for  Fifteen  Sundred  Dol- 
lars, made  by  Robert  Pay,  May  4, 1886,  and  indorsed  by  you,  having  been 
duly  presented  and  payment  thereof  demanded,  ichich  teas  refused,  is  there- 
fore protested  for  non-payment,  to  you,  Neal  Doio. 

Look  out.  I.  N.  Henderson,  Notary  Public 

BILL   OF  A  SET   OF   EXCHANGK 
£500   10s.  Chicago,  Jan,  IS,  1886. 

At  twenty  days  sight  of  this  First  of  Exchange  {Second  and  Third 
of  the  same  tenor  and  date  unpaid),  pay  to  the  order  of  Peter,  Cooper, 
Pive  Hundred  Pounds  Ten  Shillings  Sterling,  value  received,  and  charge 
the  same  to  account  of  James  Walden,  Jr. 

To  James  Kent  d  Co,,  Bankers,  London, 

CIRCULAR  LETTER  OF   CREDIT. 

No.  ^  4796.  New  York,  Jan,  tO,  1885. 

Gentlemen, — We  request  that  you  mil  have  the  goodness  to  furnish 
Richard  Lee,  the  hearer,  whose  signature  is  at  foot,  with  any  funds  he 
may  require  to  the  extent  of  £1000  {say  One  Thousand  Pounds  Sterling), 
against  his  drafts  upon  Messrs.  Broion,  Shipley  A  Co.,  London;  each 
draft  must  bear  the  number  {No.  i  4796)  of  this  letter,  and  toe  etigage  that 
the  same  shall  meet  due  honor. 

Whatever  sums  Mr.  Lee  may  take  up  you  wiU  please  indorse  on  the 
back  of  this  Circular  Letter,  lohich  is  to  continue  in' force  till  Jan,  20, 
1886,  from  t/ie  present  date,  Jan.  20, 1886. 

We  are  respectfully,  gentlemen, 

Your  obedient,  humble  servants. 

Brown  Brothers  eft  Co. 

To  l&«fo««  the  Bankers,         ^  '*^"«'««  «-^        ^^'^^  ^ 
Mentioned  on  the  third  page  qf  this  Letter  of  Credit 

CERTIFICATE   OF   DEPOSIT. 

New  Fork,  Dee.  10, 1888. 

The  Chemical  National  Bank. 

George  WiUiams  has  deposited  in  this  bank  Five  Hundred  Dollars,  to 
the  credit  of  himself,  payable  on  the  return  of  this  Certificate,  properly 
indorsed.  j^iius  Fielding,  Cashier. 


SPECIAL  STATE  LAWS  FOB  PAETLAI.  PAYMENTS.  U7 


rage  288;  Art.  506. 

Special  State  Laxea. 

CONNECTICUT. 

I.  When  a  yearns  interest  or  more  has  accrued  at  the  time  of  a  payment^ 
or  tohen  any  payment  is  less  than  the  interest  due^  and  also  in  case  of  the 
last  payment  J  the  interest  is  computed  by  the  U,  S.  Court  JRule. 

II.  When  less  than  a  yearns  interest  has  accrued  at  the  time  of  any  pay- 
menty  eocc^t  the  last^  the  amount  of  the  payment  from  its  date  to  (he  ejid 
of  thefuU  year  is  deducted  from  the  amount  of  the  principal  for  the  full 
year;  the  remainder  is  the  new  principal  for  the  next  interest  term, 

VERMONT. 

When  notes,  bilk,  or  other  obligations  draw  annual  interest,  and  any 
part  or  the  whole  of  this  interest  remains  unpaid, — 

I.  Payments  draw  interest  to  the  end  of  the  yearly  interest  terms  in 
which  they  are  made. 

II.  27ie  amount  of  any  payment  or  payments  made  in  any  interest 
tcrmc  is  applied 

let.  To  cancel  interest  due  on  unpaid  yearly  interests; 
2d.  To  caned  unpaid  yearly  vUerests; 
3d.  To  cancel  the  principal. 
The  last  balance  must  be  computed  to  the  date  of  settlement. 

NEW  HAMPSHIRE. 

Under  the  law  in  this  State,  payments  are  applied 

ist.  To  the  payment  of  any  simple  interest  that  may  have  accrued  upon 
the  annual  interest; 

2d.  To  the  payment  of  the  annual  interest; 

3d.  To  the  payment  of  the  principal. 

Payments  not  exceeding  interest  due  at  the  end  of  the  year,  and  made 
expressly  on  account  of  interest  accruing  but  not  yet  due,  do  not  draw 
interest.  At  the  end  of  the  year  they  must  be  applied  to  the  payment  of 
the  interest  then  accrued. 

In  all  other  respects  the  law  is  the  same  as  in  Vermont. 


J 


aUPPLEMEirr,^FQREIGN  COINS. 


XS8TIMATB  OF  VALT7BS  OF  FORBIGN  COINa 


From  HoxAss^a  BiSKSR^a  Almixao,  188L 


Country, 


Monetary  unit. 


Standard, 


Standard  coin. 


Value  in 
U.  S,  money. 

{  <^.  A»  h  h  »°d  1 
Argentine  Republic .  .Peso Gold  and  silver,  f  0.96,5  <     Peso,  ^  Ai^ntine 

(     and  Argentine. 
Austria. .  .^ Florin Silver 89,8 

Belgium Franc Gold  and  silver.      .19,3    5,  10,  and  20  francs. 

Bolivia Boliviano Silver 80,6    Boliviano. 

Braiil Milreia  of  1,000  reis...Gold 54,6 

BriLPos.  in  N.  A.  ..BoUar Gold 1.00 

oi  o  J  Condor,  doubloon,  and 


.Peso Gold  and  silver. 

.Peso Gold  and  silver. 

.Crown Gold 

.Peso Silver 

•P-'-to-- Go" <>*.»{'''&'"' 

.Franc Gold  and  silver.      .19,8    5,  10,  and  20  francs. 

German  Empire Mark Gold 28,8    6,  10,  and  20  marks. 

4.86,6^  \  80V.  and  sov. 
jQ  g  j  6, 10,  20,  50,  and  100 


Chili . . . . 

Cuba 

Benmark 
Ecuador . 

Egypt . . . 

France  . . 


escudo. 

.98  2  i  A'  i'i'  i»  *^°^  ^  ^^^ 
*    (      loon. 

.26,8   ,10  and  20  crowns. 

.80,6    Peso. 

and  100 


Great  Britain Pound  sterling Gold 

Greece Drachma Gold  and  silver. 


(     drachmas. 

2,     5,     and 
gourdes. 


1.00 


Hayti Gourde Gold  and  silver. 

India Rupee,  of  16  annas  . . .  .Silver 

Italy Lira Gold  and  silver. 

Japan Ten Silver 

Liberia Dollar Gold 

Mexico Dollar Silver 

Netherlands Florin Gold  and  silver. 

Norway Crown Gold 

Peru Sol Silver 

Portugal Milreis  of  1,000  reis Gold 1.08       2,  5,  and  10  milreis. 

Russia Rouble  of  100  copecks .  .Silver 64,5    },  }^,  and  1  rouble. 

Spain Peseta  of  100  centimes.  .Gold  and  silver.      .19,8  < 


10 


.90,6 1  ^» 

.88,8 

iQ  o  i  5i  10,  20,  50,  and  100 
•^^'^j      lire. 

86  oj  1,2,5, 10,  and  20  yen, 
'    (     gold  and  silver  yen. 


«H  n  j  Peso  or  Dollar,  5,  10, 
•°'»°(  25,  and  50  centavo. 
.40,2 

.26,8    10  and  20  crowns. 
.80,6    Sol. 


5, 10,  20,  50,  and  100 
pesetas. 

Sweden Crown Gold 26,8     10  and  20  crowns. 

Switzerland Franc Gold  and  silver.      .19,8    5,  10,  and  20  francs. 

Tripoli Mahbub  of  20  piasters.  .Silver 72,7 

Turkey Piaster Gold 04.4  j  « W^^»0.  »<^ 

U.  S.  of  Colombia. .  .Peso Silver 80,6    Peso. 

Venezuel* Bolivia Gold  and  rilver.     .  1»,8  j  ^'  J^',, J°;  •"*'  ""^  ^°° 


AIfNUITIE3.--DBFnnTI0N8.  U9 


rage  234;  See.  III. 

1.  An  annuity  is  a  stated  sum  of  money  due  and  payable  annually. 

The  term  annuity  is  also  applied  to  sums  payable  at  any  regular  intervals ;  as 
semi-annually,  quarterly,  or  monthly. 

2.  Annuities  are  classified 

1.  From  the  period  or  time  of  their  continuance,  as 

a.  Certoin^— continuing  a  definite  or  fixed  period  of  time. 
b*  Coii^in(/eit#^— continuing  an  indefinite  or  uncertain  period. 
c.  Perpeftio/y— continuing  forever. 

2.  From  the  date  at  which  they  begin,  as 

a.  In  poMe«9i€m^— beginning  at  once. 

6.  l>«/erre€i^— beginning  at  a  future  fixed  date. 

c.  In  rever^on^— beginning  on  the  occurrence  of  a  certain  future  event. 

Ex.  An  annuity  for  twenty  years  to  begin  at  once  is  certain  and  in 
possession;  to  begin  at  the  end  of  ten  years  and  continue  twenty  years 
is  certain  and  deferred;  for  twenty  years  after  the  decease  of  C.  D.  is 
certain  and  in  reversion. 

a.  A  perpetual  annuity  is  commonly  called  a  perpetuity. 

6*  Contingent  annuities  and  perpetuities  may  also  each  be  in  possession,  de- 
ferred, or  in  reversion. 

3i  An  annuity  is  farhome,  or  in  arrear,  if  the  payments  due  have 
not  been  made. 

4.  The  afn4>uni  or  final  vcUue  of  an  annuity  is  the  sum  of  all  the 
payments  plus  interest  on  each  from  the  time  it  is  due  to  the  termina- 
tion of  the  annuity. 

6i  The  present  value  of  an  annuity  in  expectancy  is  the  sum  of 

money  which,  at  the  given  rate  of  interest,  will  amount  to  the  final  value 

of  the  annuity  at  its  termination. 

a.  The  present  vcUue  of  a  perpetuity  is  a  sum  of  which  the  perpetuity 
is  the  interest  for  one  interest  period. 

b»  The  present  worth  or  yross  value  of  annuities  in  reversion  is  com- 
puted from  the  Northampton  Tables. 

6t  The  principal  applications  of  annuities  are  leases,  life  estates, 
dower  rights,  reversions,  pensions,  and  life-insurance. 

2  F 


7i  The  eotnputtMans  in  annuUies  are 

1.  To  find  the  final  value  of  an  annuity,  or  the  amount  due  on  an 
annuity  in  arrears. 

2.  To  find  the  present  value  of  an  annuity  in  expectancy. 

I.  Ankuihes  at  Simple  Interest. 

8.  Each  payment  of  an  annuity  at  simple  interest  consists  of  the  in- 
terest on  the  payment  for  one  interval  plus  the  amount  of  the  next 
succeeding  payment. 

Thus,  of  five  payments  in  arrears,  the  first  bears  interest  4  years,  the  second  8 

years,  the  third  2  years,  and  the  fourth  1  year.    Hence, 
In  annuities  at  simple  interest  by  arithmetical  progression, — 

Annuity  =  first  terra. 
Jftterest  on  annuity  far  one  period  =  common  difference. 

Number  of  payments  =  number  of  terms. 
Final  value  =  sum  of  the  series. 

Ex.  1.  Find  the  final  value  and  the  present  value  of  an  annuity  of 
$100  for  6  years  at  6^  simple  interest. 

Process. 
$100  X  .0  6  =z$6f  the  interest  on  the  annuity  for  1  interval 
a  =  $100 ;  d=z$6;  n  =  6;  to  find  S. 

Formula.     .S  =  ^  ^  [^  ^  ^  +  ^^  ^ -^>  ^  ^l    (Art.  40^.) 
6x{2x$100  +  5x$6)  ^^^^^^  ^^^^^^  ^^^ 

$690^1.86  =  $507.86 +  ,  the  present  value.     (Art.  531.) 

Ex.  2.  Find  the  present  value  of  an  annuity  for  $80  for  20  yr.  at  6jt 
simple  interest,  if  deferred  8  yr. 

Process. 
a  =  $80;  d=z$4.80;  nz=:20;  to  find  8. 

Formula.     ^  ^  ^  x  [^  x  a+^(n -^  1)  x  rf] 
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£0  yr.  +  S  yr. (deferred)  =  28  yr.y  the  term  ofducount. 
$2^612-^  2.68  =z  $93  7.31,  the  present  value  required. 

n.  Annuities  at  Compound  Interest. 

9t  Each  payment  of  an  annuity  at  compound  interest  is  the  amount 
of  the  preceding  payment  for  one  interval. 

Thus,  of  four  payments  in  arrears,  the  final  value  of  the  first  payment  is  its 
amount  for  8  years,  of  the  second  is  its  amount  for  3  years,  and  of  the  third 
is  its  amount  for  1  year.    Hence, 

In  annuities  at  compound  interest  by  geometrical  progression, — 

Annuity  =  first  term. 
1  +  rate  of  interest  =  ratio. 
Number  of  payments  =  number  of  terms. 
Mnal  value  =  sum  of  the  series. 

Ex.  1.   Find  the  final  value,  or  amount  due,  on  an  annuity  of  $150 
8  years  forborne,  at  4^  compound  interest. 

Process. 
a=L%160;  r^hO^;  n  =  8;  to  find  S. 

Formula.     8  =  ^  ^  (^"--^),    (Art.  412) ;  f^=z  1.3685  69  (page  442) ; 
$150  X. 368569 
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=  $1,3  82  +,  the  final  value,  or  amount  due. 


Ex.  2.  Find  the  final  value  and  the  present  value  of  an  annuity  of 
$200  for  20  years,  deferred  10  years,  at  3^^  compound  interest. 

Process. 
a  =  $200;  r  =  1.035;  n  =  20;  to  find  S. 

Formula.     8  =  ^  ^  C^*--^).  r*r=  1.989  789  (page  442); 

r  —  J 

$200  X  .989789        ^f:^rrn,         4J.    ^      i       i 

=— =  $5fi  5  5.9  4  — >  the  final  value. 

.035 

20  yr.  +  10  yr.  (deferred)  =  30  yr.,  the  term  of  discount. 

2.8  06  7  9  4^  the  po'  cent  of  amount  for  30  yr.  at  3^%  (page  442). 

$5,655.94-^2.806794  =  $2,015.09  —,  the  present  value. 
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10.  The  rule  in  New  York  State  for  estimating  the  value  of  life 
estates  is  the 

84th  Rule  of  the  Supbshe  Court  to  ascebtain  the  Gboss  Sum  in 

Payment  of  Life  Estates. 

"  Whenever  a  party,  as  a  tenant  for  life,  or  by  the  courtesy,  or  in 

doioer,  is  entitled  to  the  annual  interest  or  income  of  any  sum  paid  into 

court  and  invested  in  permanent  securities,  such  party  sheUl  be  charged 

foith  the  ea^Dcnse  of  investing  such  sum,  and  of  receiving  and  paying  aver 

the  income  thereof;  but  if  such  party  is  willing  and  consents  to  accept  a 

gross  sum  in  lieu  of  such  annual  income  or  interest  for  life,  the  same 

shall  be  estimated  according  to  the  then  value  of  an  annuity  at  6%  on  the 

principal  sum,  during  the  probable  life  of  such  person  according  to  the 

Portsmouth,  or 

Northampton  Annuity  Table, 

Showing  the  Valve  of  an  Annuity  of  $1  at  €%,"• 
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7.253 
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12.755 
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10.705 
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10.589 
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6.841 
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1.882 
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12.562 

42 

10.473 
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6.625 
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1.689 

19 

12.477 

48 

10.856 

67 

6.405 

91 

1.422 

20 

12.898 

44 

10.285 

68 

6.179 

92 

1.186 

21 

12.829 

45 

10.110 

69 

5.949 

98 

0.806 

22 

12.265 

46 

9.090 

70 

6.716 

94 

0.518 

23 

12.200 

47 

9.846 

71 

5.479 

24 

12.182 

48 

9.707 
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• 
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RuLB. — CakulcUe  the  interest  at  6^,  for  one  year^  upon  the  sum  to  the 
income  of  which  the  person  is  entitled.  Multiply  this  interest  by  the  num- 
ber of  years  purchase  set  opposite  t/ie  person^s  aye  in  t/ie  TablCy  and  the 
product  is  the  gross  value  of  the  life  estate  of  such  person  in  said  sum, 

Ex.  1.  A  widow  51  years  of  ago  is  entitled  to  dower  in  real  estate 
worth  $12,000.     What  is  the  present  value  of  her  dower  right? 

PBOCB8& 

$12fi00x  .06=z  %720y  yearly  annuity. 
$720  x9.2  73=^$6fi76.66y  the  present  vahie  required. 

Ex.  2.  What  is  the  present  valae  of  a  life  annuity  of  $300,  if  the  an- 
nuitant is  60  years  of  age  ? 

Problems. 

!•  What  is  the  present  value  of  any  annuity  of  $100,  that  has  5  years 
to  run,  at  6^  simple  interest  ? 

2m  If  I  deposit  $30  in  a  savings-bank  every  3  months  for  3  years, 
and  receive  4)t  interest,  compounded  quarterly,  how  much  have  I  in  the 
bank  at  the  end  of  the  3  years  ? 

Sm  Find  the  final  value  of  an  annuity  of  $275  a  year  payable  quar- 
terly, for  6  years,  at  7^  simple  interest. 

4m  Find  the  present  value  of  $480  a  year  payable  semi-annually,  for 
7  years,  at  5jt  per  annum,  compound  interest. 

5m  A  store  was  rented  for  $1,750  a  year,  but  the  rent  remsdned  unpaid 
for  5  years.    What  was  the  amount  then  due,  money  being  worth  10^? 

6.  Mr.  H purchased  a  farm  for  $7,500,  and  paid  cash  down  $3,000. 

He  agreed  to  pay  the  remainder  in  monthly  instalments  of  $100,  but 
failing  to  meet  this  agreement,  he  paid  the  entire  amount  at  the  end  of 
3  years.    At  7^  simple  interest,  how  much  did  he  then  pay  ? 

7m  A  widow  36  years  of  age  has  a  dower  right  in  ^  of  a  block  of 
stores  that  pay  $3,000  a  year  net.  What  is  the  present  value  of  her 
interest?  * 
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8.  A  soldier's  pension  of  $8  per  month,  payable  quarterly,  is  in  ar- 
rears for  17  years.  What  sum  is  he  entitled  to  receive  in  full  payment, 
interest  at  5)t  ? 

9.  Find  the  present  value  of  an  annuity  of  $350  for  0  years,  at  4\% 
compound  interest. 

10.  What  is  the  present  value  of  a  perpetuity  of  $200  at  5^  com- 
pound interest,  if  it  is  deferred  15  years? 

11m  Find  the  present  value  of  an  annuity  of  $360  for  15  years,  de- 
ferred 10  years,  at  6^  compound  interest. 

12.  A  pension  of  $12  per  month,  payable  quarterly,  has  remained  un- 
paid for  11  yr.  9  mo.    How  much  is  due,  money  being  worth  4^$^? 

13.  The  final  value  of  an  annuity  for  7  years  at  6^  compound  inter- 
est, is  $3,183.60.    What  is  the  annuity? 

14.  How  much  must  I  invest  each  year,  at  5)t  compound  interest^  that 
I  may  have  $1,680  invested  at  the  end  of  5  years? 

15.  If  I  buy  a  store  for  $7,800  and  pay  for  it  in  8  equal  annual  in- 
stalments, what  is  the  amount  of  each  payment,  interest  at  6^? 

16.  A  farm  is  rented  for  000  years  at  a  yearly  rent  of  $420.  What 
is  the  present  value  of  the  rent,  at  6^  simple  interest  ? 

17.  If  I  can  secure  an  endowment  of  $5,000  at  the  end  of  20  years 
by  an  annual  payment  of  $254.50,  and  money  is  worth  4^  compound 
interest,  how  much  more  do  I  pay  than  I  receive  ? 

IS.  If  a  man,  at  the  age  of  32,  takes  out  an  endowment  policy  for 
$8,000  payable  in  25  years,  what  is  the  present  value  of  his  payments 
should  he  pay  throughout  the  term  of  his  endowment,  money  being 
worth  3^^  compound  interest  ? 

PBRMX7TATIONB  Ain>   COBCBINATIONS. 

1.  Permutations  are  all  the  different  orders  or  arrangements  of 
which  any  given  number  of  objects  are  capable. 

Thus,  the  figures  1,  %  8,  may  be  so  arranged  as  to  express  six  different  num- 
bers, as  follows :  128;  182;  218;  231;  812;  821. 
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2,  ConUHniUitms  are  the  different  groups  formed  from  any  given 
number  of  objects,  by  selecting  a  certain  number  at  a  time,  without  re- 
gard to  arrangement. 

Thus,  the  figures  1,  2,  8.  may  be  taken  two  at  a  time  in  three  different  combi- 
nations, as  follows  :  12 ;  18 ;  23. 

3.  The  principles  governing  permntations  and  combinations  are  de- 
veloped by  algebra.    Only  rules  for  computations  are  given  in  this  work. 

Rules. 

I.  To  find  the  pennutationB  of  n  ohijeots : — Find  the  continued  product 
of  Hit  digits  in  their  natural  order /rotn  1  ^o  n  inclusive. 

II.  To  find  the  oomblnatlons  of  n  ohjects  taken  a  at  a  time :  — Divide 
the  continued  product  of  the  digits  in  their  natural  order  from  n  —  a  4- 1 
to  n  inclusive  by  the  continued  product  of  the  digits  in  their  natural 
order  from  1  to  2k  inclusive. 

Ex.  1.  Find  the  possible  number  of  permutations  of  the  9  digits. 

Process. 

1x2x3x4x5x6x7x8x9  =  362,880^  the  number  of  permuta- 
tions required, 

Ex.  2.  Find  the  possible  number  of  combinations  of  12  objects  taken 

in  groups  of  4. 

Process. 

n'^a+l  =  12  — 4+1  =  9; 

=  49  5,  the  required  number  of  combinations, 

1x2x3x4 

Ex.  8.  Find  the  number  of  different  integers  of  4  places  each,  that  can 
be  expressed  by  the  0  digits,  without  repeating  a  digit  in  any  number. 

Process. 

G  X  7  X  8  X  9 

=  126y  the  number  of  combinations  of  9  obfects 

1x2x3x4  f^^  j^ata  time. 

1x2x3x4=^24,  the  permutations  of  each  combination. 
126  X  24=^  3,024,  ^^6  number  of  integers  required. 
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Problems. 

I9  In  how  many  different  orders  may  a  class  of  13  pupils  be  arranged  ? 

2m  How  many  different  combinations,  of  3  colors  each,  can  be  made 
from  the  7  colors  of  the  solar  spectrum  ? 

3,  How  many  integral  numbers  can  be  expressed  by  the  nine  digits, 
using  a  digit  but  once  in  each  number  ? 

4.  On  a  shelf  in  my  library  are  20  volumes.  If  they  are  taken  down 
and  replaced  at  random,  what  are  the  probabilities  of  their  being  in  the 
same  order  as  before  ? 

6*  In  a  kaleidoscope  are  15  pieces  of  glass,  each  of  a  different  color. 
What  are  the  probabilities  of  a  person's  ever  seeing  the  same  arrange* 
ment  of  colors  twice  ? 


[Drato  diagrams  of  aU  problems  before  beginning  solution,'] 

MENSURATION    INVOLVING    RATIO    AND    PROPOR- 
TION. 
JPage  334;  Art.  576. 

I.    PLANE   FIGURES. 

Case  I.  To  find  the  dimensions  of  a  rectangle  or  of  a  triangle^ 
the  area  and  the  ratio  of  the  dimensions  being  g^ven. 

1.  Ex.  1.  The  area  of  a  rectangle  is  180  sq.  ft.,  and  its  width  is  f  of  its 
length  («.  6.,  its  width  is  to  its  length  as  4  : 5).    What  are  the  dimensions  ? 

Analysis.— The  accom- 


Process. 

4x6  =  20 
180  sq.ft.  ^20  =  9  sq.ft. 
V9'=.3;  JimceyS  ft. 
JtxS  ft.=:  12  ft.;  and  5  xS  ft.  =  16  ft. 


panying  diagram  shows 
that  if  the  sides  are  divided 
into  4  and  5  equal  parts 
respectively,  and  lines  are 
drawn  as  shown,  the  area 
of  the  rectangle  will  be 
divided  into  (5x4=)  20 
equal  squares. 

The  area  of  the  rectangle  divided  by  the  number  of  equal  squares  equals  the  area 
of  each  square ;  hence,  180  sq.  f t.  +  20  =  9  sq.  ft. 

Extracting  the  square  root  of  9,  and  supplying  the  linear  unit  corresponding  to 


MENaVBATION.  Jfil 

square  feet,  the  result  obtained  ia  8  feet,  the  unit  of  partition,  ».«.,  one  side  of  each 
of  the  squares. 

Multiplying  the  unit  of  partition  by  each  of  the  partitive  ratios,  I  obtain  12  feet, 
the  width  of  the  rectangle,  and  15  feet,  the  length. 

Ex.  2.  The  area  of  a  triangle  is  810  sq.  rd.,  and  the  altitude  equals 
-f^  of  the  base.    Beqaired  the  base  and  altitude. 

OUTLDTES  OF  ANALYSIS.  PbOCBSS. 

(1)  Area  of  a  rectangle  of    (1)  2x810  sq.  rd.  =  1,620  sq.  rd. 

equal  base  and  altitude.      /2)  9  x  20  =z  180 

^^^  ^tioT  ""^  '^^  ^"'''''''  ^^>      ^'^^^  '^'J^'  ^180  =  9  sg.rd. 

(3)  Area  of  each  equal  square.  (*)  V  9  =z  3;  hence,  S  rd. 

(4)  Unit  of  partition.  (5)  20  X  3  rd.  =  60  rd.;  9  x  3  rd.  ^  27  rd. 

(5)  Base  and  altitude. 

Pboblems. 

1.  The  base  of  a  parallelogram  is  to  the  altitude  as  9  :  5.  If  the  area 
of  the  parallelogram  is  1,096  sq.  rd.,  what  are  its  dimensions  ? 

2.  Find  the  sides  of  a  rectangular  field  that  contains  14  A.  9.16  sq. 
ch.,  and  whose  length  is  5  times  its  breadth. 

3*  The  base  of  a  triangle  is  f  of  its  altitude,  and  its  area  is  532  sq.  in. 
Find  the  base  and  the  altitude. 

4*  Find  the  dimensions  of  a  rectangle  whose  area  is  33  A.,  and  whose 
length  is  2f  times  its  breadth. 

5,  The  sides  of  a  triangle  are  in  the  ratios  of  3,  4,  and  5,  and  its  area 
is  1,014  sq.  yd.    Required  the  three  sides. 

Case  II.  To  find  two  sides  of  a  right-angled  triangle,  their 
ratios  and  the  third  side  being  given. 

2.  Ex.  1.  The  hypotenuse  of  a  right-angled  triangle  is  30  feet,  and 
the  ratio  of  the  base  to  the  perpendicular  is  as  3:4.  Required  the  base 
and  the  perpendicular. 

Analysis.— I  first  find  the  area  Pbocess. 

of  the  square  on  the  hypotenuse,  30  X  S  0  sq.  ft.  zn  9  0  0  sq.  ft. 

— 900sq.ft  Q2  t    ,2  _  Qf- 

I  next  find  the  numher  of  equal  ^    "t"  -*    —  ^  o 

squares  into  which  the  squares  on  9  00  sq.ft. -i-  2  5  =z  36  sq.  ft. 

the  base  and  perpendicular  are,  r^  —  6  •  hfinrp  6  ft 

by  the  terms  of  the  ratio,  sup-  y  oo  ^o,   nence,  o  ji. 

posed  to  be  divided,  which  is  25.    5  X  6  ft.  =  1^  ft.;  and4  x  6  ft.  =  2^ft. 
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Since  the  square  on  the  hypotenuse  equals  the  sum  of  the  squares  on  the  hase 
and  perpendicular  (page  886),  the  area  of  the  25  equal  squares  is  900  sq.  ft.,  and  the 
area  of  each  of  them  is  the  quotient  of  900  sq.  ft.  divided  by  25,  which  is  80  sq.  ft 

Extracting  tlie  square  root  of  86  and  supplying  the  linear  unit  corresponding  to 
sq.  ft,  I  have  6  ft,  the  unit  of  partition. 

Multiplying  the  unit  of  partition  by  each  of  tlie  ratios,  I  obtain  18  ft,  the  base  of 
the  triangle,  and  24  ft,  the  perpendicular. 

Ex.  2.  The  base  of  a  right-angled  triangle  is  36  rods,  and  the  ratio  of 
the  other  two  sides  is  as  5 : 3.  Required  the  hypotenuse  and  the  per- 
pendicular. 

_  .  Pbocess. 

OuTLraES  of  Analysis. 

(1)  Area  of  square  on  base.         ^  36x36  sq.  rd.  =  1,296  sq.  rd. 

(2)  Difference  in  number  of     (2)  5^  —3'  z=zl6 

equal  squares,  by  terms     (3)  / ^ 96  sq.  rd. -i- 16  =  8 1  sq.  rd. 

of  ratio,  on  hypotenuse  ^ 

and  perpendicular.  W  ySl  =  9/  hence,  9  rd. 

(3)  Area  of  each  equal  square.     (5)  5  X  9  ft.  z=45/t.;  and  3  x  9  ft.  ^21  ft. 

(4)  Unit  of  partition. 

(5)  Length  of  hypotenuse  45  feet,  and  of  perpendicular  27  feet 

Pboblems.  ^ 

Q.  The  perpendicular  of  a  right-angled  triangle  is  24  chains,  and 
the  base  is  4  &&  ^o^^g  ^  ^^  hypotenuse.  Find  the  two  unknown 
sides. 

7«  The  hypotenuse  of  a  right-angled  triangle  is  90  feet,  and  the 
ratio  of  the  base  to  the  perpendicular  is  |.  Required  the  base  and 
the  perpendicular. 

S.  The  hypotenuse  of  a  right-angled  triangle  is  60  rods,  and  the 
other  two  sides  are  equal.    Required  the  length  of  each. 

9.  The  base  of  a  right-angled  triangle  is  36  rods,  and  the  perpen- 
dicular is  -f^  of  the  sum  of  thQ  two  unknown  sides.    Find  those  sides. 

10.  Find  the  three  sides  of  a  right-angled  triangle  whose  perimeter 
is  80  feet,  and  whose  base  is  ^  of  its  perpendicular. 

11»  The  area  of  a  right-angled  triangle  is  1,470  sq.  yd.,  and  the 
base  is  -jig^  as  long  as  the  hypotenuse.  Required  the  three  sides  of  the 
triangle. 
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II.   SIMILAR   PLANE    FIGURES. 

3.  SimUar  plane  figures  are  plane  figures  that  have  the  same  form. 

a.  Similar  polygons  have  each  the  same  number  of  sides  and  the  same  number 
of  angles  similarly  placed. 

6.  All  regular  polygons  of  the  same  number  of  sides  are  similar. 

c.  All  circles  are  similar. 

4.  By  Geometry  are  demonstrated  the  following 

Important  Facts. 
L  The  corresponding  angles  of  similar  polygons  are  equal. 

IL  The  corresponding  sides  and  also  the  corresponding  dimensions  of 
similar  plane  Jigures  are  in  a  common  ratio  each  to  each, 

IIL  ITie  areas  of  similar  plane  Jigures  are  in  the  same  ratio  cts  tlie 
squares  of  their  corresponding  sides  or  corresponding  dimensions. 

TV.  The  corresponding  sides  and  also  the  corresponding  dimensions 
of  similar  plane  Jigures  are  in  the  same  ratio  as  the  square  roots  of 
their  areas. 

Case  L  To  find  the  sides  of  a  polygon  similar  to  one  whose 
sides  are  given,  one  side  only  of  the  required  polygon  being 
known. 

6.  Ex.  The  sides  of  a  triangle  are  9  ft.,  16  ft.,  and  18  ft.  What  are 
the  sides  of  a  similar  triangle  whose  side  corresponding  to  the  first  in 

order  in  the  given  triangle  is  27  ft.  ? 

PnocBss. 
Steps  in  Pbocess. 

(1)  «»d  (2)  8.at.      <^>               9ft.:27ft.::16ft.:  —  Jt 
ments  of  proportion      (^) '  9  ft. :  27  ft.  ,  :  18  ft,  : ft. 

(3)  Solution  of  pro-  9  -r    ^    j  g  t^ 

portions. 

Hence,  the  sides  of  the  required  triangle  are  27  ft.,  48  ft.,  and  54  ft. 


Ji60 
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12. 

Given     to  find  the  cor- 

the  Bides  responding  sides 

of  a         of  a  similar 


I 


7  ft 
11  ft. 
13  ft    I 


14  ft 

17  ft 

5  ft 


« 


r— ft 
44  ft 

—  ft 

—  ft 

—  ft 
L— ft 


Pboblems. 

13. 

Given       to  find  tlie  oor- 

the  sides    responding  sides 

of  a  of  a  similar 


S 

9 
•fi 

& 
t 


Given 

the  sides 

of  a 

'^   Sin. 

13  in. 

27  in. 

31  in. 


15. 

to  find  the  cor- 
responding sides 
of  a  similar 

r 


9 


67trd. 


C 

5  ■ 


le. 

Oft 4 in.  'S) 
31  ft  2  in.  I 


28  ch.  35  L 


17.  The  sides  of  a  triangle  are  11  rd.,  20  rd.,  and  33  rd.  Find  the 
sides  of  a  similar  triangle  whose  perimeter  is  803  inches. 

18.  The  base  of  a  right-angled  triangle  is  24  ft.  and  the  hypotenuse 
is  51  ft  Find  the  perimeter  of  a  similar  triangle  wliose  perpendicular 
is  225  rods. 

19.  The  major  axis  of  an  ellipse  is  20  feet,  and  the  minor  axis  12  feet 
What  is  the  major  axis  o£  a  similar  ellipse  whose  minor  axis  is  33  ch.  ? 

Casb  II.  To  find  the  sides  of  a  triangle  produced  from  a  trap- 
ezoid, or  the  sides  of  a  trapezoid  cut  from  a  triangle. 

6.  Important  Facts. 

V.  A  line  draton  paraUd  to  either  side  of  a  triangle  divides  the  tri- 
angle into  a  trapezoid  and  a  similar  triangle. 

VI.  The  oblique  sides  of  a  trapezoid  produced  to  a  vertex  are  the  sides 
of  a  triangle  tohose  base  is  the  longer  parallel  side  of  the  trapezoid. 

?•  The  sides  of  the  trapezoid  A  B  C  D 
when  produced,  meet  at  £  and  form  the 
triangle  A  E  D.  The  line  B  C  is  paral- 
lel to  the  line  A  D ;  hence,  the  triangle 
B  £  C  is  similar  to  the  triangle  A  E  D 
{6,  V) ;  and  the  line  P  B  drawn  paral-      -^ -^^ 
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lei  to  the  line  D  E,  cuts  off  the  triangle  A  B  F,  which  is  similar  to  the 
triangle  A  E  D  ((?,  Y).  Therefore,  the  three  triangles  shown  by  the 
diagram  are  similar  triangles. 

The  base  A  D  of  the  triangle  A  E  D  is  to  its  altitude  D  E  a&  the  base 
A  F  of  the  similar  triangle  A  B  F  is  to  its  altitude  F  B.    And 

The  base  A  F  of  the  triangle  A  B  F  is  to  its  altitude  F  B  as  the  base 
B  C  of  the  similar  triangle  B  £  C  is  to  its  altitude  G  £  {4,  II). 

The  figure  D  F  B  C  is  a  parallelogram,  and  the  line  F  D  equals  the 
line  B  C  ;  hence  the  base  A  F  of  the  triangle  A  B  F  is  the  difference  of 
the  parallel  sides  of  the  trapezoid  A  B  C  D ;  also  the  altitude  F  B  of  the 
triangle  is  the  altitude  of  the  trapezoid.    Hence, 

8.  Principle. — The  difference  of  the  parallel  sides  of  a  trapezoid  is 
to  its  aUitude  as  the  longer  parallel  side  is  to  the  altitude  of  the  resulting 
triangle, 

Ex.  1.  The  parallel  sides  of  a  trapezoid  are  18  feet  and  26  feet,  and 
its  altitude  is  ID  feet.  What  is  the  altitude  of  the  triangle  formed  by 
producing  the  oblique  sides  of  the  trapezoid  to  a  vertex  ? 

Pbocess. 

26^.-18^.^=18 ft,;  8 ft.:  10 ft.:: 26 ft.: ft.;^^  ^^^^' =z32ift. 

o 

Ex.  2.  Find  the  shorter  parallel  side  of  the  trapezoid  formed  by  a  line 
drawn  through  a  triangle,  parallel  to  and  9  rods  from  the  base,  the  alti- 
tude of  the  triangle  being  27  rods  and  the  base  16  rods. 

Steps  in  Pbocess.  *       tw. 

Process. 

(1)  Find  altitude  of  similar  triangle  cut 

off  by  line  parallel  to  and  9  rods     (1)  27  rd.-- 9  rd.  =  18  rd. 

from^the  base  (C,  V).  (2)  16  rd:  27  rd:  : -^rd:  18  rd. 

(2)  Statement  of  proportion  (p.  459,  II): 

(3)  Solution  of  proportion.  (3)  16  X  18  rd.  ^^O^rd. 
Hence,  lOf  rods,  the  required  side.  ^  7 

Problems. 

20m  Required  the  altitude  of  a  triangle  from  which  a  trapezoid  whose 
altitude  is  8  rods  and  whose  parallel  sides  are  14  rods  and  20  rods,  can 
be  cut  by  a  line  parallel  to  the  base  of  the  triangle. 
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21.  The  altitude  of  a  triangle  is  28  rods  and  the  base  SO  rods.  Re- 
quired the  shorter  parallel  side  of  a  trapezoid  cut  from  the  triangle  by 
a  line  parallel  to  and  12  rods  from  the  base. 

22.  A  triangular  field  whose  base  is  0  eh.  26  L  and  altitude  12  eh.  4  1., 
is  divided  by  a  fence  parallel  to  the  base  and  8  ch.  from  the  apex. 
Required  the  amount  of  land  in  each  part. 

23.  What  is  the  area  of  a  trapezoid  cut  from  a  triaogle  whose  base 
is  18  feet  and  altitude  24  feet,  by  a  line  12  feet  long? 

24.  The  area  of  a  triangle  whose  base  is  36  rods,  is  648  sq.  rd.  Re- 
quired the  area  of  a  trapezoid,  cut  from  this  triangle  by  a  line  20  rods 
(perpendicular  distance)  from  thid  vertex. 

Case  III.  To  find  the  area  of  a  plane  flsrure  from  the  area  of 
a  similar  figure,  two  corresponding  sides  or  corresponding  di- 
mensions—or their  ratios,— being  given. 

9.  Ex.  1.  The  area  of  a  triangle  whose  base  is  36  ft.  is  400  sq.  ft. 
Required  the  area  of  a  similar  triangle  whose  base  is  24  ft. 

Stbfs  IK  Pbocbss.  Process. 

(1)  Statement  of  proporUon  0)  490  sq.ft.  : sq.ft.  ::  36'  :24' 

(page  459.  III).  24x24x490sq.fi.  _  ^  r  7 r   .^  /> 

(2)  Solution   of  proportion.  ^  '  —■ j6~xS6 xi/fsq. ji. 

(Observe     that     any     number 

squared  is  used  twice  as  a  factor.)    Hence,  217}  sq.  ft,  required  area. 

Ex.  2.  The  area  of  a  circle  35  inches  in  diameter  is  962.115  square 

inches.     Required  the  diameter  of  a  circle  whose  area  is  3,017.015 

square  inches. 

PBOCB8& 

(1)  85  in.  : in.  ::  ^/962.115  sq.ft.  :  VS,017.015  sq.ft. 

(2)  1,225  in.  :  ( «)  in.  ::  962.115  sq.ft.  :  3,017.015  sq.ft. 

(3)  1,225  in.  :  ( *)  in.  ::  962.115  :  3fl  17.015 

^^j    3fil7x  1,225  in.  ^  s,84t373822+  in. 
962.115  '   ^ 


(5)     V3,841'373822+  in.  =:  6 1.9788  +  in. 
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Steps  in  Pbocbss. 

(1)  Statement  of  proportion  (page  459,  IV). 

(2)  Every  term  to  2d  power  (Art.  377,  Prop.  XI). 

(3)  Second  couplet  to  abstract  numbers— divide  by  1  sq.  ft.  (Art.  377,  Prop.  II). 

(4)  Solution  of  proportion. 

(5)  Square  root  of  the  number  of  inches  in  result  of  proportion. 
Hence,  61.0788+  in.,  the  required  diameter. 

Ex.  3.  The  diameters  of  two  circles  are  in  the  ratio  of  2  to  5,  and  the 

area  of  the  larger  circle  is  38  sq.  yd.    Required  the  area  of  the  smaller 

circle. 

Steps  in  Pbocsss.  Pboce6& 

(1)  Statement  of  proportion  (page       ^g  ^^  y^  . ^^  y^  ::5'  :2' 

459,  III). 

(2)  Solution  of  proporUon.  2x2y.38  sq.  yd.  ^^q^^  ^  y^ 
Hence,  6.08  +  sq.  yd.,  the  required  5x5 

area. 

Pboblems. 

2Sm  The  area  of  a  triangle  whose  base  is  3  ch.  II  I.,  is  I  A.  3.25  sq.  ch. 
What  is  the  area  of  a  similar  triangle  whose  base  is  5  ch.  01  1.  ? 

26*  The  ratio  of  the  corresponding  sides  of  two  similar  rectangles  is 
-^y  and  the  area  of  the  smaller  is  .35  A.  Find  the  area  of  the  larger 
rectangle. 

27*  The  areas  of  two  similar  pentagons  are  186  sq.  rd.  and  342  sq.  rd., 
and  one  side  of  the  smaller  pentagon  is  12  rd.  Required  the  correspond- 
ing side  of  the  larger  pentagon. 

28.  An  iron  cylinder  6  in.  in  diameter  and  I  ft  long,  weighs  20  lb. 
4.8  oz.  Required  the  weight  of  an  iron  cylinder  of  the  same  length 
and  2\  in.  in  diameter. 

29*  A  regular  hexagon  is  16  feet  on  each  side,  and  its  area  is  665 
sq.  ft.  15.43  sq.  in.  Find  one  side  of  a  regular  hexagon  whose  area  is 
178.36  sq.  rd. 

30*  The  areas  of  two  circles  are  to  each  other  as  3:13,  and  the  cir- 
cumference of  the  larger  is  19  rd.  11  ft.  4  in.  Find  the  circumference 
of  the  smaller  circle. 
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Case  IV.  To  diyide  a  triangle  or  a  trapezoid  into  required 
parts  by  a  line  parallel  to  one  of  its  sides. 

lOi  Ex.  1.  It  is  desired  to  cut  from  a  triangular  field  of  42  acres 
whose  altitude  is  27  chains,  by  a  line  parallel  to  the  base,  18  acres  that 
shall  include  the  vertex  of  the  triangle.    Locate  the  dividing  line. 

Outlines  of  Analysis.  Procmb. 

See  page  460.  V. 

(1)  Statement  of  proportion      W  VT^  A. :  VTS  A.  ::2  7  cK  : ch. 

(pa^459,  IV).  (2)  42  A.:  18  A,::  {27')  ch.:  ( ')  ch. 

(2)  Square  of  terms  (Art.  377,                                         \        /          \  / 
Prop.  XI).                                     (3)           7:S: :  {2 7^)  ch. :  ( *)  ch. 

(3)  Lowest    terms    of    first  3  x{27  x27)ch.       ^  ,  ^  ,  ^  o  r:    a 

couplet— divide  by  6  A.— (Art.  W    ^^ =^3 12.428 6  ch. 

377 f  Prop.  II).  ^ 

(4)  Solution  of  proportion.  W      3  12.4286  ch.^  (17.678 +  ')  ch. 

(5)  Square  root  of  result.  (6)  Sence,  17.678  +  ch.from  vertex;  and 

(6)  Distances  of  dividing  line  27  ch.-^  17.678  +  ch.  =  9.322  ^ch. 
from  vertex  and  from  base  of 

triangle.  from  base. 

Ex.  2.  A  triangle  is  divided  into  two  equal  parts  by  a  line  parallel  to 

the  base.    The  two  oblique  sides  are  71  ft.  and  94  ft.    Where  will  the 

dividing  line  intersect  these  sides  ?  __ 

^  Fbocess. 

Outlines  op  Analysis.  /,v     /-:s     /tt     «.  ^  ^ 

.      ,   ,  ,  .   „        (1)  V2:Vl::71Ji.: ft. 

Area  of  given  triangle  is  to  area  of  similar 

triangle  cut  off  as  2 : 1.  .^x  vl  X  71ft.  _^q^,    ^ 

(1)  Statement  of  proportion— side  71  ft.  y^ 

long  (page  459,  IV).  y«v     /—.      /-r      ^  .  ^  >*. 

(2)  Solution  of  proportion.  ^-^  •' 

(3)  Statement  of  proportion— side  94  ft.  .^x  \/T  X  94  ft.  ^  fi  A  A  m  ft 
long  (page  459.  IV).  ^  '  yr^  -  °  ^"^  "*■  -^  *" 

(4)  Solution  of  proportion. 

Hence,  50.2+  ft  from  vertex  on  side  71  feet  long,  and  04.4+  ft.  from  vertex  on 
side  94  feet  long. 

Ex.  8.  A  board  is  14  inches  wide  at  one  end,  18  inches  wide  at  the 
other,  and  16  feet  long.  Where  shall  the  board  be  sawed  crosswise  to 
divide  it  into  equal  parts  ? 
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OUTLDOES  OF  AXALYSSS.  PbOCBBS. 

(1)  ContenU  of  the      (i)     ^*t^^  X  TS  X  16  sq.ft.  =  21^  sq.ft. 
board.  x  12 

(2)  Contents  of  each      (2)  ^  of  2  H  sq.ft.  =  10}  sq.  ft. 

eq(Ualpart  (3)  ^  in.:  16  ft.::  18  in.: ft. 

(3)  Statement  of  pro-                          t               j  j 
pordon  (p.  461,  Prin.  \  W               4  in. ;  1 8  in.  ::16  ft. : ft. 

(4)  By  alternation  (5)  2:9::  16 ft.: ft. 

(Art.  ^rr.  Prop.  X).  i.p-.//^  . n 

(5)  Lowest   integral  ^  '  i.if..ojl..  JC. 
terms  of  first  couplet—  (7)                           9  X  8  ft.  ^72  ft. 
divide  by  2  in., — (Art.                              ^  o       i^® 

377f  Prop.  II).  (8)  T^  ^  -^  sq.ft.  =  J-J  *y.yiJ. 

(6)  Lower     terms  X^        ^ 

(Art.  577,  Prop.  IV).        W  ^4  «$'.  A  -  10%  sq.ft.  =  -J^^  sq.  ft. 

(8)  Axea of  lesulUog    (U)  y/Tl :  V Jfi^ : :72ft. : ft. 

'"/of*:        ,       „•       ("^  6  J^USi  ::(!£')  ft.:  ( ')ft, 

(9)  Area  of  resulting  "^ 

triangle  less  area  of  part    („)  4^^  X  (7g  X  7g)A  ^  ^^g^y^  ^  (6 15-*) ft. 
of  board  cut  from  base  5^  ^        "^         ^  ^         ^•^ 

equals  area  of  simUar    (14)  7  2  ft. -^  6  4.S  ^  ft.  =z  7.5  +  ft. 

triangle.  ^  ^ 

Hence,  72  ft.  -  645  -  ft  =  7.5  +  ft.,  the  distance  from  the  wider  end  of  the 
board. 

(10)  Statement  of  proportion  (page  459,  lY). 

(11)  Divide  terms  of  first  couplet  of  (10)  by  1  sq.  ft.  (Art.  377,  Prop.  II). 

(12)  Terms  of  (11)  raised  to  2d  power. 

(13)  Solution  of  proportion,  and  result  expressed  by  2d  power  of  the  root. 

(14)  Length  of  resulting  triangle  less  length  of  similar  triangle  cut  off  equals  the 
distance  from  tho  base  of  the  resulting  trumgle,  i.e,,  from  the  wider  end  of  the  board. 

Pboblems. 

31»  Locate  a  line  parallel  to  the  base  of  a  triangle  whose  base  is  6  cb. 
72  I.  and  altitude  7  cb.  14  ].,  so  that  it  will  divide  the  triangle  into  equal 
parts. 

32»  Locate  a  line  parallel  to  tbe  base  of  a  triangle  whose  base  is  112 
rods  and  altitude  92  rods,  so  that  the  trapezoid  thus  formed  will  con- 
tain 15  A. 

2G 
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33.  B  owns  a  piece  of  land  in  the  form  of  a  trapezoid,  tlie  parallel 
Bides  or  ends  of  which  are  9  rods  and  20  rods,  and  are  48  rods  apart. 
He  desires  to  sell  from  the  smaller  end  three  building  lots  of  one  half 
acre  each,  with  dividing  lines  parallel  to  the  ends  of  the  piece  of  land. 
Locate  the  three  lines. 

34,  The  area  of  a  right-angled  triangle  is  4  acres,  and  the  base  is  f  as 
long  as  the  perpendicular.  Locate  a  line,  parallel  to  the  hypotenuse,  that 
shall  include  f  of  the  area  of  the  triangle  between  it  and  the  hypotenuse. 

11.  Rules. 

L  To  find  tbe  dlmenaionw  of  a  rectangle  or  of  a  triangle  from  its  area  and 
the  ratio  of  its  dlmenaions : — 

1.  Divide  the  area  of  a  rectangle^  or  twice  the  area  of  a  triangle^  by  the 
product  of  the  partitive  ratios  of  its  dimensions, 

2.  JExtract  the  square  root  of  this  quotient  for  the  unit  of  partition. 

3.  Multiply  the  unit  of  partition  by  tJie  ratios. 

IL  H7ix>tenuae  and  ratios  of  the  base  and  peipendloiilar  given,  to  find 
those  sides: — 

1.  Divide  the  square  of  t/ie  hypotenuse  by  the  sum  of  the  squares  of  the 
ratios  of  the  required  sides. 

2.  JExtract  the  square  root  of  this  quotient  for  the  unit  of  partition. 

3.  Multiply  the  unit  of  partition  by  the  ratios. 

IIL  Base  or  pexpendioular  of  a  right-angled  triangle  and  ratios  of  the 
other  two  sides  given,  to  find  those  sides : — 

1.  Divide  the  square  of  the  given  side  by  tlie  difference  of  the  sqttares 
of  the  ratios  of  the  required  sides. 

2.  Setract  the  square  root  of  this  quotient  for  t/ie  unit  of  partition. 

3.  Multiply  the  unit  of  partition  by  the  ratios. 

TV.  To  find  corresponding  sides  or  cozxesponding  dimensions  of  similar 
plane  figures : — 

1.  Make  the  given  corresponding  sides  the  first  couplet  of  a  proportion^ 
and  ^dch  remaining  given  side  and  the  unknown  corresponding  side  a 
second  cotg^let. 

2.  Solve  the  proportions. 
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V.  To  compate  tbe  sides  or  dimensions  of  a  triangle  lesolting  firom  pro- 
ducing the  cides  of  a  trapezoid  to  a  vertex : — 

1.  Make  the  difference  of  the  parallel  aides  of  the  trapezoid  atid  t/ie 
distance  they  are  opart  on  t/ie  required  side  or  dimension  the  first  cottplct 
of  a  proportioHj  and  t/ie  longer  parallel  side  of  t/ie  trapezoid  and  the 
required  side  or  dimension  the  second  couplet. 

2.  Solve  the  proportion. 

VI.  To  divide  a  triangle  into  any  required  parts  by  lines  parallel  to  any 
one  of  its  sides : — 

1.  Make  the  square  root  of  tfie  area  of  tJie  whole  triangle  and  the  square 
root  of  the  area  of  the  tria?igle  cut  off  by  the  dividing  line  the  first  couplet 
of  a  proportion,  and  a  side  or  dimetision  of  the  whole  triangle  and  the 
wiknown  corresponding  side  of  the  triangle  cut  off  the  second  couplet, 

2.  Solve  the  proportion, 

VII.  To  divide  a  trapeaold  into  any  required  part%  by  lines  parallel  to 
any  one  of  its  sides : — 

1.  JFlnd  the  triangle  formed  by  producing  the  oblique  sides  of  the 
trapezoid, 

2.  Divide  t/ie  resulting  triangle  according  to  Hide  for  dividing  triangles, 

Pboblemb. 

3S*  The  area  of  a  right-angled  triangle  is  480  sq.  ft^  and  the  base  is 
to  the  hypotenuse  as  4  :  5.     Find  the  three  sides. 

36.  The  perpendicular  of  a  right-angled  triangle  is  38  feet,  and  the 
base  is  f  of  the  hypotenuse.    Required  the  area. 

37 •  The  area  of  an  equilateral  triangle  is  17,320  sq.  yd.  What  is  the 
length  of  one  of  its  sides  ? 

38.  The  altitudes  of  two  similar  triangles  are  16  rods  and  53  rods. 
The  area  of  the  larger  triangle  equals  how  many  times  the  area  of  the 
smaller? 

39m  A  right-angled  triangle  whose  base  is  to  its  perpendicular  as  9  to 
17,  has  an  area  of  13  A.  124  sq.  rd.  What  is  the  area  of  a  similar  trian- 
gle whose  altitude  is  18  eh.  34  1.  ? 
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The  sides  of  a  scalene  triangle  are  88  rd.,  51  rd.,  and  69  rd.,  and  the 
triangle  is  divided  into  3  equal  parts  by  lines  parallel  to  the  shortest  side. 

dO»  Locate  the  points  where  the  dividing  lines  intersect  the  other  two 
sides. 

41.  Find  the  length  of  each  of  the  dividing  lines. 

42.  Find  the  altitude  of  each  of  the  three  equal  parts. 

43.  I  have  a  circular  fish-pond  176  feet  in  circumference,  and  I  wish 
to  increase  its  size  ^.  How  wide  a  circular  belt  or  ring  must  be  ex- 
cavated ? 

44.  A  triangle  contains  1,864  square  rods,  and  its  sides  are  in  the 
ratios  of  16,  19,  and  23.     Find  the  three  sides. 

45.  If  a  pipe  2  in.  in  diameter  fill  a  reservoir  in  6  h.  14  min.,  how 
much  time  will  it  take  a  pipe  4|^  in.  in  diameter  to  fill  the  same  reser- 
voir, making  no  allowance  for  friction  or  pressure  ? 

46.  I  divide  a  trapezoidal  field  7  ch.  22  1.  on  one  parallel  side,  11  ch. 
5  1.  on  the  other,  and  13  ch.  77  1.  long,  by  a  line  parallel  to  and  8  ch.  20  1. 
from  the  shorter  parallel  side.     Required  the  areas  of  the  two  parts. 

47.  A  has  a  field  bounded  on  one  side  by  a  highway,  and  on  the  op- 
posite side  by  a  railroad.  The  fences  on  the  ends  of  the  field  are  at  right 
angles  to  the  highway,  22  rods  and  37  rods  long  respectively ;  and  the 
field  is  54  rods  long  on  the  line  of  the  highway.  He  sells  to  the  rail- 
road company  a  strip  of  this  land,  of  uniform  width,  across  the  side 
next  to  the  railroad,  and  containing  2.16  acres.    Locate  the  dividing  line. 

in.   SOLIDS. 

Cass  I.  To  find  the  dimensions  of  a  rectan^ilar  solid,  its  vol- 
ume and  the  ratios  of  the  dimensions  being  given. 

12.  Ex.  Required  the  dimensions  of  a  rectangular  solid  whose  cubic 
contents  are  56,595  cu.  ft.,  and  the  ratios  of  whose  length,  width,  and 
thickness  are  respectively  11,  5,  and  3. 

Pbocbsb. 

(1)  3x5x11  =  166 

(2)  66,695  cu,ft,  -!-  166  =  343  cu./L 


MENSURATION.  469 


(3)  VsJS  =  7;   hence,  7  ft, 

W    Sx7  ft.=:21ft.;    5x7  ft.^35  ft,;    1 1  x  7  ft.  ^77  ft. 

Outlines  of  Analtbis.— Apply  diagram  Ex.  1  (page  456). 

(1)  Number  of  equal  cubes  in  the  solid. 

(2)  Volume  of  each  equal  cube. 

(3)  One  edge  of  equal  tube,  i.e.,  unit  of  partition. 

(4)  Unit  of  partition  multiplied  by  the  seYcral  ratios. 

BuulU.—2\  ft.,  the  thickness;  85  ft,  the  width ;  and  77  ft,  the  length. 

Problems. 

48.  A  rectangular  solid  is  4  times  as  long  and  1|^  times  as  wide  as  it 
is  thick,  and  its  volume  is  82,944  cu.  ft.     Required  its  dimensions. 

49.  A  grain  bin  has  a  capacity  of  3,000  bushels,  and  its  dimensions 
are  in  the  ratios  of  5,  2,  and  3.     Find  its  length,  width,  and  depth. 

Case  II.  To  find  the  pyramid  or  the  cone  of  which  a  frustum 
is  a  part. 

13i  Apply  the  principle  relating  to  triangles  produced  from  trapezoids 
(page  461)  to  pyramids  or  cones  produced  from  frustums. 

Ex.  A  frustum  of  a  cone  has  a  bottom  diameter  of  8  ft.,  a  top  diameter 
of  6  ft.,  and  an  altitude  of  5  ft.     Required  the  altitude  of  the  cone. 

Steps  ik  Process.  Pbocess. 

(1)  Diflference  in  diameters  of  the  two  ends      (1)         8  ft.  -- 6  ft.  ^  2  ft. 

of  the  frustum.  (2)  2  ft.  :  6  ft.  ::  8  ft.  :  —  ft. 

(2)  Statement  of  proportion.  Q  -  5  .  >  8  ft   -        ft 

(3)  First  couplet  in  (2)  divided  by  1  ft.  ^^         ^  .  o  . .  er  ji.  .  —  ji. 

(4)  Solution  of  proportion.      Altitude  re-      (4)  ^  ^  ^*^-  z=z20ft. 
quired.  2 

Problbub. 

60,  Find  the  altitude  of  the  pyramid  from  a  frustum  M'hose  ends  are 
regular  hexagons  5  ft.  5  in.  and  3  ft.  2  in.  on  a  side  respectively,  and 
whose  altitude  is  7  ft.  9  in. 

61.  Find  the  slant  height  of  a  cone  a  frustum  of  which  is  10  ft  3  in. 
bottom  diameter,  7  ft.  top  diameter,  and  6  ft.  2  in.  slant  height. 
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rV.   SIMILAR   SOLIDS. 

14.  Shniiar  solids  are  solids  that  have  the  same  form. 
Adapt  remarks  a,  h  (page  459)  to  similar  solids. 

16.  Impobtant  Facts. 

VII.  TTie  corresponding  dimensions  of  similar  solids  are  in  a  common 
ratio  each  to  each. 

VIII.  The  corresponding  surfaces  of  similar  solids  are  similar  plane 
figures. 

IX.  Hie  volumes  of  similar  solids  are  in  the  same  ratio  as  the  cubes 
of  their  corresponding  dimensions.     Conversely-^ 

X.  The  corresponding  dimensions  of  similar  solids  are  in  the  same 
ratio  as  the  cube  roots  of  t/ieir  volumes. 

Case  I.  To  find  the  Tolume  of  a  solid  from  the  Toluiue  of  a 
similar  solid,  two  corresponding  dimensions— or  their  ratios- 
being  given. 

16.  Ex.  1.  A  pyramid  8  feet  square  at  the  base  contains  784  cubic 
feet.    Find  the  volume  of  a  similar  pyramid  15  feet  square  at  the  base. 

Steps  in  Pbocess.  Pbocbss. 

(1)  Statementofpro.    (i)  (8^)  ft.  :  (1 5^)  ft.  : :  7 8 4  cu.  ft. : eu.ft. 

portion  (lOf  IX).  ^  ^       ^  ^       ^  ^      «.«.         ^ 

/«x  C3  1  ».        «  f^.  15  X  15  X  15  x78icu.ft.      riort.A        ^ 

(2)  Solution  of  pro-     (2)   Z ^^  •=  5,167  f^  cu.  ft. 

portion.  8x8x8 

Hence,  5,167H  cu.  ft.,  the  volume  required. 

Ex.  2.  Two  balls  of  lead  weigh  respectively  4^  pounds  and  \2\\ 
pounds.    Required  the  ratios  of  their  diameters. 

Outlines  op  Analysis.  Process. 

Since  the  ratios  of  the  diameters  (i)   ^^jy^  ^^  ,  (^7^)  /j.  ;,  j: 

are  required,  I  represent  the  first  \     -rx/  \ «/ 

term  of  the  ratio  by  unity.  (2)  VTi  •'  ^  l^li  •* '  1  • 

(1)  Statement    of    proportion  « ^     •  ^ 

(15,  X).  (3)  Vl:VS7::l: 
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(2)  First  couplet  divided  by  1  3x1^ 
lb.  (Art.  377,  Prop.  II).                     (*>                        -y—  =  ^ 

(3)  First  couplet  in  (2)  divided 

by  Vi}  (Art.  377,  Prop.  II). 

(4)  Solution  of  proportion.     Hence,  the  diameters  are  as  1 : 8. 

Pboblsms. 

A  ball  of  iron  4  inches  in  diameter  weighs  9  lb.  7  oz. 

52.  What  is  the  weight  of  an  iron  ball  11  inches  in  diameter? 

53.  What  is  the  diameter  of  an  iron  ball  that  weighs  1,000  pounds  ? 

54.  What  part  in  volume  of  a  9-inch  cube  is  a  4-inch  cube  ? 

55.  The  top  of  a  pyramid  40  inches  high  is  cut  off  by  a  plane  paral- 
lel to  the  base  and  18  inches  from  the  apex.  What  part  of  the  pyra- 
mid is  in  the  frustum  ? 

56.  An  oil-can  16  inches  in  diameter  and  11^  inches  high,  holds  10 
gallons.  What  are  the  dimensions  of  a  similar  can  whose  capacity  is 
6  gallons? 

Case  IL  To  divide  a  pyramid,  a  cone,  or  a  firustum  into  re- 
quired parts  by  a  plane  parallel  to  its  base. 

17i  Impobtant  Fact  XL — A  plane  cuUing  a  pyramid  or  a  cone 
parallel  to  its  basey  divides  it  into  a  frustum  and  a  similar  pyramid  or 
a  similar  cone, 

Ex.  1.  Divide  a  pyramid  16  feet  high  into  two  equal  parts  by  a 
plane  parallel  to  its  base.    Locate  the  plane. 

OuTLDTES  OP  Analysis. 
Since  the  pyramid  is  to  be  divided  into  _  PnocEse. 

two  equal  parts,  the  volume  of  the  whole     (1)  -^  ^  ;  y/~X  :  :  16  ft.  : ft. 

pjrramid  is  to  the  volume  of  the  similar  ^ 

pjrramid  or  segment  cut  off  as  2 : 1 ;  hcDce,      /jx  v  J  X  16  ft*  --  X2  ft.  8.3  4'  in 

(1)  Statement  of  proportion  (15,  X).  ^~2 

(2)  Solution  of  proportion. 

Bewlt.—The  dividing  plane  is  located  13  ft.  8.3+  in.  from  the  apex ;  or  (16  ft.- 
12  ft.  8.8  in.=)  8  ft.  8.7  in.  from  the  base. 
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Ex.  2.  The  frustum  of  a  cone  is  11  ft.  bottom  diameter,  9  ft.  top  di- 
ameter,  and  4  ft.  high.  Locate  a  plane  parallel  to  the  base  that  shall 
cut  off  200  cu.  ft.  from  the  top  of  the  frustum. 

Process. 

(1)  i  of  ix.786ix  (P'  +  ii'  +  Px  li)  cu.ft.  =  S16.2+  cu.fi. 

(2)  2ft.:llJ%.::ifl.:—ft.;hence,22ft. 

(3)  i  of  22  X  {.7864x11')  cu.  ft.  =  696.9  cu.fi. 

(4)  696.9  cu.fi.  —  (315.2  cu.fi.  -  200  cu.fi.)  =  581.7  cu.fi. 

(5)  {^696.9)  cu.fi.  :  {V 5 8 1.7)  cu.fi.  ::  22  fi.  :  —fi. 

(6)  {^696.9  :  V 58 1.7  ::  22  fi.  :  —  fi. 

(7)  696.9  :  581.7  ::  (22'')  fi.  :  ( ')  fi. 

/Q\  5 8 1.7  X  (22  X  22  X  22)  fi.        o  o  o  ly  a  i    ^ 

(8)  __ =8,887.9  + fi. 

(9)  8,887.9+  fi.  =  (20.71+Yfi. 
(10)    22  fi.  -  20.71+  fi.  =zl.29fi.  =  l  fi.  S.48+  in. 


(1)  Volume  of  frustum. 

(2)  Altitude  of  entire  cone. 

(3)  Volume  of  entire  cone. 

(4)  Volume  of  segment  cut  off. 

(5)  Statement  (15,  X). 

(6)  First  couplet  in  (5)  reduced  (Art. 
377,  Prop.  II). 

(7)  All  terms  to  the  8d  power  (Art. 
377,  Prop.  XI). 


Outlines  of  Analysis 

(8)  Solution  of  proportion. 

(9)  Result  expressed  in  the  cube  of 
the  altitude  of  the  segment 

(10)  Altitude  of  the  entire  cone  minus 
altitude  of  segment. 

Hence,  1  ft  8.48+  in.,  the  perpendicular 
distance  of  the  dividing  plane  from  the 
base  of  tbe  frustum. 


Problems. 

57*  A  tin  pail  is  11  inches  in  diameter  at  the  top,  7  inches  in  diame- 
ter at  the  bottom,  and  8  inches  deep.  How  deep  must  it  be  filled  with 
cherries  to  contain  6  quarts  ? 

58*  Divide  a  stack  of  hay  16  ft.  in  diameter  and  14  ft.  high,  with  a 
conical  top  12  ft.  high,  into  8  equal  portions  by  planes  parallel  to  its 
base.    Locate  the  planes  of  division. 
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18i  Rules. 

I.  To  find  the  <!l1nieniiion«  of  a  reotangnlar  solid,  from  its  vcdnme  and  the 
ratioa  of  its  dlmaniiona : — 

1.  Divide  the  volume  by  the  product  of  the  partitive  ratios  of  its 
dimensions. 

2.  J33etract  the  cube  root  of  the  quotient^  for  the  unit  of  partition, 
d.  Multiply  the  unit  of  partition  by  the  ratios. 

II.  To  compute  the  altitade  of  a  pyramid  or  of  a  oone  from  ite  frnstmn : — 

1.  Make  the  difference  of  two  corresponding  dimensions  of  tfie  base  cuid 
top  of  the  frustum  and  the  same  dimension  of  the  base  one  couplet  of  a 
proportion^  and  the  altitude  of  the  frustum  and  the  required  altitude  the 
other  couplet, 

2.  Solve  the  proportion. 

III.  To  oompute  the  voluiie  of  a  solid  from  the  "vohmie  of  a  similar  solid 
and  corresponding  fHmensions  of  the  two  solids: — 

1.  Make  the  cubes  of  the  dimensions  one  couplet  of  a  proportion^  and 
the  given  volume  and  the  required  volume  the  other  couplet. 

2.  Solve  the  proportion. 

lY.  To  divide  a  pyramid  or  a  oone  into  required  part%  by  a  plane  paral- 
lel to  its  base : — 

1.  Make  the  cwJe  root  of  the  volume  of  the  entire  pyramid  or  cone  and 
the  volume  of  the  segment  cut  off  by  the  dividing  plane  the  first  couplet 
of  a  proportion^  and  the  given  dimension  of  the  entire  cone  and  the  re- 
quired corresponding  dimension  of  the  segment  the  other  couplet, 

2.  Solve  the  proportion. 

y.  To  divide  a  frustom  into  required  part%  by  a  plane  parallel  to  its 


1.  Compute  the  dimension  of  the  pyramid  or  cone  of  which  the  frus- 
tum is  a  part. 

2.  Proceed  according  to  Rule  IV for  dividing  pyramids  and  cones. 
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Pboblevs. 

69.  The  capacity  of  a  rectangular  reservoir  is  642,000  gallons,  and 
its  dimensions  are  in  the  ratios  of  2,  3,  and  5.    Find  the  dimensions. 

60.  A  stack  21  feet  high  contains  12  tons  of  straw.  Find  the  height 
of  a  similar  stack  that  shall  contain  S5  tons. 

61.  If  a  rope  2  inches  in  diameter  is  required  to  support  a  ball  of  iron 
3  feet  in  diameter,  what  is  the  diameter  of  the  rope  of  the  same  kind 
required  to  support  a  ball  of  iron  5  feet  in  diameter  ? 

62.  If  a  cubic  foot  of  marble  weighs  162.5  lb.,  what  is  the  weight  of 
a  base  for  a  monument  4  ft.  square  at  the  bottom,  3  ft  square  at  the 
top,  and  2  ft.  10  in.  high  ? 

63.  Find  where  a  stick  of  timber  1  ft.  8  in.  square  at  one  end,  1  ft.  2 
in.  square  at  the  other,  and  26  ft.  long,  will  balance  on  a  skid  or  roller. 

64.  A  stick  of  rosewood  30  ft.  long,  and  19  in.  and  23  in.  in  diameter 
at  the  ends,  is  to  be  divided  crosswise  into  three  equal  parts.  Locate 
the  places  where  it  shall  be  sawed. 

65.  A  cistern  is  6  ft.  bottom  diameter,  8  ft.  top  diameter,  and  *I  ft.  2 
in.  deep.     Required  the  depth  of  the  water  when  the  cistern  is  |-  full. 

66.  How  high  was  the  work  when  ^  of  the  stone  in  a  pyramid  40  feet 
square  on  the  base  and  00  feet  high  was  laid  ? 

67.  A  block  of  ebony  13  inches  on  one  edge  is  -f^  of  the  bulk  of  a 
similar  block.    Required  the  corresponding  edge  of  the  larger  block. 

68.  Find  the  ratios  of  the  contents  of  three  globes  whose  diameters 
are  in  the  ratios  of  4,  7,  and  9. 
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«— 2,  3.  5.6, 11.  d  — 3.  3,  8,  6.  7.  JO— 2,  3,  5,  7,  19.  11—3,5,7,17,19. 
12— d,  3,  6,  191.  13—2,  6,  53,  118.  14—2,  2,  2.  4.967.  IH-S,  8,  6,  7. 
16—2.3.7.19.  J7— 2,  6.  5.7.  15— 3. 13. 19.  19—6,7,7.  ;?0— 29,  41,  43. 
21— 91,109, 9W.  ;^;^— 11.  23, 103.  ;?,:^— 5.  81. 761.  2^1—2,3,8,7,7,7,11,18. 
25—2,  2,  8,  8.  8.  6.  26—2,  2,  3.  8.  7.  27—2,  5.  6,  691.  28-5,  7,  11,  18. 
29—17,  68, 101.  50— Prime.  3  J— Prime.  32— B,  29.  33—2,  8,  6,  7;  6, 
10.  14.  16,  21,  86 ;  80,  42,  70,  105.  34—8,  6,  6. 7;  16,  21,  25,  86 ;  75,  105,  175. 
35— Prime.  36— B,  8,  149 ;  9,  447.  57—8.  5.  5  ;  15,  25.  38—2,  2,  2.  8,  5 ; 
4,  6,  10, 15;  8,  12,  20,  80  ;  24,  40.  00.  39—2,  2,  2,  2,  3,  8  ;  4,  6,  9 ;  8,  12, 18 ; 
16,  24,  86;  48,  72.  40—2,  2,  2,  5.  5.  6;  4. 10.  25;  8.  20.  50. 125;  40. 100.  250; 
200.  500.  41  —  3,  8,  8,  5,  18  ;  9,  15,  89,  66 ;  27,  45,  117,  195 ;  185.  851.  585. 
42  —  3,7,69,73;  21,177,219,413.511.4,807;  1,289,1,533,12.921,80,149. 
43—7, 11,  13, 101;  77,  91,  707,  143,  1,111.  1.813;  1.001.  7.777,  9,191.  14.443. 
44—3, 19, 811 ;  57,  938,  5,909.  45—2,  3,  8.  7. 11. 18. 87;  6. 14.  22.  26. 74.  9,  21, 
83.  89.  Ill,  77.  91.  259, 148,  407,  481 ;  18,  42,  66,  78.  222. 154. 182.  518.  286,  814, 
962,  68,  99,  117.  883.  231.  273.  777.  169.  1,221,  1.448.  1.001.  2,849.  8.367.  6.291; 
126,  198,  284,  666,  462,  546.  1.554.  858.  2.442.  2.886.  2.002.  5.698,  6.734.  10.582. 
693.  819,  2,331,  1,287,  3.663,  4.329.  3.003,  8,547,  10,101.  15.878.  37,037;  1.386, 
1,638,  4,662,  2,574,  7,826,  8.658.  6,006.  17,094.  20,202.  81.746.  74,074.  9,009. 
25,641,  80,303,  47,619, 111,111 ;  18.018.  51.282.  60.606.  95.238.  222.222.  833.838. 
46—2,  2,  41 ;  4,  82.  47—2,  2,  6,  5.  5,  5 ;  4, 10.  25;  20.  50. 125 ;  100.  250.  625 ; 
600. 1.250. 

55  ^^—8.  49-2.  50—2,  8.  6.  51—2,  4.  8.  16.  52—2,  8 ;  4,  6 ;  8.  12 ;  24. 
53—2,  5;  4,  10;  8,  20;  16,  40;  80.  54—2,  3,  5.  7;  6, 10,  14,  15,  21,  85;  80, 
42,  70, 105 ;  210.     55—2,  8,  11 ;  6,  22,  83 ;  66. 

68       50-56.     57-4.      5^—25.      50-4.      00-44.      01—159.      62-64A, 
05— Relatively  prime.     04—600.     05—2.     00— 101.     07—41.     68—13. 
00—23.     70— Relatively  prime.     7^—7.     72—541.     75—991.     74— Rela- 
tively prime.     75-4.     70-8  rd.    77—14  ft.    7«-66  fruit-treefl.    70-91 
I  soldiers.     50-40  yd.     51— 112. 
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69  1— «,400.  ;?— 226,800.  5—2,550.  4—67,729.  5— 10,368 ;  20,786  (  =  2  x 
10,868);  31,104  (  =  8  x  10,868). 

62  C— 90.  7—1126.  5—2,520.  ©— 720.  10-8,000.  1-/-900.  J;?— 6,480. 
13-88,070.     M-16,071.     15-55,440.     IC— 184,767,080.     17—2,520. 

63  18-12^,  -/9— 2,520  ft.  ;^0— 180  A.  ;^1-|1.50.  J^j^- 800  lb. ;  75  4-lb. 
sacks.  60  54b.,  50  6-lb.,  25  12-lb.,  12  251b.  ;93— 1,400  rd.  ;9#— $102;  255 
chickens,  120  ducks,  68  turkeys.  ;?5— 11.20.  26— ^\Q.  27—99  ft. 
;?5— 1,766,282  nails.       ;?9— 1,680  spikes. 

66  l-5f  2—1.  5-8.  4-8ltf.  5— 17fT.  C— 85da.  7— 1182.  «-$l,850. 
<>-«3,960  bu.     10-651  da.     11—778.820  bricks.     1;^— 1,440  words. 

69  1— .50.  ;9— .800.  5— .80000.  -#—.0600000.  5— .310000000.  I»— .05700000000. 
7— .09000000.  «— .1000000000000.  d— 629.0000000000.  10—25.402000. 
11—10.0800.  i;?- .010800000000000.  15— .014000000000.  14—810.00. 
15-8.10.     1^—1.004000. 

70  17— .0001000000000000 ;  .lOOOOQOOOOOOOOOO ;  .75.0100000000000000 
102.0000000000000000 ;  1,000.0800000000000000 ;  5,010.0000000000000000. 
^^^OOl.OOOOOOOOOOOO;  .901000000000;  8.000000000000;  .800000000000.  19— .2 
;?0— .8500.  21— .790.  22—26.0.  25-869.00.  24—105.  25—10.000000 
10.00;  10.  20— .7900;  1.001.0000;  99.0110;  1.4800;  .0001.  27—10,010.250000 
.010070;  .000500;  .065500;  91.000000;  50.050000;  1.000,000.000000.  29- .081 
26.500 ;  80.500.  20-7.2.  50— .750000  A.  51— 490,000,000  ten-millionths  ml 
52—1,800.00;  19.10;  100.01 ;  64.00.  55—77.0000;  ,^000;  15.0000;  .1001;  8.0000 
125.0000  ;  8.8500.  54—1  ten- thousandth.  55—1  millionth.  50—1  millionth 
57— .00909;  900.00900;  900.00009.  55— 200,000; 00000  ;  .00002;  .20200 
50—86,000  mUis.  40-l,215  cenU.  41—759  mills.  42—1,049.6  cents 
45—500,018  cents.  44— $9,584.27.  45— $485.26.  40—93.005  mills. 
47—125,625  mills.     45—6,847.5  cents ;  $68,475.     40— $8,006,805. 

71      l-f;tf;f   2-f;A;A.   <»-*;*;«».    ^-HiH/M    ^-iV; 

72  7-MF.  «-*f^  0-iW*.  lO-U^^.  ll-A;i|;AV  12-ltt; 
jy^i8|j|[QQ  sq.  yd. 

73      is-km.  *♦«;  AW;  H«.   ^^-H«;  HW;  Htt;  m^^  ^^^-ittHfr; 

tHIWt;  Tttttir;  tJHHt;  T^ttHr  ^^-if«;H«;HW   ^^-tHH;«m; 

mf*;*tt«.  ^5-WW;  ^Wft;  tWMt;  «m.  24-fim^x  ^f/a/^;  .fff/g^x 
AWA.    25-min\  AWA;  tW«A;  Htm.    ««-*m*;  AVA;  WH- 

;^7— jt|o  li  .  ^^  h  J  j^  h.    25—1547.    20—240.    50—1650.    51— 860  yd. 
74       52-15;  tt;  A.    55-^  yd. ;  ^  yd. ;  J^  yd.    54-HH ;  H»;  Htt;  HH- 

35-m;  *«;  tt»;  H*.  50-£W;£W:ieH   57-Hf ;  Ht;  Hi;  m?  m 
3«-tt;A;H;H     50-h»;  H*;  A^^;  H*     ^-H;  A;  A;  A 
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^— ¥»*!¥•     4C-11;  80i;  15iV.     47— 154;  71;  2,488H.     4«— 7;  9;  16,859. 
49—961  yd. ;  £203H ;  ^  <^oz.  50— $64SH  ;  234f  wk. ;  85|f  cu.  ft 

51—1,083,858  ft. ;  88|}  da. ;  1,289^  bu. 

55—1^1  da. ;  ^IftLi  yd. ;  i|l*  lb.      5C— M^i  pk. ;   ^HF  cd. ;   "|H*^  T. 
S7—mi^ch.;  HU*mi.;  |4iMu.  5^-JijAi;  li^i  5<)-$i|i;  uyLtft.;  xifiilb. 

76      60-AWA;A;4     o^-H;t4t;W.    «^-m;  A;  A     ^^^-liH; 

tVW;  4fH».       64-4,101Hf;  568;  1,00(W^.       65-8,801HT.;  2221  mi. 
66— 105H;  4.915;  99.108xIHt.   67— 82^  A.;  4,641yfj bar. ;  62^ lb.   6«— HI*; 

^WP;  ^i^.     «»-**M*F^;  ^^^iW^;  ^YoW^«     70—4+^  mi.;  *w* 

A. ;   "tU*^  cu.  ft.     71-^H^  yr. ;  Ai|fii  sq.  ml. ;  ^H*  gal.     7;^-**ttf". 

75-tiVW^.  74-t{;  tWt;  itt-  75-T7^y,y^i.  7C-iAffiAbu.  77-^SJ* 
da.        7«-ttH;   H«;  «»        79-|itt  sq.  yd.;   |«t  bu.;   HM?^  wk.; 

*W«^T.    «o-}|H»;  mU;  «m;  ttitJ;  H««.    M-AVA;  WAV; 
«m;  WW;  HfH;  WW-      82-mi;  HH;  HU      ^^-ttt;  H*; 

«»;  VAf.    «4-HH*;T¥r.   «^-4lim;  4«m;  Mm;  iWttV;  «HK; 

^^0^.      96-W  bu. ;  W  bu. ;    1}  bu.       87-^  wk. ;   i}}  wk. ;   ^fj  wk. 
S8^^;  m»  tWf;  A^;  rh;  HS;  H*.    «I^-Ai  lb. ;  ^tt  Ib. ;  TV(Flb.;  ^Ib. 

^0-AWfr;  AWfc;  m«;  H«m.    ^^-H*;  tt»;  Itt;  H*.    ^^-ttl; 
«J;  Ht.    d3-WW;  iHi;  im*;  IH*.    ^^--xh.    ^^-iAif. 

77  l-f;  tt;  A;  f  ^-i;  iMr;  Tb;  f  '»-H;  A%;  Tififinr;  wJinr- 
4-TV;^Wr;A;f  5-AWrA.;,,,JWgal.;«W«yiryr.  «-«A;  5A;  18i4t. 
7-1  A;  87Tj]b;  ItAif.  «-«ft;  8,001^;  lOJtfiWr.  9-1^,^  mi.; 
23*olW  T.      jra-2GTitiir  cu.  ft. ;  88tWi/A  sq-  mi. 

78  11— .625;  .4;  .68;  .5625.  1^— .025;  .00925;  .828125;  .001875.  -/3— .000022f 
mi.;  .5625  T.;  $.16|;  £.025.  14-.25016;  .125875;  .000492.  15—15.075; 
518.03125;  100.09161.  16— 19.946f ;  5.588J;  7.075.  17— 11.212.75;  24.02Jyd.; 
82.5625  gal.  1^-6.0375 ;  72.881;  154.692 A;  24. 714f.  19— AV;  lifk;  AWir. 
;90— .1875;  .15625;  .005;  .0008125.  21-7A;  21tVA;  100^.  «^-itda.;  fda. 
23—iiUh  't- ;  ^^W*  mi.     j^4— 8.17456.      ;^5-.7916t ;  .5748^ ;  .49681H. 

79  I— 606  gi.  2-541,266  in.  3-96.848  d.  -#—972  pt.  5—12.848  cu.  ft. 
6—1,879^.  7—605  qt.  «— 158.420".  9—88,400  sheets.  10—576,000  A. 
11—17,641,800  sq.  in.  12-26,542  1.  13-552.078  oz.  1^1—125,280  gr. 
15-^,555  gr.      16—15,458'. 

80  17— 175,780.889  sec.  15— 594.520  cu.  in.  19— 884,444  sq.  in.  20— 144,670f 
sq.  ft.  21-69,076,850  sq.  1.  22-8,258,015  sec.  23— .824  in.  2-#— .48  rd. 
25— .72  gr.  20— .56pt.  27— flqt.  2«— Amin.  29— HH't.  30— ^oz. 
31— 84,084.8  sec.  32-1.84  pt.  33-672  oz.  3^— 24,860  far.  35-8,829  L 
30— IH  pt.  37— 84H  pwt.  3^-857H  sq.  yd.  39—15,624  gi 
^O— 3,024,8471}  sec. 
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Poffe 

81  ^i— 8  pk.  8  qt  1.04  pt.  ^;9— 2  qt.  1  pt  2  gL  ^— 10  gal.  2  qt  1  pt.  2  gi. 
44— 6  da.  6  h.  12  min.  81.68  sec.  45— 57  cu.  ft.  1,086.8  cu.  Id.  40— 1,728  lb.  8  oz. 
47—7'  28.2".  48-^  oz.  16  pwt.  9.6  gr.  4^—1,840  lb.  50— .005  gr. 
51—81  A.  2  sq.  rd.  12  sq.  yd.  129.6  sq.  in.  5^9—185  mi.  2  rd.  2  yd.  7.2  in. 
53— Cong.  14  O  2  /i  7  /5  2  m  46.656.  54— £6  8s.  4d.  8.2  far.  55—78.  3d.  8  far. 
5^—93^  7j  mills.  57—58.  3d.  3  far.  5«— 2  da.  1  h.  69—14  h.  24  min. 
60—142  A.  35  sq.  rd.  16  sq.  yd.  7  sq.  ft.  36  sq.  in.  61—5  cu.  ft.  l,357f  cu.  in. 
62—7  A.  146  sq.  rd.  20  sq.  yd.  1  sq.  ft.  72  sq.  in.  03—2  cwt.  40  lb.  04—2  nn. 
9  quires  8  sheets.  05—17  gt.  gro.  6  gro.  8  doz.  00— 100  rd.  15  ft.  3A  in- 
07—13  lb.  7  oz. 

82  0^-285  gal.  00-62  bu.  8  pk.  2  qt.  1  pt.  70—4°  42.6".  71-39  ib.  4  f. 
7^— 6  T.  17  cwt.  6  lb.  6  oz.  73— 18cu.yd.  18cu.ft.  1,501  cu.in.  74— 22  A.  153 
sq.  rd.  2  sq.  yd.  7  sq.  ft.  108  sq.  in.  75—89  wk.  4  da.  47  mia.  20  sec.  70—122 
rm.  1  quire  16  sheets.  77— iB42.  7^—15  mi.  57  ch.  3  rd.  5  1.  70—2  lb.  5  oz. 
3  pwt.  13  gr.    86— n  T.  3  cwt.     81—72  gt.  gro.  5  gro.  5  doz.  9  buttons. 

83  «;?— .0000075  T.  «3— .0004^  «4— .025  yd.  «5— .686828125  bu. 
»0-.4968Hda.    87— rthv^^   S8—^g&l    89— Bj^.    96— Mh^q-rd. 

84  O;^— .8  lb.  03— .5  rd.  04— .6  wk.  05— .49265625  T.  96— £  .040625. 
07— .78699Hrtcu. yd.  0«— $JV.  00— Ann.  100— ^bu.  JfOl— Ifjhhd. 
162— i  leap-yr.  163-^  gro.  104— .2248263f  ib.  105— .7684/^  mL 
100—278.75  bu.      107—273}  bu. 

86  lO«-'580,986  in.  100-618,022.75  oz.  110-29,186  gr.  111—1,788  ft 
11J9— 1,157,220  sec.  113—1,656  stat.  mi.  114— $8,394.71}. 
115— 1,016.1383  mi.  110— 255,744  cu.  in.  117— 1,185,092.8  oz.  11^—501 
cu.  ft  110—11,572  gr.  126— ^^^  ft  121— ^W  "ain.  122—^  lb. 
i;?3— .216  sec.  l;?4— .9  doz.  l;^5-12.15'.  1^^0-83  gal.  1  qt  l;^7— 301 
sq.  mi.  256  A.  106  sq.  rd.  7  sq.  yd.  2  sq.  ft.  48.96  sq.  in.  128—4  cu.  yd.  19  cu.  ft 
993.6  cu.  in.  iJ^O— 3  lb.  4J  oz.  136— £49  7s.  3d.  2.4  far.  131—170  da.  8  h. 
13;^-10s.  lid.  1  far.  133— 241°  4'  17f' .  134—116  id.  4  yd.  1  ft  2.4  in. 
135—2  rm.  17  quires  12  sheet8.  130—86  gal.  1  pt  3.2  gi.  137—573  A.  27  sq. 
yd.  5  sq.  ft  42.048  sq.  in.  13^—3  mi.  54  rd.  4  yd.  1  ft  3|  in.  130—19  cu.  ft 
1,226.88  cu.  in.  140—71  bar.  4  lb.  141—2  bar.  26  gal.  8  qt  1  pt.  1  half-pt 
142— £1,698  16s.  9d.  2.4  far.  143— £2,054  178.  8d.  2}H(  far.  144—10  A. 
144  sq.  rd.  24  sq.  yd.  4  sq.  ft  145-39  ch.  77  1.  140—850  lb.  5  oz. 
147— 32' 18.4".  14^-284  da.  6  h.  49  min.  140— .00297H4  da.  150— .80251b. 
151-.58649jyt  sq.  mi.  15;?-.6985A  bar.  163— if^  rd.  164—^  A. 
1^^—ifNfs  mi.     150-lf}  of  a  half-mile. 

87  157— .58HittJ.  15«— $.48775.  150-£  .53125.  100— .42706^%  C".  yd- 
101— .100418526iigro.T.  102— UIHI^sq.  mi.  103-^rm.  104— HJJda. 
165-^^!a  Cong.  166-Vfii  lb.  107— 180H«^  10«— 131,459,828  ft 
100— 352  rails.  170— 1,806  revolutions.  171— 10,825.71085J  mi.  172— $95.35. 


Pnge 
87 


88 


90 


91 


96 
97 


98 
99 


100 
101 
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173--it  of  8  rd.  174^\^m  rd.  175—73  A.  106  sq.  rd.  181i  sq.  ft. 
-170—72,600  hills.  177—5,808.501  lb.  irS-^^fff^  of  8  cd.  Jf7d-.26232i 
of  87i  bu.    150-107  times  and  If  pt  rem.    181—11^  lb.    182'-2\^  lb. 

ISS'-lh  rm.  1^41—87,840  mi.  155-^86,524  da.  150— 4.680  powders. 
157—27.777  da.  7  h.  46  min.  40  sec.  155— If  a  leap-year,  7,862.400  sec.; 
if  a  common  year,  7,776,000  sec.  151^—459,900".  190—1,008  bottles. 
101-2,940  T.  102— .00048t;J  mi.  103— 22.5HU°.  104— .00017|J|  A. 
jf95_-ff  bu.  100— .6684}H  cd.  107— .8875  rm.  105—617  doz. 
100—18.876.  J^OO— 1,016  mi.  42  rd.  10  ft.  9. 888  in.  ;?01— £8  12s.  5d.  ff|i  far. 
202— 2.7U126  mi.    203S2  A.  20  sq.  rd.  7  sq.  yd.  2  sq.  ft.  48.96  sq.  in. 

1--^  19'  80".  ;^— 18'  51'.  5—1°  8'  45".  4—108°  16'  15".  5—16°  84'  15". 
0—4°  80'.  7— 6°  50'.  5-80°  7' 80'.  0—108°  80'.  10— 4°  54'.  11— 46°  15'. 
12-121°  2'  15".      15—52°  80'.     14—12°  27'  E. 

15-45°  26'  80".  10—89°  56'  52".  17—92°  85'  15 ".  15—10°  86'  21". 
19— 7T»15".  20— 8  h.  9  min.  7  sec.  21— 9  min.  42^  sec.  22— 18  min.  8  sec. 
25—1  h.  8  min.  12  sec.  24—88  min.  22|  sec.  25—6  h.  81  min.  87H  sec 
20— 52  min.  1 A  sec.  27— 8  h.  9  min.  18^^  sec.  25— 8  h.  44  min.  20— 17  min. 
llff  sec.  50— 58f  sec.  51—8  h.  17  min.  17  sec.  52—10  h.  51  min.  6|  sec. 
55—11  h.  18  min.  28  sec.  54—9  o'clock  52  sec.,  a.m.  55  —  83''  20'  W. 
50—145°  15'  E. 

1—109,598.  2—168,785.  5—55,880.  4—1,448,459.  5—1,488,661. 
0—120,442.     7—107,246.     5—9.052.     0—106,816. 

10-878.488.  11—1,065,279,877.  12— $1,620,189.7725.  15—22.465.845761. 
14—626,792.  15—878,588,950.  10—25,727.477019.  17—677,906. 
15—588,175,741.  10—24,719.719816.  20—676,582.  21—580,570,766. 
22-25,517.444166.  25—1,171.805.  24—1,068,449,102.  25—86,881.184513. 
20— $2,725,499.4825.  27—1,880,222.  25—1,948,868,812.  20— $2,725.499.4325. 
30 — 88.867.95278.  31  — 1,868.589.95278.  32  — 1,948,906,679.95278. 

55—1,945,286,901.95278.     54— $4,271,959,615. 

55—727.000,000,008,000,005,097,108,059,087,674,844.  50—7,087.500,028,- 
897.855.76008241. 

57—91  bu.  2  qt.  55—12  yr.  288  da.  28  h.  8  min.  20  sec.  50— Cong.  4/^4 
/3  8  m  80.  40— 6  mi.  282  rd.  2  yd.  10  in.  41—149  lb.  6  oz.  1  pwt.  18  gr. 
42  —  1,048  A.  84  ^.  rd.  45— £2,114  8s.  5d.  2  far.  44  — $18,965.75. 

45—3  cir.  8  quad.  69°  80'  47 '.  40—40  T.  17  cwt.  22  lb.  47— lb.  10  5  7  3  7  8  2. 
45— lOfli  grt.  gro.  40—468  gal.  1  pt.  8  gi.  50—8  cu.  yd.  25  cu.  ft.  1,542.2 
cu.  in.    51—39  yr.  290  da.  1  min.  14  sec. 

52-2|.  55-8,»^.  54-25HmH.  55-741HH.  ^6--2iHt 
57-^580AMr.    55-19HmH.    50-98tHHll». 

€0 — 4Hf i  mi.  Ol — $214K.  02 — 260HftH  A.  63— 710HI  gal. 
O4-1500mHmm.  05 -17,010A!i«ft%.  00 -5,629HMWW». 

07- 684,518mHm«. 
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<;^— 42.281.2  bar.  69—83^  yd,  70-156.68.  7:{— 1,668H  mi.  7)^— 466|K 
A.  73-r-24  gal.  2  qt.  1  pt.  7^  —  1,061  A.  5  sq.  ch.  10  P.  598.125  sq.  1. 
7^-28ffH  cu.  yd.  70—85,598  bu.  77—566  bu.  6  qt  1  pt.  7«— f428.31i. 
79—1  rm.  6  quires  16  sheets.     80— 1,110/^^  cd. 

M— 684.875  T.  82'8li—C,  7H*  cd.;  D,  6^1  cd.;  E,  7H  cd.;  total, 
22^  cd.  86-847.875  bu.  «7-|9.01.  88-^  gal.  89—52  T.  14  cwt. 
21.4  lb.     90— ^m  mi. 

1-440,898.  ;9-8,420,766.  3—99,901.  4l— .54896.  5— .84685.  6— .8125. 
7— .00989.  8—149.8175.  d— .71375.  JfO— 100.44868.  11—9.666.667. 
i;?- 171.875.  13— $12,858.75.  l-#— $.125.  15—449.94485.  16— 267.45  ft. 
17—199.625.    18—5,624,411. 

19—48,924.000026.  20—808.08079991.  j^l— 109  rd.  8  yd.  2  ft.  6  in. 
22—1  gal.  1  qt.  1  pt.  2J  gl.  23— O  4  /^  8  /s  8  m  27.  24—1  lb.  7  oz.  2  pwt.  22  gr. 
26— It,  10  f  7  3  6  3  1  gr.  8. 

;90-78*  22' 86".  ;?7— 41bu.8qt.lipt.  28— 28  T.  15  cwt.  67  lb.  29-4  A. 
119  sq.  rd.  4  sq.  f t.  86  sq.  in.  80— 82  cd.  89  cu.  ft.  81— 27  mi.  59  rd.  1  yd.  1.5  ft. 
82-85  sq.  mi.  171  A.  2  sq.  cb.  2  P.  166  sq.  1.  88—5  s.  27**  5'  22".  8^1—2  yr.  56 
da.  15  hr.  22  miu.  58  sec.  85—18  cu.  yd.  8  cu.  ft.  1 ,846  cu.  in.  80—6  yr.  5  mo. 
19  da.   87— 4  yr.  24  da.    88— 15  yr.  1  mo.  12  da.    80— 8  rm.  7  quires  18  sheets. 

40-HfM    ^i-mi    ^2-mmh    «-#iv    44-^^tff,. 

45-30|iJf  JJJ.  46— k  T.  -#7— 189H«  mi.  rf8-20tti  bu.  49-i\  hbd. 
50— HJ*T.  51-4|»Agal.  52-947H  mi.  58-1  Hf  lb.  54— 11^^  cwt. 
55— 200|t  rd.     5O-102|it|. 

57—69,599,626.  58  — .886281.  59  —  15,268,508.017215.  00— $.25. 
01—2,840,151  sq.  mi.  02—82  sq.  rd.  154  sq.  ft.  86  sq.  in.  08—8  yr.  9  mo.  12  da. 
04—218  da.  28  hr.  85  min.  15  sec.     05— 658^^^  ft.     00— 20f  gal. 

er—  $4,201.25.  68  -  9.998671784.  69  —  412,886.268,806iMHUJJi- 
70— 27Hlf!ttH'  71—99  bu.  8/^  pk.  72—86  yr.  24  da.  8  hr.  15  min. 
78—1,240  A.  74—878,991,081.108,088.00294812796.  75—62  yr.  1  mo.  24  da. 
70— 4  yr.  29  da.  77—18  yr.  10  mo.  2  da.  78—6  mo.  29  da.  79—192  yr.  1 
mo.  19  da.     80—1  yr.  9  mo.  12  da. 

1—450,430.  2-475,200.  8—2.445.  4—1.1914.  5—296.64.  0—9,792.3. 
7-49.545.     8— $750.     9-$4.52.     lO-$35,106.75.  ^ 

11—880.4.  12—88.040.  18-848,082.200.  14  —  26.545,000,000. 
15-4,800.700.  10— 8.059.000.  17—6,098,040,000.  18-1,205,789,000,000. 
19-82.007.  20—71,819.200.  21—8,600.71.  22—72.08.  28— $16,000. 
24  — $8,400.  25  —  196,000  lb.  20  —  15,840,000  ft.  27— $6,000. 
28-2.610,888,800,000. 

29—8.528.756.  80—514,584,772.  81—2,135,606,132.  82-54,312.500. 
S3  — 13,150,840,500,000.  34  —  417,266.000.  35 — 44,944.200,000,000. 

50-40,742.260,000.     87—531,225,000.     88-935,757,900. 
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118      .5d— 84,905,584     40—6,415,761,088.     -#1—6.917,409.5.     4;^— 58,755.125. 

43  —  18,648.824.         44  —  8.779622.         4o  — 11,272,000.         46  — $184,250. 

47— $3,415,946,625.     4«— $970,060,625.     4f>— 269,957.52.     50—112.1516928. 

o-/  —  $19,181,458.86.     52  —  $105,963,120.     53  —  65,620,800,000,000. 

54— 17,520,797,748,000.  55—156,366,000,000,000.  50—248,863,032,712,700,000. 

57—82,418,366,409,600,000,000.  5«— 68,904.250,000,008,670,000,000,000,000,- 

000,000,000,000,000,000,000,000,000. 
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50—8,162.621015.  00—298,336.502754.  01— $104.15625.  62—^  .625. 
03  —  $  .3725.  04  — t  .9667215.  65  — 142.03464.  66  —  55.562,591, 188.7. 
07  —  8,979.601096490661.  68  —  $90.1875.  69  — 15.00577558124. 

70—22.782.842814186.  71—25.593.482.  7^— $1,087.50.  73—570.0445  bu. 
74— $74. 959875.     75—.  0000000681 75. 

70—60  cu.  yd.  2  cu.  ft.  104  cu.  in.  77—15  lb.  4  pwt.  19  gr.  7^—279  T.  5 
cwt.  80  lb.  70—848  mi.  136  rd.  8  ft.  «0— 2.081  A.  5  sq.  cli.  12  P.  18  sq.  1. 
«1— £9.108  158.  82—411  bu.  4  qt.  53-240  mi.  819  rd.  4  yd.  1  ft.  2.6  in. 
84- 260  gal.  8  qt.  1  gi.  55—1.898  lb.  2  oz.  50—283  T.  7  cwt.  8  qr.  22  lb. 
57—555  A.  100  sq.  rd.  4  sq.  yd.  97.2  sq.  in.  55—106  cu.  yd.  18  cu.  ft.  216  cu.  in. 
50— £17,283  18s,  00— Cong.  23  O  2  /^  1.  01—14  T.  750  lb.  92—18  bu.  4  qt. 
03-H81b.4oz.l  pwt.,  silver;  8 oz.  13 pwt.,  gold.  04— $225.83125.  05— $28.49+. 
00— $18.15J.  07—158  rm.  6  quires  18  sheets.  05—1,425  yr.  2  mo.  10  da.  21 
li.  3  min.  20  sec.     00—13,638  grt.  gro.  10  gro.  8  doz. 

100— H.  101— 13A.  10;^-114^T-  103— 188A.  104— $801i. 
105— 22Jt.     100— 39H  bu.     107-83}4t  A.     105— 895fi  mi. 

100— lOH.  110— 44Jf  111— 2ttf.  lt2—701jU'  113— %ih' 
114—4,825.  115-55J  lb.  110-8Hi  mi.  117—141  da.  115-478*  ft. 
110-7JHrd.    i;?0— 100|U. 

l^l-imt  122-^mj  123-ih\  124-\\m,  125-j^^. 
126-^.  127-23^.  128  —  15l\l  129-^^.  130-125^*. 
131  — 230H.  132  —  1^.  133  — 264H.  134— 622^.  135— 10,921H. 
130— 9.538A:.    137— 643H.    138-119^.    139— m 

140-$115}.  141—941  A.  14;^- 756.098,140.000,000.011,592,820,724.540,- 
000.972,126,180.    143— 41,774^.     144— .00191872988. 

145  — .0000000119.  140  —  846^  17'  36".  147  —  16.168401239194. 

145—2,283}  mi.  140— $l,244f.  150— 23JJ  A.  151— lb.  14  ?  8  3  7  9  1 
gr.  19.  15;?— 217  mi.  10  rd.  3  ft.  153— $14.23+.  154—31,270,105,152. 
155  —  13.654008375.  150  — $2,000.  157  —  1.073.586.  155— 4, 600, 006.- 
856.4005148.  150  —  2774tJiJJ  da.  160  — -jVWWr-  101  — l,539HtH. 
10.5?— .000126004068. 

103— $170.80.  104— 27,914  bar.  88  gal.  1  qt.  105— $146.88.  100-$8|. 
107— 874A  bu. 

2  H 
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RESULTS. 

210  —  1,543.8480.  217-^^fnO,  2-/«-- ©0,611.27.  «Jd-- .00220. 
2J90— 8.204.88.  ;^;^jr-21,158.667.  222-^,Wl.9&d.  223'-.fiB8.  224— .184. 
22^— .008.    226—107.878. 


^-10,475.  2-894.05.  3— 4.8808^.  4— .079882.  5— .92025.  0—9,554^. 
7— 48,942i.  «— .012085Hi.  9— 1.149J?.  ^0—1.068,156.  11— 1.004.041^. 
i2-582.3.  13— .00407yHiT.  14— 169,000J.  15— .00034481^*.  10— .176HJ. 
17— .00000801958125.     1«— .00408. 

10— 66.524t.  20—14.810.  21— 141.471^.  22— .02229^1-  23— .075^. 
..001299Hii.  25— 492.8tV.  20— .00086451.  27—4,000.  2«— 168,277Hftt. 
20— .6516J«Jmi,  30-2. 7868 |H  gal.  31— 5,881,869.23/g  bu.  32— .000658^. 
33— 6,585. 256H- 

34—6  sq.  mi.  7  sq.  rd.  16  sq.  yd.  7  sq.  ft.  46|  sq.  in.  35—11  gal.  8  qt.  f  gi. 
30—6  T.  5  cwt.  95f  lb.  37—2  bu.  2  pk.  6  qt.  JJ  pt.  35-74  sq.  rd.  4  sq.  ft. 
76K  sq.  in.  30  — 18H.  40  —  5  cu.  yd.  8  cu.  ft.  676  cu.  in.  41— 21f 
42— 97«|f.     43-48H.     44-21.5^  gr.     45-im. 

40-A?&     ^7-tt     45-2i?.    40--lhi-    ^O^     "-riHir     ^«-2|«. 

^^-nVr     60-685mH 

01  —  88.  02  — 1^^.  03  — 146JiV-  «^  — HH-  05  — 15J.  00  — 61|. 
O7-7.071I.  05- lA.  00— 1^.  70-^,842}fti  71-762|bu.  72— 22^  gal. 
rS-im-    74-ltttlf.    75-9,119Hm. 

70-8}.  77 -1A%.  7«-184HJf  yO-Htf.  30 -If  31-lH. 
«^-H*.    33-2, 179m.    S4-^%.    35-10,471^.    86-^^,    37-1  AWfc. 

OO-6,207HmH-  di-.«628|f4ttH.  »«-2.0657J\ftW%.  O3-.000732684. 
94--^.  05  —  75.  00  —  .00004875.  07—^.  03  — .000011764if. 
»»-««.  100 -8.6844TWWr-  101 -4tf.  102- 125. 9874xHfr. 
103— 87,781,068J\fi^WA-  104--i88.6618A.  105— 104  sq.  rd.  26  sq.  yd.  1 
sq.  ft.  4411  sq.  in.  100—8  oz.  1  pwt.  6H  gr.  107—8  mi.  140  rd.  11  ft.  211  in. 
108 — 8  cu.  ft.  915Tfr  cu.  in.  109  — 15,689.  110 — lA-  i^if  1  —  IH- 
112-16^irmi.    113-9^  cd.     114— lO^ftV  cd.    115-1  IJif  cd. 

11O-I2.880.  Ii7-81ft-  113-2HH.  110-12.784  re  voluUons. 
120—17.75.  121— ^riiHh'  122—^,  amt.  rec*d  per  cd.  123  — $2. 85f. 
cost  per  cd.  124 — $  .66f .  125  —  $  .75.  126  —  86A  ft.  127— 81K. 
123— £188Hii-  120-8.  130-967.  131—288.  132—725.  133-4.55. 
134— 961,480^.    135—709. 

130  — 187f  137— 829}i.  138-^1^.  130—62.45.  140—4.53. 
141—1,875.06.  142-538.6.  143—1,481.472.  144—24.4726.  145— 1,183.8a 
140-130.9375.    147—21.664.    143— .544. 
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l-#9— .008.  150—2.24.  15i— 100.28.  15;?— 28.888+.  153— .204+. 
15-#  — 141.771 +.  155  — 1.9097+.  15(1  — .0442+.  157— .0004+. 
15S— 88.41760+. 

1-662.010081.  2— 2iWAfc-  5-6.402675.  4l— l^A-  ^— HH.  ^-flWi. 
y-iWA-  *— 10  yr.  7  mo.  5  da.  9— 7Hlff  10— \^.  H—ih  greater, 
l;?  —  $  .04.  13  — m,  142f .  1^  —  .000000160007082929060099999999528. 

i5— 99.99.  16— .90466875.   17— 9  rd.  5  yd.  1  ft.  9  in.   1«— 12^oVr-  l^—HH- 
20—70  yr.  7  mo.  21  da.    ;?1— $114.17+.    22—109  sq.  rd.  12  sq.  yd.  4^  sq.  ft. 

;?.?— .140014.  24— 805H*Jt-  25— Sm,  2C— 27H||H.  ^7— 2^  gr. 
28— ld»{tt.  29— 20^.  50—6.903.  31— l^VAV-  32— 944i.  33— 2,803f. 
34— 25H.  35-88|Hf.  30—1,296,000".  37— ff-  35- 1.856H|.  39— 65^ 
40—4  piles,  and  6  cd.  48  cu.  ft.,  over.  41—150  A.  156  sq.  rd.  14  sq.  yd.  6  sq.  ft. 
19+  sq.  in.    42—20  hhd.  and  1,037}  lb.  remaining.     43—162°  6'  89". 

44-July  25, 1886.  45— June  1, 1885.  40— Aug.  20, 1891.  47— Aug.  13, 1890. 
4^— Apr.  7,  1888.  40— Apr.  8,  1888.  50— Mar.  5,  1887.  51— Mar.  7,  1887. 
52— Aug. 26. 1881.  53— Nov.  10, 1887.  54— Aug.  5.  55— July  11.  50— Octll. 
57— May  18.  53— May  1.  1892.  50— Oct.  8.  00— 110  da.  01—105  da. 
02-185  da.  03-298  da.  04-1^.  05-2^^%-  ^^-iHtt*.  C7-1AWf. 
^S—^fff^;  IflMi-  00— R^ult  depends  on  tbe  year,  70—51  or  52. 
71— $11.43.    72-$l,702.28. 

73— 16.088i  bu. 'Wheat ;  17,971|  bu,  corn.  74—3  pk.  2.46t  qt.  75— $11.25. 
70— 31  min.  17||  sec.  77— 7  gaL  1  qt.  2  gi.  73— 122°  26' 46"  W.  7O-$95.10+. 
30—10.    31— 65  A.  50}  sq.  rd.    32— $845.58.    33— $2.54,  paid  by  farmer. 

34—3,037.655  A.  35—9,112.965  A.  30—6879.0755  A.  37—18,225.98  A. 
33— 7, 594. 1375  A.  30— 303.7655  A.  .90— 23t  gross.  91— $2.30.  92— 66H  da. 
93— 6,250  bu.  94— $26.72.  95— $70^.  00— $186.11,  gain.  97— 54  min. 
19  sec.  sooner.    93— $2.63,  gain. 

99— $20,212.50.  100— 20|iVWs%  A.  101-$2,831.41.  102— A  owned  ^ 
of  the  mill,  and  B  ^V-  103— $496. 54^A|^.  104—9  min.  3  sec.  after  6  p.k. 
105—45  M.  106  — ig  da.  107  —  779.20^  mi.  103— 8,619.046H  mi. 
109— $257.67.  110— 295iibu.  Ill— $18.47.  112— $4.98.  113— $2.30. 
1st  man ;  $3.83,  2d  ;  $6.13,  3d ;  $6.22,  4th :  $  .99,  1st  boy ;  $  .85,  2d;  $8.08,  3d. 

114—34°  38'  45".  115— $873,065.  110— 41}}  lb.  sugar-.  lO/jfc  lb.  coffee. 
117— Less.  113—421}}}  lb.  119— $90,250,  widow's  share;  $10.027J,  each 
daughter's  share ;  $3Q,083},  each  son's  share.  120—1  hr.  22  min.  31  sec.  p.m. 
121  — $356.25.  122  —  42  min.  40  sec.  after  2  o'clock  a.m..  Jan.  1.1893. 
123—42  min.  30  sec.  after  8  o'clock  p.m.,  Dec.  31, 1892.  124— $8.84+,  gain. 
125— 2,946f  lb.  avoir.     120— 3,680Jf  lb.  Troy.     127— $27.50. 

1 — 159,  value  of  each  member.  2 — 55,  value  of  each  member.  3 — 64,  values 
of  members.  4 — 9.  value  of  each  member.  5—455,  value  of  each  member. 
C— 94.  7—158.  3—9^.  0— 8H|.  10— 134^^^.  11—752.  12—70^. 
13—24.  14—47.  15—6.  10— 6|}.  17—85,  value  of  each  member. 
13—106,  value  of  each  member.     19—80.  value  of  each  member. 
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Jf— 1  lb.  1  oz.  9.96  gr.  fine  silver.  2—1  lb.  1  oz.  18  pwt.  10.5  gr.  fine  silTcr. 
3— 51b.9oz.l6pwt.  18.6gr.  4— 4  lb.  10  oz.  5  pwt.  12t  gr.   5— Five-dollar  piece. 

0—1409.44^. 

7—1428.75.     «— 53.42+. 

-l;^— $8.96.  13—186.42.  l-#— $168.05.  i/J— $527.14.  16  — $120.29. 
17— $148.88. 

1—726.  ^— rfWV-  '^-^liW.  ^-186.662f.  ^— 212f  da.  C— 8.949J  lb. 
7— 918.267f  gal.  «-48  mi.  277  rd.  18  ft.  6^  in.  9—88}^  per  bu.  10— $2.17J 
per  bar.  11  — 6HJ^  per  lb.  1^^  — $.841  per  lb.  13  — $6. 90^  per  bar. 
1^— $301.56i  per  head.     15— $9m  per  A.    16— 780|. 

17— $78.44Tb.  1«— $684.  19— $804.04}.  j90— $879.95}.  ;?1— 52^  lb. 
22-%\^.^m\'  ;?3-$.292+.  ;^^— .58itin.  ;35— .81}}  in.  ;?6— 9.69}in. 
^7-$.88xWr-    «^— $9.89}lf. 

;^.9-35— Sunday,  +11.45}°;  Monday,  -7.62}°;  Tuesday,  -16.95}°;  Wed- 
nesday. -21.66}°;  Thursday.  -2.41}°;  Friday,  +18.25°;  Saturday,  +29.41}°. 

30-41 4.5}°  at  2:00  a.m.;  -5.17}°  at  6:00  a.m.;  +.08}°  at  10:00  a.m.; 

+6.39}°at  2:00  P.M.;  +5.2}° at  6:00  p.m.;  +2.7}° at  10:00 p.m.  42— +.77}}^ 
43—21.  44— $2. 14}.  45-50— May,  525,^  lb. ;  June,  575}}  lb. ;  July.  624}  lb. ; 
Aug. ,  502A  lb. ;  Sept. ,  462}  lb. ;  Oct. .  482}}  lb.  51-57— Beef ,  921 A  lb. ;  Pork, 
485H  lb.;  Veal.  501}  lb.;  Mutton,  474}  lb.;  Lamb,  488}}  lb.;  Fish,  858^  lb.; 
Poultry,  401}  lb.     5»— 508}}}  lb.     59—1  ft.  10}  in.     00—29  ft.  4^  in. 

Ol-SS — 4}  da.  for  each  of  5  hands ;  4}  da.  for  each  of  7  hands ;  5^  da.  for 
each  of  12  hands;  7^^  da.  for  each  of  82  hands;  6^^^ da.  for  each  of  all  the  men. 
00—SmhT.  07— $52.89^.  0«— $  .58^^.  00— 886}  bar.  70— $2,108.80. 
71— $5.44}}}|.     72— S.  84°  58'  45"  E.     73-47°  22'  20}"  N.  Lat. 

1- $84,987. 87}.  ;?- $4.31},  5—48.  4—82.75  C.  ft.  5—214.62  squares. 
0— 525doz.  7— 8,854.125  M.  5—8.1925  T.  0— 220}gro.  10— 57}}  grt.  gro. 
11— $83.31}.  l;^— $  .25}}.  15— $2.078J.  14— $81.98^.  15— $422.28. 
10-$11.86}.  17— $127.42^.  15— $686.61}.  10— $2.50}}.  ;?0— $564.80. 
J91— $18.28}.     ;?;^-$123.75. 

;^3-$11.58.  ;94— $18.75.  25— $8.  ^W- $  .84.  27— $22.50.  25— $18.50. 
20— $88.  50— $21nW.  51—6,506}}}  bu.  52—224}}  gal.  55-7.52  C. 
54—69.4  C.  55—8.596  M.  50—82.75  M.  57-69  T.  55—17}  T. 
50— $16,818.75.  40— $18,837.  41— 76.16  M.  ft.  42-24  doz.  45— 524}}  lb. 
44—$  .48},  price  per  pr.     45—34.65  M.  bricks. 


40— $27.50  per  M.  47— $5.90|.  45— $92.81}.  40— $13.50.  50— $11.50. 
51-$1.989.  52-750.  55— $  .08}.  54— $26.  55— $22.  50—2,985. 
57«|10.986.80.  55— $12,808+.  50—2.448.  00— $268.80.  01— $55,978+. 
02-9.164}  T.     05—2,940  lb. 
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1—}  of  coBt.  2—1^  times  cost.  S — }  of  cost.  ^— 2|  times  cost.  5— |  of 
cost.  6—2}  times  cost.  7^.  9--6  times.  9—^.  10— 6f  times.  11--^. 
Jf^— tAW-  Jf^-4A  times.  14-A91H  times.  15— 17fJt  times.  16— J. 
17— AV.  1«—7A  times.  19— AVV  ;20—2t  times.  ;?1— A-  ^^^—SJ  times. 
23—^,  ;»4—4JWA  limes.  ;^5— 2f.  ;&6'— ♦•  ;?7— f.  ;^«— 2|.  ;^5>— 320 
times.  50-^  Umes.  51-6^.  3;?— 2J|.  35— IftH-  ^^^-H-  35— H^. 
^^— nrW-  37— 9A  times-  38,  3d— A.  spends ;  ^.  saves.  40,  ^1— if , 
selling  price ;  ^,  loss. 

4;^-|.  -Jf3,rf4-tt,used;iJ,left.  45-Hf.  4^-2^.  47-^.  4^— A- 
^d— 15,  50— A,  A ;  B.  A-  51— f.  5;2-5^— quantity  of  wbeat  is  ffJI  of 
corn ;  price  of  wbeat  is  1^  of  price  of  corn ;  value  of  the  wheat  is  i\iil  of 
the  value  of  the  corn.  55 — iVM'  Oldest ;  Hvli>  Second ;  ^//iAr»  Youngest 
5^-tWVW.  ^y— A-  5^— A,  First ;  A.  Second.  50— A.  First ;  JJf ,  Sec- 
ond ;  f  Jf  Third ;  Jft.  Fourth. 

1—912.  ;?- 8,420.  3  —  1,561.  4— 2,823^.  5— 2.4W.29.  0— 765H. 
7-^3  yd.  1  ft.  3.3  in.  3—900.  O-|4.954.40.  10-1,298  gal.  2  qt.  11—1.22. 
l;?- $2.75.  13— $3.41,  First;  1409,  Second.   14— 35fl.   15-86Hlb.;  llS^lb. 

J(J— 75f  da.  17  — 16dt  ft  13— $144.87i,  E;  $99,121,  F;  $76.25,  G. 
10  — 11|  bar.  ;?0  — $9,600,  A's;  $7,200,  B's;  $12,000,  C's.  ;?1  — $366. 
22—12  boxes.  ;?3— $1,117.40.  or  $1,124.80  (if  a  leap-year).  24-Hi,  First ; 
iff.  Second,   ;?5— M's  age.  4A  yr. ;  N's,  73^.    ;20— 24.    ;?7-l8t,  21f ;  2d,  lOlf 

;^3— 1st  31;  2d,  215.  ;?0— 6H  da.  30— 42  persons.  31— Ist  74  yd. ;  2d. 
49(  yd. ;  8d,  61|  yd.  3;^— 27  min.  52A  sec.  past  2  o'clock  p.m.  33— 208^  mi. 
3^— 1st  received  105f  lb. ;  2d,  93^  lb. ;  3d,  71}  lb.  35—528  yds.  30— A- 
37— 1st  part  634f ;  2d,  1,308| ;  3d,  2,617}.     33— R.  * ;  8,  A  J  and  T,  f 

30— R,  $246.43;  S.  $18482;  T,  $481.25.  ^O— $10,875.  ^1— $14,500. 
42—^  gsil  43^  $1 .87},  green  wood ;  $2. 37},  dry  wood.  ^4  —  350  trees. 
45,46  —  1)  earned  $10.32;  £,  $51.80:  D  earned  $.60  per  day;  E,  $3. 
47— W%  age,  45  yr. ;  Y*s  age,  54  yr.  -#3— $2,150.  40-2H  da.  50— 914f  A. 
51— Third, 

1  —  16,807.  ;?  — 5,832.  3  —  78,125.  -#  —  4,294,967.296.  5  —  42,875. 
0—7  X  7  X  7  X  7  X  7,  (7  x  7)  x  (7  x  7)  x7,  (7  x  7)  x  (7  x7  x  7),  (7  x.7x  7  x7)  x7. 
7»-4,826,809.  3—2,401.  0—28,629,151.  10-2,460.375.  11—110,075.314.176. 
l;9  — 143.46907.      13  — .0009765625.      1^—214,358,881.      15—42.94967296. 

^«-AS!ft.    ^7-^HHH«    J^-4iWMi 

10—169.  ;?O--4,096.  ;?1— 3,249.  ;?;?— 8.464.  ;^3--4.913.  ;?-#-97,336. 
;?5— 29,791.  ;90— 421,875.  ;?7— 42.25.  ;?3— 12.167.  ;?0— .7396.  3O-.110592. 
31—12,996.  3^^—10.6929.  33—453.69.  3^— .020164.  35—153,990.656. 
30-48,417,929 

1_70.  ;^— 72.  3—86.  ^1—84.  5-48.  0—27.  7—14.4.  3—2.8.  O— .78. 
lO— 25.5.  11—^.  12— a^.  13—63.  14—105.  15— .42.  10—3.5. 
17-35.    13-60.    10— .68.    ;?0— 21.    ;^1— A-    ^^-3f.    ^3— J.    24— ISi. 
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25^2  places,  2.  26—2,  8.  27—8,  8.  28--%,  8.  29-4.  2.  30-4,  6. 
5Jr-2,  1.  32—2,  4.  53-8, 1.  3^—4, 1.  35—2.  1.  3C— 1,  6.  37—5. 1. 
3^—4  integral.  2  decimal.  2.  39—8  integral.  2  decimal.  2.  ^0—2  integral.  2 
decimal,  1.    41 — 1  integral.  8  decimal,  8. 

2—78.  3—458.  rf— 2.504.  5—2,797.17+.  6— .0628.  7— .6821+.  3—18.81. 
9— 8.158+.  10— 6.59+.  1-/— H-  12— 1.41+.  13—22.62+.  14—575. 
15— .954.  10—67.2.  17  — 1.778+.  13— H-  10— 8tf  20— 9.81+. 
21—18.105+. 

22—74.    23—6.71.     24— .745.     25— Hi-     20— 80.886+.     27—29.808+. 


23—88.    29—18.1.    30— .774+.    31—81.622+.    32— .954+.    33—2.857+. 
34— 1.782+. 

1—14.  2-^7.  3— .98.  4—18.1.  5—741.  0—979.  7—7.05.  3—1,001. 
9—2,805.  lO—T^,  11— ttf.  12— .005.  13—1,844.6.  14—888.008+. 
15—6.08. 

10—8,725.  17—44.67+.  13—99.  19—22.2.  20— .0271+.  21-68.57. 
22— 1.259+.  23  — 1.442+.  24  — 1.709+.  25— 1.912+.  20  — .806. 
27—95.506+.  23—45.877+.  29—77.250+.  30— .691+.  31—20.588+. 
1—581,441.  2—152,587,890,625.  3—16,777,216.  4— .000000000000000000581441. 
5«.^}|^.  o  — 656ffHt.  7  — .064.  3  — .6561.  9  —  1,728.  10  —  1.728. 
11— .001728,    12— .000001728,    13—17.    14— 14th  power. 

15— 6lh  power.  10— 8d  power.  17—4,750.104241.  13— 15th  power. 
19— 5th  power.  20—28  rd.  4  ft.  8.282+  in.  21—28  ft.  2.76+  in.,  square. 
22— 127.99+ in.,  cube.  23— 812 rd.  10.65+ ft.,  square.  24— 260.81+ ft., cube. 
25— 45  rd.  10+ ft.  20— 12  rd.  10.7+ ft.  27— 52  rd.  15  ft.  2+ in.  23-48  rd. 
29—61.5^.  or  $6.15.  30  — 1st.  6.18+  in.;  2d,  12.9+  in.  31  —  8  ft.  8  in. 
32— 20  ft.  9.4+ in.    33— 7,042.96+ bu.    34-195.    35— 82  ft.  9.8+ in. 

30  —  856  bar.  37—  42  sq.  ft  86  sq.  in.  38  —  2.500.  39—660  cabbages. 
40— 28  in.  41— 286  rows.  42-49  ft.  7+ in.,  square.  43—87.  44— $287.50. 
45—15  ch.  92+1.    40-43—45  pieces ;  2,020  yd. ;  45^.    49—8,200  rd. 

50—12.23+  ft. 

1—8.  2—9.  3-^.  4—9.  5-82.  0-18.  7— A-  *— i-  ^— i-  ^^-i- 
11-ift    12— AV-    15— i-    14—12.    15-8.    10-2.4.    17— A-    1«— *A 

19  —  1:8.  20—8:1.  21  —  1:8.  22  —  6:1.  23  —  60:1.  24  —  7:50. 
25-218:242.  20—212:849.  27—767:700.  23—27:108.  29—1.  30— Uf. 
31— 8f.  32-lH.  33— i.  34^,  35— Hf.  S6—^.  37-65.  33—1^. 
39— i^,  40— 58if.  41—4.  42  — i^,  43  —  50.  44— i.  45  —  2,016. 
40-lH.  47—71.  43-4.  49—rHif'  ^O-llfffg.  51— Wf-  52-llH. 
53  —  4:27.  54  —  8:5.  55  —  27:49.  50  —  8:147.  57—86:7.  53—1:66. 
59—800:7.  00—1.701:512.  01—27:80.  02-1:1.  03—9:7.  04—8,808:55 
05— 2J.  00— IJ.  67--^.  03—21.  09— 1^-  70--^  71-4.  72— i, 
73-^    74-60H.  75-Tb.  70-96. 
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77-65.  7«— 187.  79-182.  «0-9.876.  81-S.  82-'19.  83-MS. 
«4-4,18»A. 

1-46.  2-Z.  5—355.  4—39.  5— J.  6— Jf.  7— 85bu.  «— 5.  9—1  gal. 
iO— 259.  11— .68.  12-4.  13— 211b.  14— 2J.  15—14.  16-1}  bu. 
17— 4,760i.  1«— 26,208H.  19  —  855  oz.  ;^0— 2,000  gr.  ;^1  — 12J^. 
;g;^— 4  yr.  8  mo.  25  da.     ;^3— $100.09+. 

24--^,  25—12.  26-e,  27-8.  2«— J.  29— IH-  30— 1.05.  31—3.8. 
32-1.125.  33—39.881+.  34-32.  35^575.  36-981.  37—704  3«— 85. 
39-63.    40— 21A.    41— 12f. 

42-40  rods.    43^55  ft. 

44— 8tV  mt  45— |l,581i  40—4,050  bu.  47— $87.75.  4S— 28  da. 
49—53  ft.    50— $1,620.    51-$6.664.    52—72  times.    53-390  bar. 

54  —  24,897f  mi.  55  —  33  sec.  50  —  9  min.  Ifjf  sec.  S7  —  $45,000. 
5«— $l,262.85f.  59-6  da.  00-40  da.  01-5|mo.  02— 26  T.  03— $5.92. 
04— $172.80.    05— 30^  mi.    00— $24.66f    07— iWf  ft. 

03-180.  09-1,296.  70—20.  71-7f  72—1,440.  73— If  74—288. 
75-38|.    70-83A.    77-207^.    73-,^.    79-.263H. 

30— llA  ft.  31— 128t  suiU.  32—12  da.  33— 68^  bu.  34— 93}  da. 
35-64  men.  30—325,000  gal.  37—2,160  lb.  33-60.  39— $164.61^. 
90—2^  da. 

91— $42.4515.   92— l,058Arm.   93— 1  da.  1  br.  8  mio.  49^  sec.    94— 80  da. 

95—5  and  25.  90-40  and  90.  97—82,  64,  and  176.  93— 201f  and  161^. 
99—380,  456,  475,  and  798.  100—14,  70,  and  490.  101— 643^.  160|.  96^, 
and  64}.  102— $2,800,  B's  share ;  $400,  C's  share.  103— $360,  D*s  share ; 
$240,  £*s  share.  104— $540,  G's  share;  $640,  H's  share.  105— 2,276AV' 
2,439^,  and  3,984^.  100—1,800,  4,400,  and  5,700.  107—104,517  cu.  ft. 
oxygen ;  393.183  cu.  ft.  nitrogen.  103— 267H  lb-  oxygen ;  33^  lb.  hydrogen. 
109—219  lb.  copper,  54  lb.  tin.  18  lb.  zinc,  36  lb.  lead,  and  9  lb.  uron.  110— 4| 
pwt  copper,  9  pwt  silver,  and  40|  pwt.  gold. 

Ill  — $4,204.08+,  each  son's  share;  $2,522.45—,  each  daughter's  share; 
$1,261.22+,  each  grandson's  share;  $840.82—,  each  grand -daughter's  share. 
112  — $8.843. 77A,  asylum;  $4,258.11^.  school;  $6,550.94}.  library. 
113— $2,250.  D's  share;  $8,000,  E's;  $8,750,  Fs.  114 -$2,117.65,  Mr. 
Brown;  $1,058.82,  Mr.  White;  $2,823.53.  Mr.  Morris.  115  — $1,500,  ^ir. 
Day's  share  of  the  gain ;  $1,200,  Mr.  Ray's  share.  110— $888.98,  J's  share ; 
$1,006.78,  E's;  $1,454.24.  L*s. 

1—28.     2—35.     3—222. 


■29.    5—16.    0-18.    7—180.    3—12.    9—78.    10-4  mi.  110  rd.  5  yd. 
11—10  mi.  312  rd.  4  yd. 
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12— 7d8.  13—128.  14^-1,020.  15—1  J^^— 3.  17-484.  18— $10,231 
19—126,  sum.  20— .dU,  sum.  21—9,  27,  81.  243,  729.  ;?;?— $3,579,189.41. 
;^3— 768.  2,304. 

;^4— 2.    ;?5-4.    ;^0-82f.    27-90  fU    28—2ihT. 

l-m%.  2—m.  3—m%,  4:—Zl^,  S-2^  6  —  2Si%.  7—101%, 
8—lZi%.  9-Sl%.  10—12%.  11—A1%%.  12—95%.  13— 02^%.  14— 17^%. 
15—14^%.  16—2U\%.  17-43}^.  l^-l^^.  19-U%.  20  — 212^%. 
21—721%.  22-im%.  23— 20ii%.  24— 23^%.  25-\.  20— \.  27— i. 
28— i^.  29-l\.  30-11  31-ii'  32-^.  33-^.  34-jh' 
35-^.     36-r^.     37-if^^     38— ,f^. 

1-4—75;  1,190.16;  28.71;  .03375.  /)?-«— 187.6;  2,975.4;  71.775;  .084876. 
9-12—50;  793.44;  19.14;  .0226.  13-16—90;  1,428.192;  34.452;  .0405. 
17-^0—935.5  T. ;  289.1875  A. ;  2.060  ml. ;  $167.57.  i^l-;?^  — 93.55  T. ; 
23.91875  A. ;  206  mi. ;  $16,757.  25'^28—02Si  T. ;  159J}  A. ;  1373J  mi. ; 
$111.71i.  29'32—2S.0^T.;  7.175625  A.;  61.8  mi.;  $5.0271.  33— 42  pas- 
sengers in  tlie  drawing-room  car ;  56  passengers  in  tlie  day  coach ;  34  passengers 
in  the  smoking  car.  34—26^  rye  ;  2,909.5  bu.  barley ;  4,301  bu.  wheat ;  2150.5 
bu.  oato ;  8,289  bu.  rye.     35— $427.50. 

3e-3d— 240  bu. ;  800  yd. ;  730  lb. ;  16.50.    40-1*3—300  bu. ;  375  yd. ;  912^  lb. ; 
20.62^.    44-47-900  bu. ;  1,125  yd. ;  2737.5  lb. ;  61.875.    4^.51—1,080  bu. ; 
1,850  yd.; '3,285  lb.;  74.25.     5:^-55  —  91.9125  bar.;  1,871.975  mi.;  2,161.25 
T.;  16,683.9  gal.     56-59  —  42.57  bar.;  867.02  mi.;  1.001  T.;  7,727.28  gal. 
«0-63— 106.425  bar. ;  2,167.55  mi. ;  2.502.5  T. ;  19.318.2  gal.    64-67— 120.9875 
bar. ;  2,463.125  mi. ;  2,843.75  T. ;  21,952.6  gal.    63-71—49,500  A. ;  1.910.4  da. ; 
37,680;  83.736.    7^-75— 8. 250 A.;  818.4 da.;  6,280;  18.956.    76-70—1.443.70 
A.;  55.72  da.;  1,099;  2.4428.    30-33—1,856.25  A.;  71.64  da.;  1,418;  8.1401. 
34-37— .09417875;  2,970;  35,775;  $36.0495.    33-91— .8189125;  9,900;  119.250 
$120,165.    9;^-95— .06231875;  1,650;  19.875;  $20.0275.   96-99— .19961;  4.400 
53,000;  $53.40f.      100-103  — $312.609375;  $396.1953125;  $24,164.6640025 
$294.8359375.    104-107— $721.40625 ;  $914.296875;  $55,764.609375;  $680.890625 
103  -  111  —  $7.695 :  $9.7525;  $594.8225;  $7.2575.      11^  - 115  —  $8.8475 
$4.87625;    $297.41125;    $3.62875.         116 -110  —  $26.4415625;    $20.62075 
$149.69135;  $268.67421875.   1;90-1;93— $92.54546875;  $72.172625;  $523.919725 
$940.359765625.     1^94 -1:97- $68.45975;  $49.4898;  $359.25924;  $644.818125: 
i;?3-131— $12,713.10325;  $9,914.4566;  $71,971.60108;  $129,178.564875. 

132-135—20%;  12iJt;  m%;  6H^.  136^139—40%;  25%;  9^%;  12||J<. 
140-143—70% ;  43}^ :  16}^ ;  22H^.  144-147— 103iJ( :  64^ ;  24U^ ;  83}^. 
148-151-200%;  99^%;  58HJf;  8W^.  15;^ -155 -132it:« ;  26J^;  89^3^; 
511%.  156-159— 91^% ;  1SJ^% ;  27^?^;  4^^.  160-163— 8187^ ;  «80jf ; 
937i5f;  143^5^.  164  — 14fjf.  165—5%.  166  —  21ffii%.  137— 2i|W. 
168— A^.  169— A's  standing.  76^^;  B*s.  71^5^;  C's,  52tfjr;  D%  7(>l^jr; 
E's,  94^)^ ;  F'B,  84i|jr.  170— 76ji.  171— m-  172—05%.  173—^. 
174— 263i«fcf.     175— 860j<.     176— 27^. 
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177—3,640.  17«— 1.684.  179  —  1,820.  180-792.  IW  — 3.168. 
1«;?-1«5— 504 ;  86||;  16,800;  6,625.  l«C-l«d-l 0,520:  1,801H;  350,666}; 
117,410f.  190-193-400.82;  68tt;  18.844;  4,467f  194-197-7f ;  It"^; 
245|;  82Hf  19«— $l,856t.  199— 1.766|  lb.  200— 20^  hu.  ;?91— 288t  3. 
;?0;^— 1041f  bu.  203 —  $8,000,  ;^94  — $6,400.  205,  206 --109.8;  70.2. 
207,  ;?0«  —  145,808.125 ;    38,646.875.  209,  ^10  — .51/^;    .50Ht. 

j^ll,  ;^l;?— |95.8381i;  $84.1218}.  213,  214  —  2  gal.  2  qt.  1  pt.  2.4  gi.; 
1  gal.  1  qt.  1.6  gi. 

26 1  ;?15,  216-9M2 ;  80.08.  ;^17,  21«— 12H ;  6H.  219,  220—il9.4Sm^ 
I19.0735A.  «;91  — I10.088J.  222—478.  ;^;^5  — $16,146.  224-11,464 
225 -- 227 —8,920;  21.155,^*;  18,699^.  2^«-;^50  — $1,518.06^ 
$8,600.43AVr ;  $3,165.81}f .  231-233—268  bu.  2  pk.  2  qt.  IH  pt. ;  625  bu 
5  qt.  ^f/fg  pt. ;  549  bu.  2  pk.  8  qt.  Iff  pt.  234-236— f^i^  ;  156f  ;  187}if 
237'239-Z,18m\b.;  2.474} lb.;  2,178^1^.  240''242—£5%  18s. 2d. S^far.; 
£44  4b.  6d.  3}  far.;  £88  188.  8d.  Hf  ^ar-  ^^43— 4.048  qt.  j^^i^— 9,500  men. 
245-9.840. 

252      246  —  $25,  cost   of  chair ;    $100,  cost   of   desk.  247  —  $22,300. 

248-250-^$^%;  ^m%\  678J\ittJf.  251''253-91\{\%,  88|iJW;  928HH;r. 
254-256-79^^% ;  29\mn% ;  864}fH}jr.  257'259-Umk\% ;  21HMW  J 
55HJff^.  260'262-99^fffs%;26^fi/g%;mffffs%.  263-265-19^^1; 
mHl%-^  45AVA^.     266-8i%.     267—20%.     268-18%%.     269-2S%. 

266  1— $157.75.  2-4i%.  5— $ll,014.28f.  rf— $1,750.  5—4^^.  6— $2,765.41. 
7— $991.01.  8—7^%.  9— $42,260.94.  10— $25.50.  11— $59.50.  1:^-40 
sheep.     13— $25,  commission.     14— $7.50.     15— $150,  collected. 

266  10— $.625.  17—20^.  1«-$5.68|V.  19— $14.01.  20— 2i%.  21-$6,875. 
j^j?— $.15}.  23—181%.  ;^4— $19,507.50.  25—2%.  26—2%.  27— 2^%. 
28—2tt%'    «9— $871.40.    30— $119.70.    31— $84.    32— $6.80. 

267  33  —  $  .05.  34  — 15%.  35  —  $67.50.  30  —  $  .08.  37  —  66};^.  gain. 
33  — $10,875.  39— 4 .87f  40  — 20jf,  loss.  41  — $2,148.43}.  42—150%. 
43— $26.07,  cost.  44  i7\i%  more  on  the  oranges.  45— $25.  40— $150. 
47—14}^. 

268  43— $65,  premium ;  $8,185,  sum  covered.  49— 1}^^ ;  $4,814.06},  sura  covered. 
50— $12,500,  valuation ;  $46.87}.  premium.  51— $14,758.75.  valuation :  1}}}^. 
5;^.$17^850.  valuation ;  $17,698.81}.  sum  covered.  53— i% ;  $412.50.  premium. 
54— $136.76.    55— $11,581.68.    50— $6,577.78.    57— l}5f. 

260  53— $8,376.  59— $6,885.  60— 10^%.  61— 8^%.  62—120.  03—58}}}. 
64— $1,820.  05— $18,745.  00— $7,748.44.  07— $50,406.25.  03— $72,688, 
09— $137,581.25.  70-8Hjt.  71—70.  72-8%.  73—11^^%,  74-128f}}|. 
75— 6;^.  70— $1,953.  77— $2,125.60.  73— $5,700.  79— Mich.  Cent.  6*8,  f}}}??. 
30-112}^  of  the  par  value.  81— 89^%.  32— $18,840.  33—39.  84— 7^%. 
35— $278.44.    86-^%.    37— 84}5(  of  the  par  value. 
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««— $1,140.16.    «9— .5^WW.    IW— $1,261,025.78.    di— .8HHf45f. 

d;^— $4.46.  dS— $1.29.  9i*— $41.78.  95— $15.55.  !>6*— $  .60.  97— $1.06. 
9«~  $52.41.  99— $11.56.  JfOO— $9.01.  iOl— $63.46.  102— T&x:  on 
$12,272,— $87.18;  on  $925,— $2.81;  on  $6,180,— $18.57;  on  $17,780,— $58.85; 
on  $480,— $1.45;  on  $19,050,— $57.70;  on  $7,800,— $23.62 ;  on  $5,500.— $16.66; 
on  $26,840,— $81.80;  on  $51,700,— $156.61;  on  $2,500,— $7.57;  on  $4,875,— 
$18.26;  on  $121,900,— $369.27;  on  $64.250,— $194.63;  on  $687,— $1.93;  on 
$288,— $.87;  on  $18,620,— $56.40;  on  $82,300,— $249.31;  on  $14,440,— $43.74; 
on  $1,970,— $5.97;  on  $8,300,— $10;  on  $2,160,— $6.54;  on  $11,045,— $33.46; 
on  $520,— $1.57;  on  $7,200,— $21.81 ;  on  $110,480,— $834.67;  on  $4,175,— 
$12.65;  on  $25,800,— $78.15;  on  $8,330,— $25.28;  on  $72,650,— $220.07;  on 
$9,875.— $29.91;  on  $4,870,— $13.24.  i03— Tax:  on  $12,272,— $26.11 ;  on 
$925,— $1.96;  on  $6,130,— $13.03;  on  $17,780,— $87.82;  on  $480,— $1.02;  on 
$19,050,— $40.52;  on  $7,800,— $16.59;  on  $5,500,— $11.70;  on  $26,840,— $57.09; 
on  $51,700,— $109.98;  on  $2,500,— $5.81 ;  on  $4,875,— $9.81 ;  on  $121,900.— 
$259.31;  on  $64,250,— $136.68;  on  $687,— $1.35;  on  $288,— $.62;  on  $18,620,— 
$89.61;  on  $82,300,  — $175.07;  on  $14,440,  — $80.72;  on  $1,970,  — $4.19; 
on  $3,300,— $7.02;  on  $2,160.— $4.59;  on  $11,045,— $23.50;  on  $520,— $1.10; 
on  $7,200,— $15.32.  on  $110,480,— $285.01;  on  $4.175.— $8.88;  on  $25,800,— 
$54.88;  on  $8,330,  —  $17.72 ;  on  $72,650.  — $154.54;  on  $9,875.  — $21;  on 
$4,870,— $9.80. 

104— 2,080  mi.  by  rail;  620.1  mi.  by  steamer;  549.9  mi.  by  stage.  105— $7,805. 
106—2^%.  107— a^.  10«— $88.42i.  109  — $195.  110  — $33.47. 
Ill— $565.17.  11;^- $69.52.  113-4^ji.  114— 360  acres.  115— $2,605.57. 
116—19%.  117—l^%.  11«— $17,463.66.  119— 5, 115Vr  yd.  1^0— $87,200. 
l;?l— $5,200.    122— $2,400. 

l;?d  — $185.24  124  —  $1,478.60.  125  — $252.28.  126  — $51.40. 
127— $882.05.  12«  — $854.29.  129  — 71f.  130  — 3Hf3f.  131  — 2^%. 
132 — 5i%,  133 — 25jr.  134 — lO^jlf ,  loss.  135 — 705!^  of  the  par  value. 
136—151%.     157— $74,508.94. 

138-$  .845.  139—$  .196.  140-$  .323.  141—$  .07^  142—$  .75. 
143 — $  .69.  144  — 73|.  145  — 140^.  146 — 20^  and  2  fives  gives  2^% 
greater  net  price.  147—12^  stock  is  ii%  better.  148 — 20^^.  149 — 22^^. 
150  —  $678.91.  151  —  $251.81.  152  —  $441.01^.  153  —  $386.85. 
154  —  $11,398,625.  net  proceeds;   $18,375.  brokerage.  155  — $3,200. 

15«— $4,138^.     157— $13.17.     15«— $15.     159— $2,105.47. 

100-80^.  lOl-lO^  stocks,  4Hf^  greater.  102— 86f|^.  103— $1.40ff. 
104— 20#.  105  — $.40.  100  — $2.23^^.  107— $.58^.  10«  — $450. 
209  —  4^%.  170  — 822.85f.  171  —  51  bonds,  and  $522^  remaining. 
172  —  $340.54.  173  —  $849.27.  174  —  $541.87.  175  — 10.000  bar. 
170- $4,978,121.     177— $1,434.16,  made. 
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178  —  $74,955f .  179  — 12^  loss.  180  —  $500.  181  —  |1.6SJ. 
182  —  |5,116.87i.  183  —  $1,836.  184  —  $3,268. 12^.  185  —  $679.94. 
Jf««  — $48.09.  187— m%-  188'-'i\\%.  i«9— 48^^.  IdO— 53HJf. 
191—66%.  192—501%.  1.93— $201.60,  net  loss.  194— $126.60,  less  than 
original  income.    195— $6.75. 

196  —  1^.  197  —  837H  M.  198  —  $675.50.  199  —  $17,718.75. 
^00  — $82,045.  ;?01  — $27,459.25.  20J9— $98,414.50.  ;?03  — $82,896.50. 
j?04— $25,205.81f  206-400.  ;8t>6— $477.40^.  ;?07— $88.61.  208—.^^' 
^09— $37.76,  A's  tax;  $16.51,  B's;  $8.80,  C*s;  $58.67,  Star  Shoe  Mfg.  Co.'s; 
$153.37,  First  National  Bank's ;  $302.45,  I.  C.  HR*s.    ;910— $128.29,  less. 

1_.80.  j^— .35.  5— .21f  4— .25^.  5— .18f.  6— .17.  7— .OSJ.  «— .049. 
9-11  — $58.23;  $20.64;  $1.86.  l;^ -14  — $1,803,375  ;  $639.29;  $41.98. 
15 -17 —$491.25;   $174.15;   $11.44.  l^-J^O- $2.62;   $5.24;   $3.82. 

;?l-^3— $35.74;   $71.48;   $52.18.  ^^^^ 26  — $7.60;   $15.19;   $11.09. 

27— $409.68.  2«— $22,564.27.  29— $20.11.  50— $7,570.83.  31— $196.88. 
32— $10,222.13.  33— $28.28.  34  — $1,199,481.04.  35  — $7,104.14 
36— $8,180.82. 

37,  33— .002f|;  .OOIH-  39,  4O-.01^;  .006H.  ^1,  42-.02A'V;  .03^^- 
43,  44-.01ill ;  MUh  ^^9  46-.00SH ;  .002^.  ^7,  43-.004J} ;  .003H. 
49-51  — $1.73;    $2.07;    $2.76.  52  -  54  —  $15.92 ;    $19.11;    $25.48. 

55-57-'$  .79 ;  $  .95 ;  $1.27.  58''60-$  .84 ;  $  .83 ;  $  .12.  61-63— $10.49 ; 
$25.24;  $3.69.  64-66— $64.89 ;  $156.09;  $22.80.  67~$8.82.  63— $20.01. 
69— $831.71.     70— $128.14.    71— $6.34.     72— $2.68. 

73— $8,812.  74— $97.15.  75— $471.91.  76— $639.51.  77— $4,928.12. 
73— $68.87.    79— $722.21.    30— $167.92. 

31-33—8081886;  .88428887;  .54597967.  34-36— .1701659;  .209574979; 
.29022464.         37-39  — .1019^;    .1247803;    .170638329.  90  — $1,021.03. 

91— $1,169.73.  92— $3,641.07.  93— $488.43.  94— $355.53.  95— $5,644.58. 
96— $98.72.    97-$14.74.    93— $79.11.    99— $184.59.    100— $83,420.74. 

101  f  102— $56.14,  interest;  $336.84,  amount.  103, 104—2  yr.  6  mo.  17 da. ; 
$160.47,  interest.  105, 106— $870.64,  principal;  6^.  107, 103— $11,149.08, 
principal;  $1,857.40, interest  109,110— 3;^;  $578.24 amount  111,112-^%; 
$6.15+.  113,  114— 5  mo. ;  $27,757,  amount  115,  116— $529.51,  prin- 
cipal; $547.94,  amount.  117,  113  — $21,439.98,  principal;  8  mo.  20  da. 
119,  120—1  yr.  4  mo.  23  da. ;  $8.13,  interest.  121— $424.92.  122—2  yr. 
3  mo.  7  da.    123— $425.14. 

124— $669.76.  125-$269.56.  126— 9  yr.  1  mo.  20  da.  127-$2, 540.81. 
128—7%.  129-^6%.  130— 69+?^.  131— 7  mo.  27 da.  132— 241  da. 
133— 7  mo.  27  da.   134— 7  mo.  24  da,    135— 16|yr.   136— 14  yr.  2  mo.  13  da. 

1— $168.24.    3-$267.80.    4— $2,110.84.    5-^$921.46. 
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6—1259.75.  7—1874.18.  ^--$1,816.23.  9—9150.07.  10-1861.61. 
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ii— June  4/7.  i;?-July5/8.  13— Sept.  18/21.  lil^-Sept.  1/4.  15— Feb. 
28  or  29/Mar.  8.  1«  — Sept.  26/29.  17— Dec.  29/Jan.  1.  1«— Jan.  25/28. 
Id— June  14/17.  J^O— July  1/4,  succeeding  year.  ;^1— $16.73.  22— ^M. 
;^3— $6.02.    ;?rf— $997.47.    ;^5— $219.81.    ;?O-$895.80. 

«7— $87.44;  $1,508.31.  ;?«— $88.76;  $806.91.  ;9d~$887.07:  $18,693.70. 
30— $168.29;  $8,961.96.  31— $650.^;  $7,007.12.  3;!?— $607.81 ;  $22,769.58. 
33— $511.90.  3il^-$1.785.51.  35— $281.77.  30— $8,432.82.  37— $8,226.14. 
33— $796.96.  30— $2,058.04.  40— $964.54.  41— $10,072.18.  4j?— $1,495.78. 
43— $25,025.08.    44— $641.08.    45-$551.71. 

40— $688.94.  47— $167.86.  43— $928.52.  40-$l,812.71.  50— $2,806.72. 
51— $8,868.10.  5;^— $212.46.  53— $889.58.  54— $817.04.  55— $299.77, 
50— $862.07.  57— $1,500.51.  53— $989.58.  50— $651.79.  00— $918.14. 
Ol-$2,120.90.  O;^— $8,408.70.  03— $725.26.  04— $8,724.65.  05— $1,005.08. 
00— $2,985.88.    07— $7,892.58.    03— $2,975.29.    00— $2,448.75. 

70— $1,227.60.  71  — $1,628.18.  7;^- $2,678.  73  — $808.10. 

74  — £418  8s.  8d.  8+  far.        75—2,481.6  francs.        70  — 8,741xiT  rnsaVs, 
77— $8,864.02.     73— $1,65464.     70— $1,208.     30— $564.59. 

81  —  $789.81.  82 — $82.72.  83  —  $128.02.  84 — $2.49.  85  —  $10.28. 
86^%  .95.  37— $688.56,  present  worth ;  $50.69.  discount.  33— $8,574.79. 
present  worth  ;  $225.21,  true  discount.  30— $648.88.  present  worth ;  $11.17, 
true  discount.     00— $1,097.70,  present  worth ;  $28.05,  true  discount. 

1— $162.16. 

;^— $227.82.     3— $25.87. 

4—65  da.     5—7  mo.  15  da.     0— Jan.  6  of  the  next  year.     7— Mar.  22. 

3— Feb.  18.     0— Aug.  8.     lO-JTuly  15.     11— Sept.  27/80. 

l;?- Aug.  18.     13— July  19.     14— Sept.  80.     15— Sept.  80. 

10-Jan.  81,  1888. 

17— Aug.  8,  1886. 

13-$79.46,  Aug.  15,  1888.     10— $298.66,  Feb.  24,  1888. 

J?0-Mar.  17,  1888.     21— $279.95. 

;^;^— $191.49.     ;^3— $219.07. 

24— $858.96. 

25— $10,188.62,  due  July  8, 1886. 

20-$1.586.98,  due  Sept.  11, 1886.     27-$8,110.47,  due  Dec.  10,  188a 

1— Brown's  share  of  the  capital,  $48,081.14;  Smith's,  $60,944.06;  Holt's, 
$97,720.64;  Perry's,  $99,882.16. 
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2^Wb  share  of  tbe  capital,  $60^897.84;  N's,  $64,541.80;  Fs,  $96,811.96; 
Q'8,  $103,016.90.  d-- First  partner's  share,  $1,818;  second.  $1,062.87;  third, 
$1,199.18.  4— D's  share,  $4,602.60;  £'s,  $6,903.90;  F's,  $3,835.50.  S—A'a 
share,  $17,858.80;  B's  share,  $16,866.86;  C's  share,  $16,738.84.  6— Brooks, 
$2,931.46 ;  Ross,  $2,708.54. 

7— Widow,  $25,768.03;  each  son,  $15,460.82;  each  daughter,  $11,043.44. 
^— H  invested  $27,084.75 ;  I,  $19,915.25;  J  gained  $3,138.80.  d— $348.21,  each 
original  partner's  loss ;  $325,  first  new  partner's  loss ;  $278.57,  second  new  part- 
ner's loss.  lO— $75.45,  first;  $132.62,  second;  $151.93,  third.  11— $18,173.06, 
A's  interest;  $14,457.97.  B's;  $14,583.74,  Cs. 

Jf-$6,775.84.     5— $47,015.     4-2  yr.  6  mo.     /Jf— $46,833i. 

e— $1.65.  7— 5fc*530.46.  «— $5,787.12.  P— 1  yr.  1  mo.  15  da.  10— $412.50. 
11  — $1,818.79.  1«  — 1  yr.  2  mo.  6  da.  13  — 20;^  14  —  $1,088.54. 
15— $3,787.40.  1«— $876.24  17-41^.  l«-$182f.  ;?0-;?3— $5.42J,  bank 
discount;  $344. 57^,  proceeds :  $6.33,  bnnk  discount ;  $343.67,  proceeds :  $8.34, 
bank  discount ;  $341.66,  proceeds :  $9.78,  bank  discount ;  $340.27,  proceeds. 
;|^^.;^7_$110.48,  bank  discount ;  C7.017.52,  proceeds :  $128.90,  bank  discount ; 
$6,999.10,  proceeds:  $169.88,  bank  discount;  $6,958.12,  proceeds:  $198.20,  bank 
discount ;  $6,929.80,  proceeds. 

;^^ -31— $136.74;  $192.90;  $135.63;  $191.36.  3;? -35  — $59.33;  $83.70; 
$58.85;  $83.03.  3<»— $224.55.  37— The  cash  offer,  $23. 32  better.  33— $852.79. 
39— $3.70.  40-4mo.28da.  41— $512.95.  4^9— $2,426.32.  43— $8,460.76. 
44— $520.16.  45-$790.20.  46^— $1,014.20.  47— $5.27,  discount ;  $334.73, 
proceeds. 

43-$647.01.  4d^$l,110.63.  50— $2,140.89.  51—14  yr.  10  mo.  17  da. 
5;?- $9.08.  53— $1.19.  54— $11.55.  55-$15.44;  $31.89^;  $.69;  $.28^- 
total  value,  $47.81.    50— $12.60  favor  S.    57— $739.76. 

53— $640.89.  50-$644.97.  00— $644.97.  01-$641.96.  02-$221.18. 
03— $55.62.  04— $684.09.  05— $24.73.  00— $260.71f.  07-71— At,— 
1%,  100  yr. ;  4%,  25  yr. ;  OjT.  16|  yr. ;  7jr,  14f  yr. ;  8^,  28f  yr.  7^-6  mo.  1  da. 
73—22  yr.  2  mo.  20  da.     74— $180.97. 

75-$112.35+.  70— $2,100.06.  77— $122.90.  73-$616.50.  79— $588.60. 
30  — $6,181.95.  31— W's  amount  $8.31  in  excess  of  H's.  3;?  — $10,707.82. 
33—16  yr.;  and  $18.61,  last  payment.     34— $6,930.21.    35— $1,429.90. 

30— $95499.    37— $8,959.70.    33-$2.250.    39— $527. 

1— 24  ft.    ;?— 60ch.    3— 16  ft.    4— 24  rd. 

5— 42.638+ in.  0—249.8+ rd.  7— 36  ft.  7.82+ in.  3— The  corner  «  a 
square  comer. 
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MESULTS. 

9—1  A.  95  sq.  rd.  10—29  sq.  rd.  21  sq.  yd.  7  sq.  ft.  108  sq.  in.  11—1  sq.  yd. 
2  sq.  ft.  25i  sq.  in.  Ij^— 1,790  sq.  mi.  240  A.  13  —  9  A.  80  sq.  rd.  19  sq. 
yd.  8  sq.  ft.  84.56  sq.  in.  1^  —  17  A.  80  sq.  rd.  27  sq.  yd.  2  sq.  ft.  8.6  sq.  in. 
15—10  sq.  rd.  22  sq.  yd.  0  sq.  ft.  72  sq.  in.  16—20  sq.  mi.  48  A.  17—96  sq.  in. 
1^—11  sq.  ft.  182  sq.  in.  19—64  A.  85  sq.  rd.  ;^a— 844  sq.  rd.  24  sq.  yd.  8 
sq.  ft.  118.04  sq.  in.  ;^1— 83  sq.  rd.  7  sq.  yd.  6  sq.  ft.  48.2  sq.  in.  22—26  ft. 
;?3— 229  rd.  8  yd.  2  f t.  9f  in.  24— 11  it.  HH  in.  ;^5— 442  rd.  1  yd.  2  f t.  5fH  in. 
J9«— 17  rd.  2  yd.  6HI  in. 

27  — 5  sq.  rd.  10  sq.  yd.  8  sq.  ft.  108  sq.  in.  J9^  —  6  sq.  ft  124  sq.  in. 

29—25  sq.  yd.  6  sq.  ft.  86  sq.  in.  30—2  A.  159  sq.  rd.  22  sq.  yd.  4  sq.  ft.  79.776 
sq.  in.  31—^5  A.  143  sq.  rd.  28  sq.  yd.  8  sq.  ft.  180.5  sq.  in.  32— dS  sq.  rd. 
4  sq.  yd.  7  sq.  f t  45  sq.  in.  33  —  1  sq.  rd.  8  sq.  yd.  5  sq.  ft.  128  +  sq.  in. 
34— S  A.  25.0805  +  sq.  rd.  35— I  sq.  rd.  18  sq.  yd.  5  sq.  ft.  14.88  +  sq.  in. 
36—9  rd.  57—80  yd.  1  ft.  4H  in.  5^—14  ch.  27.8+  L  39-17  ft.  8H  in. 
40-^1  in.    41—12  ch.  82^^  1.    42—79  rd.  8  ft.  10^  in.    43-27  cb.  61}Hi  L 


«1— 62  ft.  10+ in.  <?^--7  ft.  10.2+ in.  C3— 24.08284+ rd.  64-27.46  ft. 
65—15.91545+  mi.  66—137  ch.  47.6416  L  67—170  rd.  1  yd.  1  ft.  6+  in. 
08-U  yd.  9.448  in. 

69—5  ft.  A  in.    70—11  ft.  6f  in.    71—14  in.    7;^— 2,639  ft.  11.89+  in. 

7^—8  sq.  it.  20.89  sq.  in.  74—50  A.  148  sq.  rd.  80  +  sq.  yd.  75—8  A.  50 
sq.  rd.  28  sq.  yd.  1  sq.  ft.  48.4  +  sq.  in.  76—20  sq.  yd.  4  sq.  ft.  94.6  +  sq.  in. 
77—  6  sq.  yd.  2  sq.  ft.  136  +  sq.  in.  78  —  91  A.  29  sq.  yd.  14.2  +  sq.  in. 
79—1  sq.  mi.  199  A.  98  sq.  rd.  19  sq.  yd.  92.7+  sq.  in.  ^9—1  sq.  rd.  4  sq.  yd.  5 
sq.  ft.  184+  sq.  in.  81— S  sq.  ft.  79.68+  sq.  in.  82—50  sq.  rd.  8  sq.  yd.  44.58+ 
sq.  in.    83—1  sq.  rd.  4  sq.  yd.  5  sq.  ft.  182  sq.  in. 

«4— 1.128877+ mi.  «5— 6.076+ in.  «6-57.3477+ rd.  «7— 21.5662+ yd. 
^^—51  ft.  8.8  +  in.  99—8  ft.  6.5  +  in.  99—219.912  sq.  in.  91—169.6464 
sq.  rd.  9;^— 13.087+  in.  93—4  ft.  10.56  +  in.  94—7.91+  id.,  minor  axis ; 
13.8425  +  rd.,  major  aids. 

95—1  ft.  11.83  +  in.     96—7  ft.  9  +  in.     97—8.4  +  in. 
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95-27.489  sq.  ft.  99—854,5153  Bq.  rd.  100— 9.25M  +  A.  101—13  A. 
36.78669  sq.  rd. 

102  —  $255.47.  103  —  38  ft.  ^^  in.  104 — $171.95.  105 — 15H  ft. 
106  —  27.849  +  ft.  108  — 17  ft.  109  —  19H  in.  HO  — 1,097.37+  sq.  ft. 
Ill— $28.44. 

ll;^-14.43+  ft.     113—1.414+  mi.     114—2  A,  54.7  sq.  rd. 

5-80  A.     0— 120  A.     7—200  A. 

1—65  sq.  ft.  120  sq.  in.  ;9— 425  sq.  ft.  6  sq.  in.  5—149  sq.  ft.  11.98+  sq.  in, 
4—7  in.    5—1  sq.  ft.  56.78+  sq.  in. 

O— 79fcu.  ft.  7— $41.60.  «  — $12.88.  9  — $190.40.  10— 1,486^  gal. 
11—3  ft.  7tt  in.     1:^-8.5+  in.     13—10.7+  in. 

14— $2.08.  15— 407.8+ ft.  10— 788.94+ sq.  in.  17— 527.84+ sq.  ft. 
18— m  sq.  ft.    19—16.76+  ft. 

;i?l— 3.18+ qt.    ;^;^— 93.47+ bar.    ;i?3— 935+ gal.    24— S  ft  6  in. 

;^5— 89  sq  ft.  6.84+ sq.  In.  JW— 121, 5  sq.ft.  ;^7— $180,005.  j^*— 17,^  bu. 
;^9— 108.9+  cu.  in.     30—142.33+  cu.  ft,     31—190.038+  bu. 

3;?— 6.943+  sq.  yd.    33-7.038.287+  lb. 

34-76.377+  bar.  35— No.  30—13.3+  Uquid  qts.  37— 125^  cu.  ft 
3«— 129.248  +  cu.  ft, 

39  —  846.68  +  sq.  ft.  40  —  3.816.61584  cu.  ft.  41  —  998.2  sq.  in. 

4;?— 2.962.032  +  cu.  in.     43-6  ft.  9+  in.     44—96  sq.  ft     45—25  board  ft 
40— $80.64. 

47  —  $16.81.  48  —  8H  cd.  49  —  62,640  lb.  50  —  200^  board  ft. 
51—250  shingles.  52 — 4,066f  lb.  53  —  5.5  +  in.  54  —  96.923  bricks. 
50—6.1+  in.  57—163  +  sq.  in.  55- 7,375.6+  sq.  ft  59—48.000  cu.  ft. 
00—92.19  +  ft     01—94.339  +  ft     0;?— 8.314f  gross  tons. 

63  —  3.203H  sq.  ft  64  —  2,203J{  sq.  ft  65  —  $31.17.  00  — 14.985+ 
shingles.  07—1.625  board  ft  05— $119.48.  09— 28^1^  rolls.  70— $7.80. 
71— 43f  perch. 

1— 58.6868  rd.  ;?- 36.4553  lb.  3— 9.8434yd.  4— 60. 155  pk.  5— 13.4374  mi. 
0—30.8656'^  7--4.7574™.  3— 3.6868385  >•  9— 71.1115fH^  lO— 7.874 '»«»• 
11  — 148.0556  ^  l;?  —  500. 179883  yd.  13 — 62.3988^ ^  14— 2.4763|  ^' 
15— 46. 6599 1"»-  10  — 245.5322»-  17  —  148.6427^  13  — 238.872A•*«• 
19— 34.1383HJi"*-  20  — 23. 70356  J™-  21  —  341,395.  22  — $3,257.14. 
23— $562.28.  24—12  suits,  and  6.6192 -•  remaining.  25—29™-  6»-  8«>'  4-»- 
j90_39iq.Kin.  78H*.  53a.  22 "4- "^  73«q-to-  Hf^n-^^  76^ 


49^  BE8ULT8. 

Pag$ 


389 


391 


393 


395 


397 


398 


399 


i-3,970.    2-^^,    5-1,568.    4-(W.    5-*ff^.    tf-wAw   7— n^ 

^-H. «.».».  tf. «,  f  ^li  «. «.  H.  H.  A.  5-H,  ii  «.  H, «. 
H.  ».  H.  tt.  H.  i.  ^*-H.  i*.  «  ^-«.  tt.  H.  «.  «.  H. «.  H.  «»  H.  «. 
tt.  H.  H.  «.  «.  H  H  «,  A.  i  i  f    «-H.  «»  A.  A.  A.  A  A.  h  1 1  i 

10^  9}  OJ  19i  18^  17i  4}  4J  4^      jojm   IM  IM 

^      17  '  16'  15*     ^      20  '    19  '   18  •     "^    19*  18*  17*  82  '    83  '    84  ' 

49 '  60'   51  •  2r  23'  28' 

1st:  i— 4.    ;9-S.    5—5.    «-4.    i«— 5. 
2d:  li*— 101.    J7— 33,     15-468. 

3d ',  5—2. 17.  4—2, 7.  «— 1, 7.  7—1, 189.  9—1, 97.  10— 1.  8,  -f  I— 1. 41. 
12—2,  9.    13—4,  3.    i5-3,  161. 

i-l.  2--I.  5-H.  4t-A«^.  S-m^  6-^.  7-*.  S-T>A.  d-A. 
io-i.  11-1.  i;^-m  13-HH.  J^^— m.  -^5-m.  if^—At- 
17-W-    -^«-V.    -^d-W-    20 -WW' 

1—8.021712636.  ;?  — 211.4197631.  3—4.13649931659882.  4-2.91251433. 
5-58.3244608.   «— 88.885880.   7— 1.996il7.    5—85.8412.   9— .01078997088898. 

10-.56i.    11-171HH     12-28lim.    15-.16m*«*    ^^^^H    ^«-lA 
1— .428T.    ;^-.85T.    5— .924  T.     4— .2585  T.    5— 7.6  T.    5-14.256  T. 
7-2.7045  T.    5— 1.8525  T. 

1— £.85.    2-£.4SSl    5— £.670f.    4— £.575.    5— £2.1875.    5— £17.591f 
7— £204.525.    5— £198.054J. 
1—86,597.    2-8,094.    5—289,480.    4—288,818.    5—238.728.    5— .91756. 
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1-5,624.     2-3,016.     5—609.     4—9,021.     5—4,225.     5^231.     7—2,009. 
5—7,216. 
1—9,878.    2—10,176.    5—998,980.    4—994,976.    5-^9,989.958.    5—9.737. 

1—10,918.  2—11,445.  5—1.011,028.  4—100,110,018.  5—9,016.  5—988,035. 
7—288.    5-9,021. 

1-233A.  2-89A.  5— 116A.  ^-124JV.  5-165lt.  5-97*.  7— 248H. 
5— 168H. 

1-42A.  2—1591}.  5-753ffV.  4-275Jft.  5— lOSff.   5— 70H.  7— 138iVi- 
5-30AV. 
1— 80|f.    2-63f.    5-«5H.    4— 168|t.    5-675}f. 
1—121.    2—204.    5—57.    4-408.    5—582.    5—807. 

1  —  832.  2  —  1,725.  5  —  1,728.  4-4,128.  5  —  172,368.  5  —  169,950. 
7-160,223.    5—514,598. 

1—9,801.  2  —  99,980.001.  5  —  7,225.  4  —  3,025.  5—4,096.  5—6,724 
7—8,649.    5—182}.    9-90}.    10—1,869.     11—2,025.    12—420}. 
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RESULTS.  Jfil 

1_6.  j9-4  3-1.  #-8.  /Jf-7.  6-8.  7—8.  «-6.  9-4  10-^. 

li— 5.  i;9— 1. 

l-44j|.  ;^-6,284|H.  3-86|Hi.  4— 88.818^.  5-92^^.  e-41,828ttf. 
7-3.77H.  «-4.880tt|.  d— 4.828^fl/V. 
Jf— .625-.  ;^— .875+.  3— .944-.  -*— .81+. 

1— 56.08921+.  ;^— 986.31283 +.  3— .64564+.  -*— 20.77223+.  /If— .69068+. 
6-4.42254+.  r— .82583+.  S— 14.75758+.  9—2.23606+.  iO— 2.22398+. 
ii— .63280+.     Ijg— 2.62818 +. 

1»-19.   ;^— 28.   3—31.   4—4.   5—1.8.   «— 20.04+.   7— 1.55+.   «— 1.205 +. 

0-67.    10—146.    11—739.    i;?- 219.    13—1,482.    li*— 25. 

1—1  lb.  of  6^.  1  lb.  of  7^,  and  2  lb.  of  9^.  J^-SU  gal.  of  20^.  and  68  of  16^. 
3—1  lb.  of  24^,  2  lb.  of  30^,  2  lb.  of  33^,  and  1  lb.  of  42f^.  4—2  at  4  for  one  cent.  15 
at  2  for  one  cent,  and  3  at  1  for  four  cents.  5— 3iVtfA  1^-  Sol<i  *  iKUi  1^-  silver. 
^  _4j}^  cu.  in.  gold ;  1^^  cu.  in.  silver.      7— 1985.37,  gold ;  $9.34.  sUver. 

ShMip  Sheep  Sheep  Sheep  She^  Sheep  Sheep  Sheep  Sheep 

6  9  3  12  9  15  14  10  11  @  $2.50; 

«— ^     18  9  27  12  15  9  10  14  13  •'  2.80; 

20  30  10  14  17  11  12  16  15  '<  3.15; 

8  4  12  14  11  17  16  12  13  •*  3.45. 
9—16  gal. 

1—1136.85.  2-1169.15.  3  — 1225.25.  4  — $159.80.  5— $2,696.50. 
6— $960.25. 

7—73  yr.  and  71  yr.     «— $1,456. 

1  — $6,130.52,  realized  by  Ck)odrich  &  Co.  Ship  and  Freight  contribute 
$1,445.82 ;  Goodrich  &  Co.,  $739.48 ;  Burke  &  Malone,  $430.56 ;  Miller  Bros., 
$563.60.;  Jones,  Howe  &  Co.,  $968.76  i—lOtHV- 

J?— Ship  and  Freight  contribute  $4,295.66;  Williams  &  Co.,  $1,421.80;  Briggs, 
Sewell  &  Co.,  $1,941.47;  Gates  &  Brown,  $732.63;  M.  L.  Blair,  $1,655.74. 

1— $405.52.  2—9%.  3— $5,853.  ^--$6,386.  5— $703.12^.  tf— $682.ia 
7— $358.02.     3— $2,500.87^.     9— $8.47. 

10— $612.46.     11— $911.88.     1;?— $2,495.45.     13—25^.     14— $.80HI* 

1  — $480.77.  ;9  — $380,475.  3— $1,982.06.  4  — $2,805.82.  5  — $10,500. 
C— $4,841.25.    7— $11,137. 

3— $2,359.80.  9— $2,544.08.  10— $1,924.07.  11— $1,952.37.  12— $2,184.84. 
13— $379.28.  14— $804.04.  15— $1,256.08.  16^$213,026.01.  17— $2,578.52. 
13— $5,221.84. 

1-6,227,020,800.  2-85.  3—986,409.  4—1  time  in  2,432,902,008,176,640,000 
times.     5—1  tune  in  1,307,674,368,000  times. 
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1—44.41617+  rd.,  and  34.87565+  id.  2—27.809+  ch..  and  6.4618+  ch. 
^—89.9+  in.,  altitude ;  26.6+  in.,  base.  4—118.656+  rd.,  length ;  44.496+  rd.. 
breadth.    5^89  yd.,  52  yd.,  and  65  yd. 

<»— 84.292+  ch. ,  hypotenuse ;  24.494+  ch. ,  base.  7--8429+  ft. ,  perpendicular; 
81.6+  ft.,  base.  5—42.426+  rd.  d— 16.5+  rd.,  perpendicular;  89.6+  rd., 
hypotenuse.  10  — 16  ft.,  base;  80  ft.,  perpendicular;  84  ft.,  hypotenuse. 
11—96  yd.,  base;  84  yd.,  perpendicular ;  91  yd.,  hypotenuse. 

12-28  ft. ,  44  f t. ,  52  ft. ,  56  f t. ,  68  ft. ,  and  20  ft.  13-21  ch. ,  80^  ch. ,  and  85  ch. 
14—9Hi  f t.>  12/A  ft.,  and  18^  ft.  15—20  rd.,  82J  rd.,  67^  rd.,  and  77^  rd. 
16—28  ch.  85 1.,  and  94  ch.  66{  1.  17—121  in.,  819  in.,  and  868  in.  18-600  rd. 
Id— 55  ch. 

20—2^1  rd. 

21— m  rd.  22-2  A.  4.61^  sq.  ch.,  and  8  A.  1.1889^  sq.  ch.  23^120 
sq.  ft.    24—4^  sq.  rd. 

;?5-4  A.  7.84869+ sq.ch.  ;^C-4.70fA.  27— 16.271+ rd.  28S.62^\h, 
29— 186.712#f  ft.     30—9  rd.  7  ft.  6.5+  in. 

31—2  ch.  9.1+  1.  from  base.     32—24.76+  rd.  from  base. 

33  —  8.06+  rd.,  14.987+  rd.,  and  21.08+  rd.  from  shorter  parallel  side. 
34 — 24  rd.  and  82  rd.  from  vertex  of  right  angle. 

35—26.88+  ft.,  altitude;  85.77+  ft.,  base;  and  44.72+  ft,  hypotenuse. 
3«— 292.068+ sq.  ft.   37— 199.99+ yd.   33—10.97+.  3d— 8  A.  144.56+ sq.  rd. 

40  —  29.44+  rd.  and  41.64+  rd.  on  shortest  side;  and  89.887+  rd.  and 
56.888+  rd.  on  longest  side  from  vertex  of  angle  opposite  base.  41—21.93  + 
kJ.  and  81.02  +  rd.  42—9.198  +  rd.,  11.99+  rd.,  28.95  +  rd.  43—6.29+  ft. 
44— 56.82+ rd.,  66.89+ rd..  80.97+ rd.  45— 1  hr.  13  min.  52^  sec.  46— 5  A. 
7.28+  sq.  ch.  and  6  A.  8.552  sq.  ch.    47—6.4  rd.  on  each  parallel  side. 

43—24  ft.  thick,  86  ft.  wide,  and  96  ft.  long.  49—25  ft.  long,  10  ft.  wide,  and 
15  ft.  deep.     50—18  ft.  7f  in.     51-19  ft.  5 A  in. 

52  —  196  lb.  4H  oz.  53  —  1  ft.  6.9+  in.  54  —  ^.  53  — HU- 
SO—13,6-  in.,  diameter:  9.7-  in.,  height. 

57—6.7+  in.     53—6  ft.  and  12  ft.  from  base. 

59—28  ft.  4.68+  in.,  42  ft.  7.02+  in.,  and  70  ft.  11.7  in.  60—80+  ft. 
01—4.8+  in.  62  —  5,6781}  lb.  63  —  10  ft.  9+  in.  from  large  end. 

64  —  8  ft.  9.7+  in.  and  18  ft.  8.1+  in.  from  large  end.       65  —  5  ft  8.5+  in. 
66— 11.8+ ft    67— 27+ in.    63-64;  343:  729. 


